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B noco6uu npuBefieHs 3aAayM, npepjarasiusecs B 1965—1968 rogax Ha npH-
eMHBIX HCMBITAHHAX TO MaTeMaTHKe Ha €CTeCTBEHHHIE M TyMaHMTapuble QaKyan-
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ptie ofutne coofpaxKeHHs, KOTOpbHie DEKOMEHAYETCH HCMOAb30BaTh NPH pELIeHHY
ypaBHeHH#, HEPaBEeHCTB W NpH NOCTPOGHHH rpadukoB ¢ynkuuft. JaHsel yKasanus
O THnmax 3ajay, COCTABAAIOUIUX COJep:KaHHe KOHKYPCHBIX 9K3aMeHoB. N

Llesib moco6usi: O3RAKOMHTb YHANIUXCA CTApPUIHX KJACCOR CPEeAHHX IKOA ¢
YpoBHEM H XapaKTepoM TpeGoBaHmH MO MaTeMaTHKe, NpPelbABJIAEMHIX TNOCTYRa-
oM B MIY sa pasnuunble '¢akyJbTeThl. i
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[MMPEONCJ/IOBHUE

B Hacrosimem mocoGuM NpHBEAEHB 3a4auH, NpejJara.-
mHecs B NOCJAeZHHE rofpl Ha MPHEMHBIX UCTLITAHUAX MO Ma-
TeMaTHKe Ha ecTeCTBeHHble H TyMaHHTapHble (DaKyJbTeThl
MoOCKOBCKOro rocynapcTBeHHOro YHuBepcuteta. Bo BBene-
HHA JaHB HEKOTOpble o6uiMe COOGpaKeHHs, KOTOPble PEKO-
MEHAYeTCsl HCNOJb30BaTh NPH pelleHHU ypaBHeHHi, Hepa-
BEHCTB H [pPH NOCTPOeHHHU TpadpukoB ¢yukuuil. JaHuw yka-
34HHSl O THHAX 3ajay, COCTABJAAIOHIUX COJepIKaHHEe KOH-
KYPCHBIX 3K3aMeHOB B MOCKOBCKOM rocyAapcTBEHHOM YHH-
BEpCHUTETE.

Ileap moco6usi: 03HAKOMUTHL YYalMXCAd CTapIIHX KJjac-
COB CpPeJHHX LIKOJ C YPOBHEM H XapaxkTepoM TpeGOBaHHiI MO
MareMaTHKe, NpelbsaBAseMbiXx nocrynawoomum B MIY nHa
pasnuunbie (akynbteThl. Mexonasi us stux coobpaxkeHuii, B
He6ONbLIOM YHEsIe cyyaeB 3ajayu NoBTopeHsl (cM. § 14 u
15). Marepuan, U3/N0XKeHHBIH B 3TOH KHHUTe, GyldeT moJe3eH
M 1 nocTynalluxX B ApYyrHe BhICUIMe yueGHbIE 3aBeleHHS.
Heo6xonumocTb B HH(OPMaLuK 0 TPEGOBAHHAX HA KOHKYPC-
HBIX K3aMeHax IO MaTeMaTHKe BHI3bIBAETCS €llle H TeM, YTO
4acTo aGUTYPHEHT, MpHeXaBIUK#i 3a MHOTHE THICAUH KHJO-
METPOB, JIHIIb HAa MeCTe yY3HaeT O CBOeil HeJlOCTaTOYHOMN MOoA-
TOTOBJIEHHOCTH N0 MaTeMaTHKe. '

Bripaxalo ray6okyio 6/1arofiapHoCTb 3a COBETH M 3aMme-
uaHus, CHe/laHHbIe K pelleHHsaM 3ajgay, npodeccopy MIY
Hnvuny Baagnmupy Anekcanmposuuy, momenty Hooceso-
By Cepreio Mocugosuuy u pemaktopy HacTosiuiedl KHHTH

Ymanckomy Tennanuio CepreeBuuy.
‘ UepTtexxu K HacTosillleli paGoTe BHINOJNHEHb MelessaHOB-
ckuM Hukonaem AHTOHOBHYEM, CO CBOHCTBEHHBIM €My HC-
K/IIOYHTENbHBIM MacTepCTBOM (BCe CTepPeOMeTpHYEeCKHe uep-
TEXH BBLIMOJIHEHb B aKCOHOMETDHH).
Astop
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BBEIEHUE

B Kkuure paccMOTpeHb BapHaHTbl NHCbMEHHBIX HCnbITAHUA N0 MaTe-
MaThke 3a 1965 — 1968 rogpl, KoTopbie GbIIH NPEANOKEHb NOCTYyNaB-
uMM Ha caelyioliue - paKyabTeTst MockoBckoro rocyAapCTBEHHOrO
yHHBEpCHTETA: 32 1965 rom — Ha MeXaHHKO-MaTeMaTHuecKuil H
dusuyeckuil akyabTeTH; 32 1966 — 1968 romsl — Ha €CTECTBEHHBIE
_ U I'yMaHHTapHbIe dakynbLTeTh (CM. OrJiaB/ieHue).

TMucwmennbe HCMbITAaHHA MO -MaTeMaTHKe M3 rojia B roj BbI3bIBAIOT
HanGobluke TPYAHOCTH: NPOLEHT OTCeBa aGUTYPUEHTOB HA NHUCbMEHHBIX
sK3aMeHax 1o MaTeMaTHKe B HECKONbKO pa3 Oonbine npoueHTa oT-
ceBa Ha YCTHBIX 3K3aMeHaX. ‘ o

- HanGosiee TpyAHbIE 3a[iaudl N0 MaTeMaTHKE npeAbABAAINCh K 110
cryriaBIIKM - Ha MexaHUKO-MaTeMaTHuecKuii, (U3HuecKuil, SKOHOMHUEC-
KHil (oTAeneHHe 5KOHOMHUECKOH KHGepHETHKH) H dunonornyeckuil (ot
JeJeHne CTPYKTYPHO# H NPHKJiaJHON JMHTBHCTHKH) (akyJbretsl. [1o
3TOl MpHUMHE NOC/IE TEKCTOB 3ajau NHCHMEHHLIX 5K3aMeHOB Ha BCe
yKasaHHbie Bblllle (paKy/bTeTh! 32 1966 1 1967 rogp! noMellleHbl pEILCHHA
KO BceM 3ajauaM, IpejiaraBiiMMcs aGHTypueHTaM MeXaHHKO-MaTe-
MAaTHYeCKOro, (pU3HUECKOro, SKOHOMHYECKOro H dunosornueckoro ga-
KyJabTeToB (a K GoJjee NPOCTHIM — TOMBKO oreethl). K 3anauam ocralb-
HBIX (aKy/bTeTOB AaHBI TOJbKO OTBETHI. 3apaun 3a 1965 u 1968 roal
JaHbl B KOHIE KHATH Il CAMOCTOATE/BHOrO. PEILCHH T, K HMM JaHbl B
CClOBHOM TOJIBKO OTBeThl. Peiuenust (C HEKOTOPbIMH 0606ImeHH AMH) NTPH-
BefieHb! il FeoMeTpHYecKHX 3ajad MeXaHHKO-MaTeMaTHUecKoro ¢a-
Kyabreta (3a 1965 rox) u ansi HacTd safiau (C aHaJIM30M peLieninst)
¢u3nueckoro Qaky/bTeTa (3a 1965 rop).. ’

" Pewenys HeKOTOPHIX 3a7al CHAGKEHB! JOMOJHHTEbHbIMA 3ameua-
HUAMH, ‘MUMEIOIUMH NPHHIHKIHAAbHOE SHaUeHHe, HO o6bIUHO HE aKled-
THpPYeMBIMH B CpefiHell WIKOJE. Tak, HampuMep, Npu pellleHHd ypaB-
HeHuil H cHCTeM ypaBHeHHH, pH pelleHHy 3ajlau Ha BhYHC/IEHNE B NJa-
HHMETPUH (M CTEpEOMETPHH) yyaliuecs WKOJ He Beerja YeTKO MpeJCTaB-
asoT cefe BOMPCC O CyLIeCTBOBAaHHH H eMHCTBEHHOCTH pelleHHs, a
TaKKE MOHSITHE O HEOGXOAUMOCTH H JOCTATOUHOCTH (cM., . HanpuMep,
ctp. 114, 115, 119, 121,129, 130, 135, 153 u Ap.).
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OcTaHOBHMCSE Ha HEKOTOPbIX METOXMYECKHX YKasaHUfX, OTHOCH-
muXcsi K TMOCTPOEHHIO rpaduKoB (yHKUHMHA, pelleHHIO paniOHaJbHBIX
HEPABEHCTB H HPPAIHOHANbHBIX YPaBHEHUH. OTH ‘yKasaHHs ABJAIOTCA
JIOTIONHEHUSIMH K YKa3aHHAM, JaHHLIM IO STOMy MOBOAY B yueGHHKaX.

I. TIpu nocrpoennd rpaguKoB (YHKUMA [ONE3HO HCMO/B30BATH
CTeLyIOlyI0 TeOpeMy (ROKA3aTeJIbCTBO TEOPEMEl MPeAoCTaB/sercs ‘-
TaTe0): . , o

ec/iM Ha uepTexe nocrpoed rpapuk I pyHKUHH

y =f),

10 rpaduKk QyHKUUH
y=f®+a

nosyuaercs nepeHocoM rpapuka. I' B HanpaBieHHH OCH Oy Ha BeHUHHY
|al, mpuueM mepeHOC OCYLLECTBAAETCS B NOJIOXKHTEJNLHOM HanpaBJIeHHH
oc Oy, ecai @ > 0, U B OTPHLATE/NHHOM, eCIH @ << 0.

Fpaduk yHKUHH

y = b ()

_mosyyaercst u3 rpaduka I, ecau kaxnyio opAMHATy rpaguka T yM-
HOXHTb Ha uncio k. Ecmu 0 << k << 1, 10 5TO npeofpasoBaHHe Ha3bl- -
BaeTca agppunnoim cocamuem K ocH Ox, npuueM k HasbiBaercs Koadpu-
uneHTOM ckaTus. TIpu & > | npeoGpasoBaHue TaKiKe HashiBaercs ad-
MHHEIM «CXKATHEM» (XOTs JyuLie G0 Gbl roBOPHTH 06 aduHHOM pac-
taxennn). Ecan k < 0, T nocie adpHHHOr0 CKaTHs € KOPHHIHEHTOM
|| Hamo 3aTeM OTpasHTL CHMMETPHUHO B ocH Ox npeoGpaszoBaHHbIi rpa-
dHK (B yacTHOCTH, rpaduku pynkuui y = f(¥) u y = —[ (%) cum-
METPHYHbI OTHOCHTENIBHO ocH Ox). ' '
Fpapux oyHKUHH -

y=F[x+a

noayuaercs neperocom I' Ha Benuuuny | a| B Hanpasneuuu ocu Ox, npH-

YeM repeHoc MPOH3BOJAMTCA B MOJIOXKHMTENbHOM Hampasienuu ocu OX,

8cau a < 0, U B oTpUUATENbHOM, ecaH a = 0. : :
pajpux yHKRUUH

y = [ (kx)

noJayuaercs a(j)cl)PIHHHM ckataeM I k ocu Oy, npuyeM Kodpbuituer
CXKaTHs paBeH 7 Ecau k << 0, To nocJie C:KaTHS HaAQ eille MPOH3BeCTd

.

CHMMETDHIO OTHOCHTeNbHO ocH Oy.

Hmenno st#t coo6paxenns Gblid HCMONb30BAHEI B KHHTE MPH MOCT-
poeHuH psja rpaduKoB (CM. PHCYHKH 14, 34, 36). ‘ C

. II. Ipu peiennn HepaBeHCTB BOMPOC YaCTO CBOAUTCA K pauHoHa/b-
HOMY HEpaBeHCTBY. HJIH K CHCTeMe pauHOHaJIEHEIX HepaseHcTs. Hanou-

7



HHM YHTaTeJIo, YTO LEJoi paluoHaJbHOR (yHKIHEH OT OAHOro apry-
MeHTa X HasnBaeTcsi QyHKIMS BHAA:

P(x) = apx" + a7t + o + 8 %+ Gy y

rie @, — uHcaa, a n — Jmoboe Leoe HeOTPHUATENbHOE THCIIO.
. PanuonanbHofl QyHKuMed HA3bIBAETCS OTHOLIGHHE JBYX  LEJBIX
pauuoHanbHbIX QyHKuME P (x) ¥ Q (x):

— P, 9

IS @

Mbl GyJieM TpH 5TOM mpefnefarats, 4to P (x) u Q (x) He HMelOT o6HX
KOpHeifl. .

/ PanMoHaJIbHEIM HEPABEHCTBOM Ha3blBaeTCS HEPABEHCTBO y = 0 (unun

y < 0), rie y — pauuoHasibHas QGyHKUHSA C JeHCTBUTENBHBIME KO03(-
(pHupenTaMu.

JloKa3biBaeTcs, 4TO BCsKasi LeJlass palMoHA/IbHAs (YHKLHSA 1

¢ JeHCTBUTENbHBIMH KO3(UuHeHTaMH MoXeT ObiThb fIpeJicTaB/ieHa B
BHJE: .

P x) =t (r— o)™ (8 — ) (A ) @A) 3)

rhe &, Ny, Wy — ACHCTBUTEJbHbIE YHCHA, ,, ¢, — UeJbe HEOTpHUA-
TebHbE YHACAA M KOpHM Becex QyHKmuit x2 -I-’Mx + p, MuuMbie®.
Uncia @, SIBISAIOTCS BCeMH AeACTBUTENbHBIME KOPHAMH ¢yHkuun P (x),
TIPHYEM YHCJIO P, HA3BIBAETCS KPATHOCTHIO KOPHS Q.

Hanpuwmep:

P =s2—20+1=(F—12=(+1)2E—1)1=
=(x-l-1)3(x—l)’(x’-—x-l-1)2(x2+x+1)’.

PaccMaTpuBaeMasi (hyHKIHS HMeeT ABa AeHCTBHTE/IBHBIX KOPHA — lul,
KPaTHOCTb KaKJOTO H3 KOTOPbIX paBHa 2.
AHaJiorHUHO HMeeM:

Q= by (5 — By e —8) ™83 + 6 + )N + vye0) s

rie B, Vi O, — AeficTBUTENbHBIE uUHCHA, M, M M, — HaTypaib-
Hble YHcAa B KOPHH BCeX GYHKUHA X2 + y,x + 8, MuuMble. Yucna B,
HA3HIBAIOTCA JEHCTBUTE/bHBIMU TOMIOCAMH (YHKUUH (2). Yucio m,,
HashIBaeTCst MOPSIKOM (MM KPaTHOCTBIO). MOJII0CA B,. Takum oGpasom,
BCSIKOE PalMOHAJbHOE HEPABEHCTBO MOXKET ObiTh MPEACTABIIEHO B BUAE:

ag (x — apPh... (x — ag)Ps(® 4 Ayxt ) M. (2 4 Apxt p)r ~0. @
Bo (% — By)™.... (x — B) ™H(E+prx-H00™. (B3 Ty 4 8)"F

* B nanbHelimeM MH B pasnioxenty (3) 6yAeM COXPaHATb TONLKO Te MHOXH:
. Teaw, CTENeHH pp 4 (p KOTOPHIX — HAMYPaAbHbte  HHCHA.

S -8
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3ameruMm, uto Bce GyHKmuE x2 4+ Ayx 4+ p,, x4y + 8,
[1OJIOXKHTEJIbHB NPH BCEX JECTBHUTEJIbHHIX -3HAaUEHHSIX X (KOPHH BCeX
oTHX (YHKUUH MO MPEANONOKEHHIO MHUMBIE, @ KOI(D(HUUEHTE! NPH x?
pasubt 1 (> 0)). Eciu  x uaMeHsiercsl B HHTepBae, FPAHUIHLIMH TOU-
KaMH KOTOPOTO SIBJIAIOTCS 1MGO ABA AeHCTBUTENBHbIX KOPHS y, JHGO ABa
JAefCTBHTENBHEIX TIOJIOCA Y, NGO OUH AeHCTBHTE/NbHEIA KOPEHb M OZMH
JeHCTBUTENbHBIA MoJioC Yy, MPHYEM BHYTPH STOr0 MHTEpBaja HET HH
onHoro (KOHEYHO, AefCTBHTENBHOr0) KOPHsS H MOJIoca y, TO y B TaKOM
¥HTepBaJe COXpaHseT 3HaK. B ABYX COCEHHX MHTepBajax y MpHHUMA-
eT 3HaueHHs MPOTHBOMOJIOKHBIX 3HAKOB, €clii ofiiasi rpaHUYHasl TOY-
Ka WHTEPBAJIOB sBJsETCS AEACTBUTE/bHHIM KODHEM HJH MOJIOCOM He-
yeTHOM KPATHOCTH, B YACTHOCTH NMPOCTHIM KOPHEM (HJIH NPOCTHIM TMOJIIO-
coM), KOrjJia KpaTHOCTb (COOTBETCTBEHHO MOPSAOK) paBHa 1. Ecuu xe
oflnasi rpaHHYHasi TOYKa MHTEPBAJOB fBJSETCS KOPHEM HJ/H MOJIOCOM
yeTHOH KPaTHOCTH, TO B 0GOMX HHTEpBa/iaX y HMeeT OJMH H TOT Xe 3HaK.

I pumep. Peunts HEpaBEeHCTBO:

G+ E—1
Y= T e e

Kopuu ¥ nosock! GyHKIHH Y, PacrosioKeHHbie B MOPsILKe BO3pac-
rtanus: —5, —2, —1, 1, 2.

Ecan x > 2, 7o y > 0. Orciona cpa3y HaxOAUM BCe pelIeHHs JaH-
HOTO HepaBEeHCTBA: -

<< —2, —l<x<],l<x<2, x>

CIelyeT yuecTb, 4T0 X = | — KOpeHb (yHKUHMH y YETHOH KPaTHOCTH;
X = 2 — MoMoC y YETHOTo MOpsAKa; X = — | MOJII0C y HEYeTHOro mo-
palka, x = — 2 M X = —-5 NpocTele KOPHU Y.

III, Pemienne MppalMOHAJAbHBIX H HEKOTOPHIX TPaHCUEHIEHTHBIX
HEDABEHCTB MHOrJa MOXKET ObITh CBENEHO K PelleHHIO CHCTeMbl paluo-
HaJbHBIX HEpaBEHCTB. .

Hpumep 1. PelliTb HEPABEHCTBO:

- VE+2)x —5>8—=x. (1)
PeweH ue. Pagukan siBasercs AeACTBHTENbHBIM YHCJIOM TOJBKO
NpU BceX C/ELYIOHX 3HAYEHHAX X:
x < —2, x>05.
" Ecam x > 8, To HepaseHcTso (1) Boimosusietcs. Ecan nan 5 < x < 8,
i x < — 2, 10 8 — x > 0 u, 3HauuT, HepaBeHCTBO (1) SKBHBANEHT-
HO JABYM CHCTeMaM HepaBeHCTB:

(x+2) (x—25) >8(8 —-x)”,} - x+2(x—5> (8~—‘x)3,}

<x< ¥< —
BN
74 74
X TA 12
>13} n =l
5<x<8 ¥r< =2 '



Bropas chcreMa HEPaBeHCTB DEIICHHH He MMeer; neppas CHCIEMA
“HepaBEHCTB SKBHBaJIeHTHA CJEAYIOWeH: o

74
13<x<8.

7
Hrak, Bce pelueHHs JAaHHOTO HepaBeHCTBa: X > l—;.
IMpumep 2. Hepapencrso
log, >0,
rae 44 v — QYHKUHH OT X, SKBUBAJIEHTHO ABYM CHCTEMaM HEpaBEeHCTB:

u>1, v>1
"

o<u<l!, O<o<];

eC/M 4 H U — palHOHaJbHble PYHKIHMH OT X, TO ACJIO CBOAMTCA K peile-
HHIO CHCTEM paillHOHAJIbHBIX HEPaBEHCTB.
Hepasencrso

log, u>1,
rae u ¥ v — yHKUUH OT X, SKBHBAJIGHTHO ABYM CHCTEMaM HEPaBEHCTB
(1 =logu, 0L v 1) .

v>1, u>v
“ M

<<, I<u<uwo
Hepasencrso .
log,u > log,v,

rpeu, vu w——CI)yHKﬂHH OT X, 9KBHBAJIEHTHO ABYM CHCTEMaM HEPaBEHCTB:

w>1, u>0v>0
H

<w<l, 0<.u<- v.
Mpumep 3. Pewnts HepaBeHCTBO:
log,, YVIi—=xt—x—1)>1

(cM. 3KOHOMHUECKHil (paKyJibTeT, OTAEIEHHE 9KOHOMHYECKO# Kubepuern-
Ku, 1966 rox, BapuaHr 1, 3agaua 3).
PemeHue HaocHoBanuu oGlMX 3aMeuaHHi, CAeJaHHbIX B npe-
AbIAYIIEM MpHMepe, 3aK/iouaeM, 4YTQ STO. HEPABEHCTBO SKBHBAJIEHTHO
aByM cucreMam HepaseHctB (1 = logix |x], 0 <|x| ## 1): :

1° (x|>1 YV9—xt—x—1> x|
2. 0<|x| <], 0<yY9—x2—x—1<|x]
10




Ka)xnasl 17K 3THX CHCTeM pacnanae'rcsl l'la lLBe (C'{HTaeM OIlPlH pa3

x>0, apyroil pas x <O0): .

[ x>1, YVi—2>o+ L

L. x<—1, V9—x2>1

%0 0<x<l, 0<VI——x—1<x

% —1<x<0,0<VI——x—1<—x

1;. CucreMa 3KBHBaJIeHTHa cnenxlqmeﬁ:
x> 1, ’

9 —x2> (2x + 1) (rak xak 2x + 1>0),

H{llfl
) x> 1
5x2 + 4x — 8 < 0,
HJIH
) x> 1
-2—521/11\<.x<—2+§1/:&11.

Dra cucTeMa He-HMeeT pelleHHi.
1,. CucreMa s3KBHBa/ICHTHA c.uenyxomeu

2
r<<—1,
9—x*>1,
fiu .
i -2Y2<x<—1.
2, . CucreMa 5KBHBaJ/IEHTHa gaenyromeﬁ:
o<x<lt, -
5¢2 +4x —8 >0
UM JBYM CJIEAYIOUWHUM:
o<x<l,

b<x<r'
<—2a+ym " 4

>2 0T -0

[lepBas cucrema He HMeeT peileHuil. L3 BTopodl HaXOAUM:

2 T
. YT —n<x<l.

2;. Cucrema SKBHBaJIeHTHa CJERylowied:
—1<x<0,
9 —x2 <1, "

u



© WM
—1<x<O,
x<—2) 2

Dra cHCTEMa HE HMeeT DelleHHi.
Hrtak, BCE pellieHHs] JAHHOrO HEpaBEHCTBA:

—Yoe << —1,
%(Vﬁ—l)<x<l.

Mpumep 4. Pemmuth HepaBEHCTBO:

log 2cosxl/ 14+2 cgs2x <1
Vs
(cm. (pnnonomqecxﬁﬁ daxyabrer, 1966 ron, BapuaHT 3, sajaua 3).
Pemenne. DT0 HEPABEHCTBO SKBHBAJEHTHO [BYM CJeAYIOLLHM

2cos x O<2cosx#1’

cacreMaM Hepasencts (1 =log, . Y3 V3
V3
1 + 2cos 2x = 4 cos’x — 1): '
1° o
2cos x ——— __2¢0S X,
V§>1’ Q < V'4cosk 1<—_V§'
200 ~
. 2cos x 2 cos x

0<<ci—= 2y — .
<V3 <l, 4 cosx — 1> V3

1°. CucTeMa SKBHBAJEHTHA CJeAyHOuieil:
V3
cos x> 5

} 4 cos?x

- , 0<4c'032x—1<—-§—-
um (cosx = u) _
u>YE
0<awr—1<2s,
—Ig<u<l.
Ora cHcTeMa HepaBEHCTB pEleHHd He HMeEeT.

12




9°. CucreMa SKBHBAJIGHTHA CJIeAyloLled:

0<cosx<‘—/—3—,
4cos?x— 1> 4 cos’x
3
Hau (cos x = u)
0<u<¥l
4u2—1>§uz,
—I<u< .
Orciogia 4
3 V3 V3 V3
< <<—, W << oS X <<
2)'2 2 2)'3 2’
T. €. 2kn + %<x<2ku+arccos—‘/—3-_, .
2V 2
- 2kn — arccos V3__ < x <<2kn— z,
2V 2 6

rae k NpUHHMaeT BCe LeJible 3HAYEHHS.

IV. OcTaHOBHMCS ellie Ha IPHEMAaX pellleHHs] HppalHOHaJIbHbIX ypaB-
HeHuil, B YaCTHOCTH Ha yPaBHEHHSIX, CONEPKAUMNX NapaMETpEl. Tpexae
, BCEr0 OTMETHM, YTO NMPH PEIUeHHH HPPaUHOHAJBLHBIX ypaBHeHHH*™ Tpe-
Gyercsl HaliTH TOJBKO AEACTBHTENbHBIE EIleHHd, TAK Kak ecau 6paThb
3HaueHHsl pajMKajOB M3 MOJA KOMIJIEKCHEIX UHCel, TO KaxJplfi panu-
KaJl IMEeT HeCKOJIbKO 3HaueHHI; JieBas ¥ npaBasi 4acTH HpparlHOHaJlb:
HOTO ypaBHeHHst GyHmyT, CilefloBaTe/lbHO, HMETHb 1O HECKOJIbKYy 3Haue-
HHfl, 2 NpU TaKUX OOCTOATEJIBCTBAX HesiCHO, CYMTaTh J¥ TO HJH HHOE
3HayeHHe X KOpHEM NaHHOTO YPaBHEHUs WM HET. To Xe 3aMeuaHue cie-
JyeT uMeThb B BUAY H MPH PeLUCHHH CHCTEMD ypaBHeHH#, CpeiH KOTOPbIX
eCTh XOTS GBI OJHO HppanMOHA/IbHOE. B COOTBETCTBHH CO CKa3aHHbIM
Gyzem Bceria mpeamoJiarathb, YTo M mapamerp (unu napamerpel) B Hp-
palOHANbHbLIX YPABHEHHSX MJH CHCTEMax ypaBHeHHHl TPHHHMAIOT
TONBKO AEACTBUTEJNbHBIE 3HAYEHHS.

CyImecTBYIOT Pa3UyHbIe METONbI PElIeHHs HppPAalHOHAJIbHBIX ypaB-
HEeHHUH. .

Huxe paccMOTpeHbl ABa MpHMEpa H JIaHO MO HECKOJIbKy BapHaH-
TOB pElIeHHs KaXJoro H3 HHX. Ecau MeToj pelieHHs HMeeT o6wui
XapakTep, TO Ha 3T0 06CTOSITeNIbCTBO AAHO COOTBETCTBYIOILEE YKa3aHHE.

!

* Kak # TpaHCUEHAEHTHHIX. Lo mroa
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OnuuM M3 NPHEMOB pElIeHHs ypaBHEHHH BHAA

i flx, Va® T bx F 0) =0, b*—4ac +0, ()
rae f— paumoHaibHas (GYHKIUHS OT ABYX apryMeHToB (T. €. B JIeBOI
yactu ypasHenHs (1) Haj x, Haj AEACTBHTENILHBIMH YMCJAaMH H Haj pa-

JUKaJoM ]/ax’ + bx 4+ ¢ npoM3BOAAT TONBKO NEHCTBUS CJOXKEHHS,
BHYHTAHUS, YMHOXKEHHS U JeJNeHHs1), BAETCS CleAyIomuil MeTon pa-
LHOHA/IH3ALHH, npuHagnexamuii JI. dinepy*.

1°. Ecau a > 0, To npuMeHseTcsl MOJACTaHOBKA

Vair fox+c=|z+xVal
2°. Ecnu ¢ >0, T0 NpHMeHsIeTCs NOACTaHOBKA
VaE + bx + ¢ = |xz2 +Ve|.

3°. Ecau ax?® + bx + ¢ = (px + q) (mx +n), rne p, q m,’
n — peficrBuTeNbHBIe yHCna, p =0, m =0, TO npuMeHAeTCs OAHA
H3 MOJCTaHOBOK:

_]/ Pt - ]'/mx+n
2= mxn HIH 2= px+q'

- VarFbx +c=lz+xVal
Bo3Bojist 06€ 4aCTH STOro PaBEHCTBA B KBajpar, MOAYYHM SK3HBa-
JIeHTHOE ypaBHEHHE: L

ax?® + bx + c = 2z¥ + 2zx) a + ax?,

1°. a>0,

. OTKyJa
: == ©
: b—2Va-z

Ilns. moboro x, Takoro, uto ax® -+ bx + ¢ > 0, cyumecrByer 2z
TaKoe, 4TO 3TO COOTHOLIEHHE BHIMOJMHEHO: B caMoM fiene, cuntas ax® +
+ bx +¢ >0, b*— 4ac=0, H3 COOTHOWEHUS (2) noayuaem caed-
cmaue: :

242y azx—bx—c=0,

OTKYJa
; =—xVa+Va?+bx+ec. 3) -
DTH 3HaueHHs 2z He 0GPALlAIOT B HYJb 3HaMeHaTeab APoGH (2), Tak
b
Kak npu 2z == —= MBI HMeeM
P 2V a

§£=+ xVa=+VarFbx+e,
Va

* ‘Yjes HCHONB3OBaHHS MOJCTAHOBOK Dfiiepa AJA pelleHus ypaBHeHHH yKa-
saHHOro BHAA npHHaAdexut Mogenosy B. IL. o -
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Pibend ek e ARt BN

oTKyma S B
‘£+bx+ax2=ax2—l—bx+'c
, 3HAYHT, ‘ : A
o b* —4dac =0 -

BonpekH mpeanosoxenuio (b* — 4ac = 0). . .
3naunrt, (3) — KOpHH ypaBHeHUs (2) MpH 3aJaHHOM X.
- Tenepp HMeeM:

2—c . |—Vaz4be—cVa
V ax®*+bx+c={z+Va — | = = :
+ox+ Ve Ty |  6—2Va: ’
u ypasHeHHe (1) oGpamaercs B panHoHa/LHOE OTHOCHTE/ILHO 2.

2°. YpapHenue .
Va fox +c=|xz+Vcl
9KBHBAJIEHTHO CJEJYIOLIEMY: S
ax® + bx + ¢ = 2222 + 2x2) ¢ +c.
Ecau x =0 (Hajo mnpOBepHTb, SABJAETCA X = 0 KopueM ypas-
HeHust (1) UM HET; TEM CaMbIM 3TO 3HaYEHHE x HCKIIOYAETCA M3 pac-
CMOTpEeHHUS),~ TO S

ax + b = x2* + 221/¢,

OTKyJa -
22V c—b L (4)
a—22 ) . R
Tlas mwoboro X 7= 0 (ax? + bx -+ ¢ > 0) cymiecTeyer 2 TaKoe, 1TO
BHINOJIHsIeTCS paBeHCTBO-(4). B caMom zede, U3 paBeHCTBa (4) caenyer:
' X2+ 22Y/ e —b—ax =0, o
z=—V'c'iV:x“-l-bx+c ©(5)

D1y 3HaueHus z He o6palialoOT B HyJ/ib 3HaMeHaTe/b APOGH 4). B ca-
MoM neJte, ecau Gbl 6bic z = + Va, TO ' )

+xVa+Ve=1= V ax® +bx + ¢

X =

OTKYyZa
ax? + 2V acx + ¢ = ax® + bx + ¢,
W Tak Kak x %= 0, 10 b=+2V ac, 1. e. b> — 4dac = () BOmMpeKH npej-

TOJIO}KEHHIO. 3HAUHT, COOTHOWeHHsMH (5) HaloTCs. KOPHH- ypaBHEHHS
(4) npu 3ajaHHOM X. semsgeM o S
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- Tenepp HMeeM:

Vax® + bx + c= z%ﬁf—;b—-}-ﬁ,

n ypasuenne (1) obpaiiaercsi B palHOHa/ILHOE OTHOCHTEJIbHO Z.
3°. ¥YpaeueHue

— px+4q
SKBHBAJICHTHO CJEAYylOLieMy:
. ‘ pr+q_ 2
?
mx +4-n
oTKyAa® '
x="2=9 i
p—m2®
JHanee, -
Vpx+q= Vprtmetn _ Valtbite _,
mx -n Imx+n| Imx +nl
Vax2-|-bx-l—c=z|mx—l—nl=z|m:22:n'zz+n|,

u ypaenenue (1) oGpamaercs B paiuoHaNbHOE*  OTHOCHTENIBHO 2.
Hpumep 1. Pennts ypaBHeHHE

. s+V1i—x=a, )

rae a — IeHCTBUTENbHBIH mapamerp. ,

- Cnoco6 nepeowi (nojiyuenue CJeJCTBHsS M3 JaHHOTO ypaBHEHH ).
Srot cnocob, WHPOKO PacHpOCTPaHEHHbIH B CpenHell 1IKoJe, COCTOHT
B TOM, YTO H3 JaHHOrO ypaBHEHHS MOJNy4aloT caedcmeue (HEOGXOMUMBIH
npusnak). [Ipn TakoM MeTojle peilieHHsl HYXKHO NPOBEPATD, 6yayT Jiu
3HAUCHHS ¥, MOJyueHHBE B pe3yJjibTaTe Mepexofa OT HAHHOro ypas-
HeHHS K CJIEACTBHSIM H3 HEro, pelleHHsMH Ha4yajbHOro ypaBHEHHS.
Uraxk, nepenuchiBasi ypapHenue (1) B BuAe

, Vi—xt=a—yx, )
nosnyuaeM  caedcmeue:
1 — x? = a? — 2ax + x%,
15617 ‘ 4
2x? — 2ax + a* —1 = 0.

* Uyratemo npelnaraetcss yOeAuTbes, 4to p—mz? # 0(pn—mg <+ 0).

#% MozieoBbiM B. [1. C yCrexoM NpHMeHeHH AJs PelleHHs HPPauHOHAILHEIX

ypaBHeHH{ ¥ MHOTHe APYTHe DallHOHANHSHPYIOWKE NOLCTAHOBKH, npuMenseMble B

nn;erpanbno,m HCUHC/ICHHH NPH BLIYHC/CHUH HHTErpajos ot saeMeHTapHEIX GYyHK-
nHi. !
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Jlns Toro utoGH 3T ypaBHeHMe HMeso NeficTBHTeNbHEIE KODHH,
HeOGXOIUMO M JOCTATOYHO, YTOGBI BHIMOMHSAJIOCH COOTHOMICHHE: ]

A=a*—2@—1)=2—a*>0,

T. €. .
‘Hpezlnonaraa, YTO 9TO YyCJOBUE BLIMOJIHEHO, HaxoAauM: '
_atVi=a
= __——-———2 .

Tenepo HeoGXOAMMO TNpOBEPHTh, KaKoe H3 Hal/IeHHEIX 3HAYeHHH X
Gyner peluenneM ypasHenHs (1) niu 2. .

Ilycrs
x=0t¥V2—a
2

BbIYHCAMM TIPH 5TOM 3HAUEHHH X JIeBYIO YacTb YpaBHEHH: 2):

‘/1—___)53= ‘/1_024-20 l/2-;a3-1--2—a2 =l/ 2-—2a4l/ 2—a® _

= ‘/(tl—V?—-a”)2 _la—V2—a,
: 4 o 2

BbuHC/IMM DPaByio 4acTb ypaBHenus (2):

_ a+V2—=a® _a—V2—2a
a—X=a— 3 = D) .

[ )
3uauuT X = ‘-’i'—]/2—2———a— GyZeT KOPHeM JAHHOTO YpaBHEHHS TOJb-
X0 TOrAa, KOrja - ,
a—V2—a>0,
[4 ——
TaK Kak TONbKO B 3ToM ciydae |a —) 2 —a?|=a —V'2 —a?u pa-
pectBo (2) Oymer Buinomeno. Ecmm xe a —V2 —a* <0,

TO Vl_x2=li_:—]/22__:_ai!— > 0’ a a—x:a—.y2'2—a2 <0

a 2 —a?
H, 3HAUHUT, X = -i!g——— He KOpeHb JAHHOTO yPaBHEHHSI.
HepasenctBo a—1)/2—a?> 0 GyAer BHIMOJNHEHO TOrAA H TOJb-

KO TOrJAa, Korja
a>V2—a .
Tak kaxk —) 2<a <V 2, 1o npu —) 2<a <0 s10 Hepa-
BEHCTBO He BIMOMHAETCs, a mpwr 0<<a <)/ 2  OHO  9KBHBAJIEHTHO
TaKoMy: ' ‘

Al .

a>>2—a?
17



OTKYyZAd . . .
at>1,
n Tak Kak 0<a<) 2 2, 10 us  mnepaBenctBa a® > 1

5 . _atV2I—ad
a<V?2 x="H%—

cnenyer, uyto a > 1. Hrax, TONBKO npu 1 <

— KOpeHb JaHHOrO ypaBHenus. Ecin xe —VY2<a<!, 0 x=
_a+ V2—a? ) o
2

He KOpeHb JAaHHOTO YpaBHEHHS.
MepeiigeM K HcceOBaHHIO 3HAYEHHS
-a—VY2—at

Hmeem:

yT—F= ‘/ S =
= \/2+20V2‘f02,= 'l//(a—l- V2a=da¥)® _ |a+)/—:73|
~ 4 T 3

: — _2 __2
a_x_a__a 1?2 a Aa+V2 a

3uauut, £ = V2 a 6y11e'r KOpHEM JHHOrO yPaBHEHHs TOJb-
KO TOrfa, KOoraa a-l-]/2—-a2 > 0. Ecm xe a+y2 —a* < 0,
a—V2

—a?
T0 X = R He KOp€Hb JaHHOTO- YpaBHeHH .

Coothomente a +}/ 2—a® > 0 GyzieT BHINOJIHEHO TOAbKO TOTAd,
korma V2 —a*> —a.

Ecm 0<a <) 2, TO 5T0 HepaBeHCTBO BLINOTHEHO. Ecmu xe
—¥ 2 < a<0, TO OHO SKBHBAJIEHTHO TAKOMY:

2 —a?>a?

a? < l,
lal <
M Tak Kak — YV 2<a<<0, 10 HepaBeHCTBO lal < 1 npuHHMaer BHA
—a<l, 1.e. a> — 1. :
., Ve
Takum 06pa30M, x="2 5 — KOpeHb JAHHOrO ypaBHEHHS,
e —1<a<V 2
OKOanTeano, .
ecm —)Y 2<a<—1, 10 ypaBHeHue He ' MMeeT Kopﬁeﬁ; ecnmn —

V2 —-—a“;
2

— 1< a<<1, To ypaBHeHHe UMeeT OAUH KOPEHb X =

18




:l — @
ecmt 1 < a <) 2, To ypaBHeHue HMeeT KOPHH X=. 53—1/2—2——3*' '
Cnoco6 emopoil. TMonoxum} 1 —x* = y.
Torga JaHHOe ypaBHEHHe MPHMET BHA:

‘ x+y=a

 Vpashenne /1 —x*=y SKBUBaJEHTHO CleAyloleH cMemaH-
HOM cHCTeMe:

2+ yr=1y >0
Iauuoe ypasHeHue

x+ V1 —x*=a ' “)
9KBHBAJICHTHO CMeilaHHOM cHcTeMe: o
x+y=a,
t+yi=1, : R &)
y>0 '

B C/IeAYIOUeM CMbic/ie: ecii X — AeACTBHTeJbHbIl KOpeHb ypaBHEHHHA
(4), To cymectsyer pewenne (x, y) cucremst (5) (tze y =V 1—x);
obpaTHO: ecqu (X; y) — KeHCTBHTE/bHOE pelleHne cicreMul (), TO X —
pewenne ypaBHeHus (4). Cucrema (5)  sxeusareHmHa cnenyiolnei:
x+y=a .
x+y)2—2xy =1, -
y >0, ’
Han
x+y=a,
a?— 1

Xy = 5

y > 0.

W3 nocnennedi cuCTeMbl CleflyeT, YTO X H y — KOPHH KBaJ{paTHOro
ypaBHeHHs .

xz—ax+“”2—‘=o .

HJIU .
N2 — 2\ +a?—1=0, - (6)

npHyeM -l y CIeAyeT B3siTh HEOTPHUATENbHbIH KOPeHb. .
Boiuncasas DMCKPHUMHHaHT ypaBHeHHs (6), MOJAyuHM:

A=a*—2a*—1) =2—a’ L
Ypasnemfe (6) uMeet peficTBHTE/bHbIE KOPHH TOJILKO TOTAd, KOrAa
—V2<a< V2
. o
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Hanee, ecnt —) 2 < a<<—1, 10 Kopru ypasuenus (6) or-
puLaTe bHbL H, 3HAUUT, JaHHOE YypaBHEHHE HE HMeeT xopHefl. Ecau
a= —1, 10 ;= 0(=y), Ay = — 1 = X — ypaBHeHHE HMEET OJMH
Kopenb x = — 1. Ecin — 1 << a <1, TO KOpHH ypaBHeHHA (6) pas-
HBIX 3HAKOB, KOPEeHb  JAHHOr0 ypaBHEHHs — 3TO OTpHUATE/bHEI KO-
a— '\/ 2—a®

— ——-2—_— .
Ecmm 1 < a <V 2, 10 06a KopHsi ypaBHenus (6) HeoTpHUATe/Ib-
atV 2—a?
2

peHb ypaBHenus (6), T. e. x =

HBl Y, 3HAYUT, AaHHOE ypaBHEHHE MMEET KODHH X =

10T crioco6 pelleHHs MPPALHOHAbHEIX YPaBHEHHH HMeer OOl
XapaKTep; OH 3aK/IOYaeTCs B MOJYYEHHH PallMOHAJbHON CMellaHHOH
CHCTEMbl, 5KBHBAJIEHTHOH AAaHHOMY YPaBHEHHIO B YKasaHHOM CMbICTE.

Cnoco6 mpemuii (MeTol cMellaHHEIX chcrem). Ilepenuiiem jaHHOe

ypaBHeHHEe B BHJE:
V1i—xt=a—x )

KopHAMH 5TOro ypaBHEHHsI MOTYT CAyXHTb TOJIbKO UMCJa H3 Cer-

Menta — | < x < 1, AAa KoTopbix a > x. TakuM oGpasoM, ypas-
HeHne (7) SKBHBAJIEHTHO CileAyiollefi cMelllaHHOM cHCTeMe:
1 —x2 = (a—x% : )]
a>x.

W3 nepsoro ypaBHEHHs 9TOM CHCTEMB CJELyeT, 4YTO €C/H
x — nelicTBHTeNbHOE uHca0, TO — 1 < x < 1; mosTomy 310 yC/aOBHE
H He BKJIOUEHO B cucremy (8).
Cucrema (8) MoxeT OblTb MepenncaHa B BHAE: .
2x2 —2ax + a>—1 =0, )
a>x. .
Heo6xoguMoe M JOCTAaTOYHOE YCJOBHE JAEHCTBHTENbHOCTH KopHe#

ypaBHEHHS, BXOASILIErO B CMeIIaHHYIO CHCTeMY (9), TakoBo:
' —V2<a<V 2

— ] N
Ecu a=—V1 2, 10 Xy = Xy = — 7= yeaonie @>X He Bbl-

TOJIHSAETCS, ¥, 3HAUHT, IpH @ = — )/ 2 JaHHOe ypaBHeHHE He HMeer
KopHeil.
— 1 .
Ecm a=)2, 10 %, =X, = 75 yclIoBHE @ >> X BbIMOJHAETCH,
R 1
W, 3uauuT, NpH a =)/ 2 ypaBHeHHe HMeeT OAHH KOpeHb X = 75
Myets —)f 2<a <<V 2. Torza ypasuenue
2x? —2ax +a>*—1=0
HMeeT NefiCTBHTENbHbIE H PasiuyHble KOPHH. DTO YpaBHEHHE HMeeT KO-
peHb X= @ TOJIBKO TOMAa, KOrAa 2a* — 2a* + a2 —1=0, T. e npu
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a= — | u a=1: Takum 0o6pasoM, COOTHOLUCHHE X =@ BHINOIHACTCA -

TOJMILKO TOTHA, Korja wim a = — 1, i a = 1; ofpartHO: eciH
a= —1 uwm a=1, TO JaHHOE YpaBHeHHe HMEET KOpHH, paBHbIE’
x= —1,x=0ux=1 x=0.

ByzeMm cuutartb, YTO
—V2<a<V 2 a#—la#l
Torpa ypasHeHHe
o fw=2t—2x +a*—1=0 (10)

HMeeT JefiCTBUTE/bHbIE H Pa3/HUHbIe KODHH Xy B X, IPUYEM HH OIHMH
W3 HEX He paBeH a. JlaHHoe ypaBHeHHe HMEeT NPH 3TOM KOpHH B ABYX
caydasx:

1° % <<a<<xs

20. xi < xz < a.

B cayuae 1° kopheM 6yzer x = X;; B ciiydae 2° X = % H X = Xp.

CooTHoILEeHHs 1° BBIMOMHAIOTCSL TOJABKO TOrAQ,. KOrAa .

fl@) <0, -
T. €. - '
2a? — 2%+ a* — 1 <0,
T. e.
—l<a<l.
[Ipn 3THX YCJOBHSX n‘am{oé ypaBHeHHE HMeeT OfHH KOpeHb:
_a—V2—a&
x= 7

CooTHouleHHs 2° BLIIOMHSIOTCS TOIBKO TOrja, Koraa _
f@ =2*—2a*+a*—1>0 u 4qg — 2a>0,

1. e. (yaumsiBas, yto — ) 2<a<V 2 1<a< V2. B a0
cllyyae aHHOE ypaBHEHHe HMeeT JiBa KODHS:

_axV2—a
="

X

Tlpu 5TOM pelleHHH 3ajauH HCrnoJb30oBajach chepywounlas Teope-
Ma: ecau ypaHenue x* 4+ px+ g=0,rIe pu g— IeficTBUTENb-
Hbie UHC/a, MMeeT AeHCTBUTENbHbIE H pas/HYHble KOPHH X3 H- Xz, TO
Heo6X04HMOE H JOCTATOYHOE YCJOBHE TOTO, UTO JeficTBUTeNbHOE YHCIIO
A MEHblIe 060HX KOopHel, Moxer ObITb 3aMHCaHO B BHIE:

A2+ ph 4+ g>0, 20+ p<O.

Heo6x0uMoe H JOCTaTOYHOE YCJIOBHE TOTO, UTO YHCJIO A 3aKJIIOYEHO
MEeXIy KODHAMH X1 H X, MOXET ObITb 3aNHCaHO B BHAE: o

A% ph + g <07
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'-'H, HaKoHell, ‘HeOGXofuMOe H JIGCTATOUHOE ~ YC/IOBHE TOTO; YTO UHCIIO
‘A Goubie '060uX KopHeli, MOMKET ObiTh 3aMUCAHO B BUAE:
M+ ph+¢>0, 20+ p>0.

B _camoM pene, S i
1°M < x;, M << xo TONBKO TOrKA, Korfia A — x; <0, A — x; < 0.

Ho zBa umcia OTPHIATENbHBI TOJNBKO TOTAA, KOTJa HX TMpOH3Be-

- ileHHE TOJIOXKHTENbHO,-a CyMMa -OTpHIaTe bHa:

A—x)(A—x)>0, A —x; + 2 —x,<<0,

HIH A
A2 — (%1 + X)) A4 X% > 0, 20 — (% + x) <O,
‘M TaK Kak mo ¢opmyaam Buera x; + x; = — p, X1¥3 = ¢, TO OKOH-
. YaTesbHo. o

A2 4 pA +¢g>0, 22 + p <O.

2°. Uncio M 3aKJI04EHO MEXJIY YMCIaMH Xy H Xz TOJAbKO TOrAa, KOr-
Ja M—x, M A— x,— UNCia PasHBIX 3HAaKOB, T. €. TOJbKO TOTAa,
Korga (A — x)) (A — %) <O, mmn A* — (¥ + %) A + X% < 0,
w A%+ ph + ¢<O. o ‘ . .

3°, Yucao A Gosapuie 060MX KOpHEH Xx; H X, TOJbKO TOrja, Koraa
A—x, >0, A—x;>0. Ho gmsa yncsia NOJOXKHTEJbHBl TOJBKO
Torja, Korja HX MpOHM3BEeJeHHE H CyMMa MOJIOXKHTEeNbHH, T. €.
R (h — 1) (k — £2) >0,

o A—xy+A—x,>0,

WK .

A2 — (x3 + X2) A + x3%, >0,
2h -—'(xi + xz) > 0,

HIH ‘
A+ ph 4 ¢>0, .
2A + p>0. -

.3 aMeyanue. VMeer MecTo aHajorndyHas Teopema M Ajs ypas-

HeHHs A
a ax® +bx +¢c=0,
rae a, b, ¢ — AelicTBHTE/bHBIE UHCJIA, IPHYEM - a7 0 M KODHH X3 H X,
5TOTO ypaBHEHHs AeHCTBHTENbHbI M pasinuHbl. B ciayuae a>0 yr-
BepXKJEHHs aHaJOrHYHbl JOKA3aHHBIM, TOJBKO A24ph+qgu 2Mtp
. 3aMeHsIOTCA cooTBeTcTBeHHO Ha aA? + bh +c u 2dh + b. B cay- .
| ‘yae a<<0 BO Bcex YTBEPXKACHHAX 1°, 2°, 3°, mOMHMO 3TOH 3aMeHbl,
- HaJo BCE HEpaBEHCTBA M3MEHHTb Ha NPOTHBOMOJOXKHBIE. Jlokasartenb-
S CTBO MNPEJCTaBJSIeTCs uuTaTeMo (Hajgo ypaBHEHHE ax® +bx+c=0

- c .
3aMeHHTb eMy SKBHBaJeHTHBM x® + —x + = = 0 H BOCNOJIb30BATE-
) - a a .
cA yXe JOKasaHHOH TeopeMoh).
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. 3ra TeopeMa C yCMexXoM NpHMeHAeTCs MpPH HCC/EAOBAHHH KBajpat- |
HEIX ypaBHeHHH, KOS(GHUIHEHTH KOTOPHIX SBJSIOTCA (YHKUMAMH OT
ORHOTO mapamerpa. : ' .
UYprartemo mnpejiaraercs JAaTh [EOMETPHUYECKYIO HHTEPMpPETalHio
9TOH TeopeMbl (CAEAyeT 3aMeTUTh, YTO X = -y ecTb abcuucca BepiiH-

Hb napabonsl y = x* + px + ). .

Cnoco6 wemgepmeui (Merop pauuonamusanuu). Iloaaras (Bropéa
nojicTaHoBKa iljepa) s

V1 —x2=|1—2x]|

1 —x* = 1 —2xz + 224% ' (4)

x =0 sBAseTcs KOpHeM JAHHOTO YpaBHEHHs TOMbKO mpH &-=.I;
B 9TOM CJyuae JaHHOe ypaBHEHHE NPHHHMaeT BHL:

V1i—x2 =1—x, )
HH o _ .
Vi—x)(1+x =1—=x
" OpnuH U3 ero KopHeit x = |; Apyroil HaxoguTcsi H3 YpaBHEHHS

) Vi+x=V1—x, )
otkyaa x = 0. Wraxk, npu a = | naHHOe ypaBHeHHe HMEET KOPHH X = 0
Hx=1;ecanxe a1, 70 x = 0 He KOpeHb JAHHOTO ypaBHEHHH.

Cuutas a # 1, u3 cootHomenus (A) HaxomuM:

HaxoauMm

—x = —2z+ 2%,
OTKYAA ,
22
X =
1422
H, 3HAuHT,
VT=%=|1—3% |=455 .
1422 1422
JlanHoe ypaBHeHHe MPHHHMaeT BUA:
2z 11—z ’
= a. B
14 22 + 1422 B)
- Ha cermenre [— 1, 1] ¢yHxuus or 2:
: _ %
14 22

BO3pacTaeT M MPHHHMaer Bce 3HAUEHHs U3 cerMeHra [— 1, 1]. .
3HauHT, B ypaBHeHHH (B) MOxHO cuuTaTh || < 1 H nepemucatb
€ro- B BHAE: .
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HIn

@+ N2—224+a—1=0. . - ©
Ipr @ = — 1 panHOe ypaBHEHHE MPHUHHMaer BUA:
Vi—=xt=—1—x
H HMeeT 'l\‘OJleO OfiHH KopeHb ¥ = — 1. ByjeM cuutats, 410 @ F= — 1.

Torza (C)— KBaApaTHoe ypaBHEHHE OTHOCHTENBHO 2, U Hal0 HaliTH €ro

KOpHH TakHe, uTo |¢| < 1. Torma x = 13:2’
Vpasnenue (C) umeer KOpHM 2z = = | TONBKO TOrja, KOria -
a+1+2+a—1=0,

r.enpia=+ 1— cayuafi, KOTOpHi#l HCC/IeNoBaH. Cuuras a 1,
a %= — 1, mepenuueyM ypaBuenue (C) B BHAe: -

2 2=l €y

a+t+1 a+1
Uncaa — 1 u 1 He ABASAIOTCA €0 KOPHSMH.
Kopuu ypaBuenust (C) AeficTBHTENbHbI TO/IKO TOrJa, KOria

l—a?+1>0, T.e. —V2<a<V2

22—

Ecnn a=—V2 T z=2, it ve V2 -1,
sHaumT, NpH a = —)/ 2 JaHHOe ypaBHenwe He WMeer Kopued. Ecm
a— 1 _ _..—
a=y 2, 10 z,-zz—-m—lf2 1, 3Haymr,
o202—n _2(/3-1 _ 20/2—)H _

tra—2y3 20—V e2VIWI—n V2

Iyere — V2 <a<V 2una==1,a+ — 1. Torna KopHn ypas-
nenus (C) unu (C,) AefiCTBUTENbHDI, Pa3/IMYHbl H HY ONUH U3 HHX HE pa-
BeH HM — 1, Hu 1. : ;

Mui Gyzem uMeTb
—1 < 21 < 1 << 29
TOJALKO TOrZa, KOria

2 a—1
i —a+l+‘a+l<0’
2 a—1
l+a+l+a+l ’
HIH
- a—1
a+l<0’
T. €.
—l<a<l.

24




TIpu stux ycnosusx ypashenue.- (C) nmeer TOMIBKO OJHH KOPEHb,
taKo#t, uto |7 <1 (2= z):
1= V2—a?
b atl1 '
a, SHAUMT, JaHHOEe ypaBHEHHe MMEET TOJbKO OJHH KOPEHb!
1—y2—a
1
x=2 4
l_|_3—a2—2l’ —a2
(a+ 1)
— —_a?
— 2(a + 1) 1 V2 a —
a®+ 2 + 14+3—a2 —2 V2 —a?

l—m ___(a+1) 1—V2—a2 pr——

=2+ 1)
44+2a—2Y2—a? 24+a—VY2—a?
_w+na—V?3mHmH@:% _2ta—2+a—@+)V2=a_
- 4+t 4datfai—2+a? 2(@+1)
a—V 2—a*
==

Hanee, ycnosus — 1 << z, <z <l 6yny'r BHINOJIHEHbI TOJIbKO

TOTJQa, KOTja
2 a—1

1 =
+u+1+ Ti

—2— <0,

’

a+1

2 a—1
l_—+a+l

>0,

>0,

2-—

a+1

a+2>0,
a1
a—1

a+1
a

HJIH

>0,

a+1>/0"

VuureBad, uto eile JAOMMKHb GbiTh BHIIONHEHH! YCJIOBHA
—V2<a< V2 ‘
3aK/I0uaeM, YTO

l<a<Vl.



B.stoM ciyuae o6a KopHs ypasHenus (C) no MoayJio Menbie 1

z_lim—ﬁ
T adt v

a, 3HauuT, JaHHOE ypaBHEHHE HMEET ABa KOpHs: L “

2 _axV2—2&
14 22 2 * -
Hakonen, ciayuaft , ’ ’ g
< —1<z, <l :

HMeeT MECTO TOJIbKO TOTAd, KOTJa -

X =

2 a—1
1+—a+lfa+l<o,
2 ", a—1
1-.-.a-l-l+a-|-l>o'

* TlepBoe HepaBeHCTBO HE BHITOJHSIETCS: €ro_JjieBas 4acTb paBHa 2.
[NpumeHuM ewle TpeThiO MOACTAHOBKY Jilsiepa:

l—x
2= , 2>0
1+4+x =
-_(maWHOe ypaBHeHHe HMeeT KOpeHb x = —Il TOJIbKO mpu a = —1
H KopeHb x = | TONbKO mpH @ = l; cuHTaeM a+ — 1, a1,
Torga x = — |l B x =1 He KOpPHH JAHHOrO YpaBHEHHUS).
Hmeem: , )
ﬁ=l_{
14 x
x=1=2
14 22
Hanee ) . A
T—x2= 1/ ' =*(14+x)2= ]/‘—" 14x|=
VI=#= | i tr= Y i 4
1— 22 22
=z|1l +x|=2|1 ‘= .
1T+l ‘+l+ﬁ 14+ 22

JlanHoe ypaBHEHHE NpPHHHUMAeT BHA:

f—22; 22
T2 142
HIH :
(@+1)2¢—22+a—1=0. , (D)
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Kopﬂn 5TOrO ypaaneuﬂﬂ )J.eHCTBHTeJIbeI “TONbKO TOTAA, Korja

2—a?>0 T e —Vi<a<Velpa=—V72:z2= o
a

= _-7%1—7 =—-)2—1<0n 3HAYMT, JAHHOE YpaBHeHHe He HMe-

eT K.opueﬁ.

]'[pn a _—_—V § x”= 7—1—_2—.. l'lycn: —V—§< a<< V_zr a# = ]-

a = 1; Toria KOpHH ypaBHEHHS (D) neficTBHTE/IbHLI H PasfniHbl H HH
OfiMH M3 HuX He paseH 0. :
Hawm caenyer B3siTb TOJLKO MOJOKUTE/ILHDIE KOled ‘Tak KdK

2, + 2 =—1- 2,2, == a—1
- 1 2T #2 = Y
TO TpH
, e —l<a<l,
a+1 .
KOpHH 2, M 2, PasHbIX 3HaKoB; GepeM’ A
r— 1+V2—a2
. a4l

ﬂaﬂﬂoe ypaBHeHHe HMeeT TOJIbKO OJAHH KOpP€Hb:
1_3»—a2-|—2]f2.-—-a2 '

X = (a+ 1) -
l+3—a2+21/2—a2
BCEE -
a2+2a+1—3+a2—2]/2—a2 2a3+2a—2—2]/-2——--—a—2
a2+2a+x+3—a2+21/2—a= G+ 4+2VI—a
_a2+a—1—1/§:a‘= _ . .
at2+V2=2

a"+a2—a+2a2+2a—2+2—a2—|/ 2—a2(a2+2a-l— H_
@+ dat4—24a®

a4+ 24a— (a+ 1)2]/2—11A a—V2=2

- 2(a + 1) 2 :
Ecm ke
a=loo, 2->0
a+1 a1
T. €
l<a<V?’
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- To oba KopHs

- V2—a?
T a1
- ypaBHenusi (D) noMoXHTeNbHE, M JaHHOE ypaBHeHHE HMeeT [Ba
KOpHS: N
o= 1—22 _a+ ]/2—":13‘
T 1422 2 )

Cnocob nameui* (3ameHa nepemenHofi). TlepenuiueM AaHHOE ypas-
HeHHe TakK: ' '

Vi—x®=a—x
H ‘

Vi—la—x)—aP=a—x
H TOJOXKHM a — x = 2. TOraa ypaBHEHHe MPHMeET BHJ:
YV 1l—a2 42z —22 =2

KopHsiMH 9TOFO ypaBHeHHsl MOryT GbITb TOJBKO HEOTpHUATEbHbIE
3HaUeHHs 2, OHO SKBHBAJEHTHO Cjefyloulefi cMelaHHOH cHCTeMe:

I —a®+ 2az — 22 = 22,
z2>0,

Hu
222 — %z + a2 —1 =0, (1)
2> 0.

YpaBuenne 222 — 2az + a®*— 1 =0 umeer AeficTBuTE/IbHBIE KOPHHU
TONbKO TOrAZ, KOrAA

—Vo2<a<¥V 2

Eciu —V 2 < a < — 1, 70 062 KOpHSt ypaBHEHH s OTPHLATENbHbI,
W, 3HAaUHT, JAHHOE ypaBHEHHe He MMeer KopHeii. Ecau a = — 1, 10
z=0, 2= — |; KOpHeM HaHHOrO ypaBHEHHsl SIBJIeTCA X = a — 2=
=—1—0= —1. Ecin — 1 <a<<1, 10 kopuu ypasHenus (11)
pasHBIX SHAKOB, a TaK Kak z > 0, 1o

z_~a+;/2—a3 C
=",

H, 3HAYHUT,

x=a—z=0—"V2=0
2

/

* 10T cnocob, a TaKKe CNOCO6 mecTofi (CM. HHXKe) He HMEIOT TaKOro ofile-
ro xapakTepa, KaK nepBble ueThipe. «<3aMeHa NepeMeHHOH» ABAAETCA HCKYCCTBEH-
HBIM NpHEeMOM pelleHHS KOHKPETHOrO ypaBHeHHs, C HCNOJIb30BaHHeM ero CneuH-
¢dbuaHOCTH,
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Ecmma=1,10 2= 0,'.2 =14, éHatm-r, x=1,x=0..
Ecan 1 < a < V' 2, 1o 06a KopHst ypaBHeHHs (11) MOJOKHTENbHDI,

2= aty2—a
- __ 2
H, 3HAYHT,
‘ S %
x___a_z.;a_i_ig_a_.

Cnoco6 wecmoii (TpUroOHOMeTpHYECKas MOJACTaHOBKa). Tar Kak
o6nactb onpenenenus gynkuun ) 1 — x% ectb cerment — 1 < ¥ < 1,

TO MOXKHO NOJIOXKHTb X = Sin? M CYHTaTh, YT0 — g <t<T
JlaHHOe ypaBHEHHe NpHMeT BHI:
sin t 4 cos ¢t = a.
[Mozemms o6e yacTh Ha |}/ 2, MpUBEAEM €ro K BUAY:

sin (t + ) 1;12 ' (12)
Orciona BHAHO, uTO ecik | a| > V2, To naHHOEe ypaBHEHHE He HMe-
er pemwennit. Ilyere — )V 2<a < 1/ 2. B cnny COOTHOILIEHH

T 7 3u
— o<t = uMeem: — =<t .
g SES 3 W 4 + 4
[Ipu 3TuHX 3HAaYeHMAX ! HMeeM: —T/]—f— < sin (t + 1) <1,

T. €. JUifi TOro 4ToObl JAHHOE ypaBHEHHE HMEJNO KOPHH, HEOOXOAHMO
M JOCTaToOYHO, HYTOOLI

<« f <1, um —1<a< <V

V2 /2T
3HauuT, ecnﬁ V2_ a<1 To Ramoe ypaBHeHHe KopHell He
“HMeeT. IIycre —= t—l- < T T. e. — '/_ <sm(t + = )<‘/
orciona — 1< a < 1. Toma ;larmoe ypaBHeHue nMeeT OJHH KOpeHb
t4+ 2 2,
—I— = arcsin V2
n
t =arc Slﬂ—]/.—'._.- —_ I,
T
,/ 2 4) o
—_ae 1 _ a? 1l _a—V2—2at
72 V2 Vl—f Yz T




. A ' 3 1 AR ;
_~ Ecm xe z <t L <, WM —— <sin - — , T: €.
{ .4,\_+4\4s‘ J VQ_\,SI t+4 :<1 e
1 <a<V?2, o ypasueine HMeeT JBa KOPHS: o
1) t- T _ arcsin—2—, OTKyAa X = E_—_]_/___z_:‘.z-
9) t4+ = nm—arcsin —92_  oTkyja $ =3 _ arcsin ——

N

e lyTTe, L e _atVIow
- x—slnt—ﬁ‘/l——f-‘_ V‘g V-2— 9 .

» Cnoco6 cedomoil (reoMEeTpHUECKOe pellieHue). Pemensie ypaBHEHHS
. YVi—xX*+x=a '

MoKeT GbITb CBEAEHO K HaXOXJEHHIO abciuce TOYeK mepeceueHus AByX
JIMHHH: ' - :

' y=V1—x* y=a—x
. Tlepsoe ypaBHeHHE €CTb ypaBHEHHE eIMHAYHO!N NOJIyOKPYHHOCTH:
. Btyr=1 y>0 ~ (1)
| (umatenio peKOMEHAYeTCs CAenaTb yepTex).
Btopoe ypaBHeHHE

x+y=a )

ecTb ypapHeHHe MpAMOH, napaJuieibHOR GHCCEKTpHCE yriia ItulV
yeTBepTeil U OTCEKaloMlel Ha OCAX KOOpAMHAT paBHbie OTPE3RH. :

Eeau @ < — 1, T0 9T JHHUH He nepeceKalorcs, IaHHOE YpaBHEHHE
He uMeeT KopHei.

Feaua = — |, TO 9TH JHHUH NepeceKaiorcs B oxoii Touke (—1, 0);
-ypaBHeHHe MMEET OIMH KOpeHb: X = —1 ‘

Eean — 1 < a << 1, To 9TH JIMHHH Nepecexaiorcsi B onHOil TOUKE;
ee abcuuccy, T. €. KOopeHb JaHHOro ypaBHeHHsl, HaflJieM, pelas CHCTeMy
(1), (2) n BuiOupas AuA X MeHbiee 3HauUeHHE KOpHMA:

y=2= sz" a
= Ecnu a = 1, 1o auuuu (1), (2) nepecexaiorcs B a8y x Toukax: (0,1)

u (1, 0); ypaBHeHHe MMeeT JBa KOpH: X = Oux=1
Eem 1 <a<<V 2, To JHHHH (1) mepecekaioTCsi B ABYX TOUKAX;
HX a6GCUMCCHl SBJISIOTCS KOPHAMH JAHHOTO ypaBHEHHS:
a+V2—a® ’
X=——a




Al

~ Ecmn a = V 2 TO mpsaMas (2) Kacae'rra no.uyoxpyxmoc'm 1 B
Touke (= V 5 V_) JlaHHoe ypaBHeﬁue UMEeT OJMH KOPeHb: .

| =y
Haxonenu, ecii a>} 2, 1o aunun (1) u (2) He nmepecexaiorcd.

JlanHoe ypaBHeHME HE HMeET KOpHeH.
Ipumep 2. Pewuts ypaBHeHHE

]/a—x-i—]/b—x—]/x, (1)

rge .
’ a > b.>0.
.Pewenne KopHsMH JaHHOTO ypaBHEHHs Mory'r 6LITh, TOJIBKO

tmcaa U3 MNOoJIiyHHTEepBaJa:
I<x< < b.

Ypasuenue (1) 9SKBHBaJEHTHO CleLyOuleH ‘CMemIaHHOHM cucTeMe:

N7 |/;-_——1_1 "

0<x<b.
INonaras
Vi-1-w Vi-i=o
noayuHM: I L
ut+ov=1, ]
.._11:=02_-|_1’ o @)
x .
>0, v>0,

(yeaosue 0 < x < b caenyer us.ypaBHeHua LA + 1.
X
CucreMa (2) 9KBHBAJEHTHA CHeAylOmeH:

utv= 1

. 2 v+ 1) =(1—0P+ L,
Lot
X o
u>0, v>0,
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UM

u+o=1,
(@—b) v*+ 26v+a—2b=0,

X
Ecnn a > 2b, To ypaBHeHue

@—bv*+20v+a—2b=0

B cJyuae, ec/li Jiaxe OHO HMeeT JefCTBHTe/IbHble KOPHH, HMEEeT TOJNbKO
oTpHUaTeNbHbEe KOPHH (@ — b >0, b >0, a — 2b > 0), u, sHauwur,
B ciyyae a >> 2b jaHHOe ypaBHeHHe He uMeer pelueHuil. Eciu a = 2b,
TO ypaBHeHHe (a — b) v® + 2bv 4+ a — 2b = 0 umeer Kopru v =0

nov= —2.Ilpp v=0 u=1muus coomomenuﬂ—b-=vz+l
X

HaXOfHM ENUHCTBEHHBIA KOopeHb X = b naHHoro ypaBHenus. Ecan
a << 2b, TO KOpHH YypaBHEHHUS
fM)=(@—b v*+2bv+a—20=0
pasHBIX 3HAKOB; TaK KakK
f)=a—b+2b+a—2b=2a—b>0, ,
TO MOJOKHTENbHbII KODEHb U 3TOro ypaBHeHHs MeHblle 1, a Torza
u>>0. TIlonoxurenpHblfi KopeHb '

—b 4+ V—FE— b

v= a—b .
H, 3HAuUNT, AaHHOe ypaBHeHHe HMeeT elHMHCTBEHHHIH KOpeHb:
b b(a — b)? _

®+1 tab—2Y —a—0+ 3ab

ba—1b)2 (b2 +ab+4 20V —a®— 6%} 3ab) __
0 F 20% I a%0® -+ 4a?b® + 46* — 12a6°

_tb@—br@b {56242 V=a? =0 3ab) _,

56% (a — b)?
a4+ b4+2V —=a—b® F 3ab
5

V. 3amernm, 4TO KOPHSMH YpaBHEHHS BHAA
Cu(xyp =1

SIBJISIIOTCS Té KOpPHH ypaBHeHHS U (x) = 0, mpH KOTOpPHIX U (x) —
YHCNO, HE paBHOE HYJIO, H T€ KODHH ypaBHeHHs u (x) = 1, npH Ko-
TOpBHIX ¥ (x) — AEHCTBHTENbHOE YHUCTIO.

VI. JlaguM emle XapaKTePHCTHKY THIIOB 3ajay, B MepBYio ouepelb
TeX, KOTOpHI€ MpPELIarajich Ha CJEAYIOWHX (aKyJ/breTax: MeXaHHKO-
MaTeMaTHYECKOM, (PU3HUECKOM, SKOHOMHUECKOM (OTAE/NeHHe 3SKOHOMH-
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HK/AaJHOH  JINHIBHCTHKH): T e
© -7 Bo-TIepBBIX; " ICCTATOYHO  4aCTO aloTCs 3afaud C-flapameTpaMu - H
* . Ha''ypaBHEHHs 'H “Ha - HEDABEHCTBA. ‘TTocTynaloW i “O/KEH +HCCAeO
** BaTh 00J1ACTH M3MeHEeHHs - TapaMeTpos, B KOTOPO#i .JaHHOE ypaBHEHHE
. /i HePaBEHCTBO MMEET TO MJIH HHOE pelIeHHE. . Tk ek
" Iasjiee (ua BcéX (aKyJIbTeTax), 4aCTO NPHXOMUTCS HAXOMHUTD obaactb
_ ompepenefins GpyHKUHH (2 €CIH JaHA 33/a4a C napaMeTpami, T0 PHXO-.
- MTCSL HHOTJIa HAXOJUTDH o6nacTb onpefeneHus GyHKUHH OT ABYX apry
' MEHTOB). .. Y ‘ o
- Jlaotca 3ajaud ‘Ha JorapudMuieckHe ypaBHEHHS H HepaBeHCTBa,
rZie OCHOBAHHEM SBJSIETCS (QYHKIHS (a.me yMeno). | E
“~JI0CTaTOYHO" 4acTo ‘TipesJIararoTCsi - BOMPOCH - Ha- TpaHCUEHACHTHbIE
yDABHEHHT U HepaBeHCTBA (MHOTZA C mapamerpaMm). . . =
“‘UHorna pelueHie ypaBHEHHs COUETAeTcs C pelleHueM 'HEepaBEeHCTBA
CEE S0 T e e
" Tlpennaraioicsi H CHCTEMBI HEPABEHCTB U . JakKe. CHCTEMbl _-Hepa-
" BEHCTB C napaMerpoM—cM., ‘HanpuMep, 3ajlaud Ha CTP. 70, KoTOpHIE
6B mpepiokeHsl B 1967 r. mocTynaiomMM. Ha OTAeNEHHE ‘reodH3Hu-
- KH TeOJIOTHUeCKOro (paKkyJbTeTa; -HHTEpecHa TeoMeTpHuecKas HHTEp-
© OperauMs - KX peIleHHi. - L ' L
.~ +-"Ha MeXaHHKO-MaTeMaTHYECKOM *(aKyJbrere B 1967 r. GblIM JaHBI
- HHTepeCHHle M JOCTAaTOYHO TOHKHE ' IO 3aMbiCay sagaun (Ne 3), a
IS TMOJTYYaloLerocs TPH 3TOM- TPHTOHOMETPHYECKOTO - HEpaBEHCTBA
- ¢ IBYMSl ‘HEH3BECTHBIMH ' TPe6OBAJOCH JNATh  TEOMETPHUECKYIO ~HH-
.- reprnperauuio. B Tom xe 1967 r. Ha’MeXaHHKO-MaTEMaTHYECKOM "(a-
'KyJIbTeTe 3ajjaull [0 [eOMETPHH BO BCeX - BapuaHTax ObuIH HOCTPOEHBL -
. 'eIMHOOGPa3HO. M .10 3aMBICTY U [0 MeTofy MX PellieHUs; ‘€CTECTBEHHBLH |
" XOA pelleHHst STHX 3a]a¥ 3acTaBjser pacuJieHHTD 3ajauy Ha psj BCHO-
'MOTaTeJIbHBIX NpPeJJIOKEHUi: BHIBOA (POPMYJIbL AJIsI njiomay . cepu

eCKOTO «IBYYTOJbHHKa» M 4acTH ChepHl, CBOAsIIIEHCS K BHIYHC/ICHHIQ

JIOMaju JBYYTOJbHAKA; 3aTeM BEIBOA GOPMYJBL A5 nyomanu cdeps
€CKOro TPEyrojbHHKa U (opmy bl A5 obpeMa «IHPaMHbL, «OCHOBA- -
HeM» KoTopoii siBIsieTcs cepryeckuii .Tpeyroasuuk ABC, a GOKOBBI

f - e T N—— S S— R .
(f TPaHAMH — KPYTOBbl€ CEKTOPHI OAB, .OBC u .OCA (O —ueHTp .
(eper, Ha KOTOOH JexuT chepuueckuii Tpeyroipuuk: ABC). Tocae
CEro 3TOro Hajio OblIO MPOJENATD elle Psifl BHIKJAN0K (y=xe. focTaToyu-
0 waG/onHbIX). B Iie/IoM 5T0, KOHEUHO, TPYAHO, TeM GoJsiee UTO B OJ-

e 2 B . R [Tt o o
_OIfI H3 3ajjay TAaKOoro THIIa B OTBET BXOAHJ Ccos -i%" = COS- (‘g‘ +£5' Yoo

- N

OTMETHM, 'JTOvCOSE- n‘sm 'g' BbIpaxKalTCsa B paaukanax; HS»pa!.l'IfIvO,-

aJIbHBIX (M Jake HeJbX) HHCel.. . R
.~ . --He ocraBisiiorcs Ge3 BHUMaHHSA ¥ 33jauH 1O _apudMeTHKe — CM.,
- ‘HaripuMep, sajaun Ha ctp. 75, 76, HaHHbIE B ‘1967 r. Ha OTAEJNEHHH 5KO-_.
+- 'HOMHMYEeCKO¥ KHOGEpHETHKH SKOHOMH1ECKOro dakyJbTera (CM. TaKKe HH-:

: "2 I C. &lﬂ&enoq . U o _ - < T

\(\ ‘V
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TepecHsIe, -HelaGJIOHHEIE 3a/lauH, CB3aHHbIE ¢ KOMIJIEKCHBIMA YHCTIa-
‘Mu, ctp. 52, £3, 54). i

B mnocaenHue rofpl AAlOTCS CHCTEMBb! ypaBHEHMH (HHOrja TpaHc-
- HEHJEHTHHIX), T YHCJIO YpaBHEHHH He PABHO UHC/AY HEH3BECTHbIX.
Tak, manpuMep, B 1967 r. Ha OTAe/IeHHH SKOHOMHYECKOH KHGEPHETHKH
SKOHOMHUYecKoro (akysabrera Obljla NpenJOXKeHa CHCTEMA:

tg? x + ctg? x = 2sin?y,

- sin®y -4 cos?z = |
(cm. Takxke crp. 76). - )

Ha oTgeneHnn CTPYKTYpPHOR M MpPHKJIagHOH JIMHIBHCTHKH (HiI0JI0-
rHYecKoro (akyJbrera (ga M Ha APYrux ¢akyJbTerax) npeasaraiuchb
HeiraG/OHHbIE 3aflayd N0 KOMOGHHATODHKeE. .

‘B uenoM mno pasauuHbiM ¢akysabreraM MIY oxsaThiBasiach B
mporpamMMa, o0 MaTeMarHKe AJis NOCTYMAlOMUX B BHICIUHE yyeCHbie 3a-
BeleHHsl, mpuyeM GbLIO HEMAJo 3ajay, B KOTOPHIX JeJO He CBOAMIOCDH -
K mabJioHy — K YHCTO TEXHHYeCKHM MnpeoGpasopaHHsM. Bo MHOraX
3ajjauaX OT NOCTYMAIOLIero TpeGoBaoch NPOSBUTL HEKOTOPYIO HHUIHKA:
THBY B BHIGODE METOJA PellleHHs, NPOSABHTL HEKOTOPYIO H30OpeTaTelb- -
© HOCTb.

Kacasicb Bompoca O pelLleHHH MHOTMX TEOMETPHYeCKHX 3ajay Ha
_ BLIYACJIGHHE, CJIEAyeT OTMETHTBb, YTO YC/IOBHSI mojoGHoro pona 3ajay
MOXKHO HHTEPIpPETHPOBATb ABOSKO: ,

1°. TTo 3a5aHHBIM H3BECTHBIM 3JIEMEHTaM HEKOTOPOH CyHleCTBYIOLLel
¢urypet (MOCTpOEHHO!, HMelomefics B NPUPOAE HIM B TEXHHYECKHX
KOHCTPYKUHX) BBIYHCAHTb YKa3aHHbIE B YCJOBHH HEH3BECTHBIE 3Ji€-
MeHTHI. [I3BecTHbIE 5/EMEHThI MPH 3TOM MOTYT 3ajaBaThCsi H B GyKBeH-
HOM ‘BHIe. B Takoli mocTaHOBKe BOMpOCa J0Ka3aTeNbCTBO CYIIECTBO-
BaHHS (QUTYDPH, O KOTOPOH HJET peub B YCJIOBHH 3aJauH, OTNAAAeT.

2°. Tpebyercs He TOJBKO NONYYHTH (GOPMYJbI AJiS HCKOMBIX 3Je-
MEHTOB, HO M NPOBECTH HCCI€JOBaHHE, 3aKJlioualomleecss B yCTaHOB/IeE-
_HUM HeoGXOAMMBIX M JOCTATOUHBIX YCJAOBHH CYINECTBOBaHUs (GHUIYPHI,
a yxKe 3aTeM IpOHM3BECTH BLIUMC/EHHS.

TIOSICHEM 5Ty MbiC/Ib C/ILyomyM npuMepoM. B tpeyroasHuke ABC.
JaHbl JHHBL cTOpoH BC = a, CA = b u pan yron A. Bouucmutb
yroa. B. . -

Pemenue. Ilo TeopeMe CHHYCOB HMeeM:

a b
sinA  sinB !
OTKYAa
y . bsinA
sinB = ,
~ a -
_H 3HAYHUT, 5
bsinA
B'= arcsin




WIH Lo \
« bsin A
a

B = st — arcsin

Takoe «pellieHHey MpexnoJara-
eT, 4YTO CYIIecTBYIOT JBa Tpe-
yroJibHHKa, -yIOBJeTBOpsiOLIHe
ycaoBuio 3ajaud. Ilposenem me-

. Pen BbUMC/IEHHSMH HCC/eIOBaHHE
0 CyIIeCTBOBAHHH TPEYrO/bHHKA.

1). TToctpouM yroJ, paBHbIH

JaHHOMy yray A, cuuras, 4TO

<A< ’—‘2— (puc. 1), u.omio-

JKHM Ha Jio6o#l ero cCTopoHe oTpe- Puc. 1
sok AC, anuHa KOTOpPOro pas- ’
Ha b.

1°. Ecin ¢ < bsin A — 3anaua He yMeeT pelleHud.
2°. Ecau a = b sin A, TO cyluecTByer TOJIbKO OAUH Tpeyronbnnx,

| YEOBJIETBODSIIOMIMH YCJIOBUAM 32/a4H; NPH STOM B =

3°, Ecau bsin A <a << b, .70 3apaya umeer .maa pellieHns; MpH
5TOM Al OJHOTO TpeyrolbHWKa B = arcsin bsmA, a pasa apyroro
bsinA ‘

tolg

B = s—arcsin

4°."Ecnn a > b, To 3ajaua HMEeT OJHO pellleHHe; IpH 3TOM

bsin A,
B = arcsin ——
a

2). Ilyets A = —;—‘ (puc. 2). Torna 3ajaua UMeeT OIHO pellieHHE

R b
H MPUTOM TOJIBKO TOrAA, Koria a > b; mpu sToM B = arcsin -—.

Puc. 2 , Puc. 3




3). Mycrb %< A <m (puc. 3). Torza samaua HMeeT TOJBKO
: , y . bsinA - .
OAHO pewleHye B = arcsin —=n NpHTOM TOJBKO TOTAa, KOrja
~a>b.

Pemenne sana‘qu BO BTOPOH NMOCTAaHOBKE, KAK BHJHO 3 NPHBEIEH--
HOTO TNpHMepa, MOXKET NpEJCTaBHTb 3HAYHTENbHblE TPYAHOCTH.

Ilpu dopMyaupoBKe 3ajay Ajsl HOCTYNAIOMMX, €CTECTBEHHO, AOJXK-
HO ObITb KamAplll pas YeTKO OrQBOPEHO, B KAKOH MOCTaHOBKE BOMpO-
ca jiaeTcs reoMeTpuuecKasi sajdua. Tak, HanpuMmep, B reOMETPHYECKHX
3ajlauaX, JAHHbIX Ha ¢usHyecKoM dakynabrere B 1966 r. (Bapuant 1,
sagaua Ne 4, u BapuaHT 2, 3agaua Ne 4), B yc/IOBHH ICHO CKa3aHO, YTO
TpeGyercsi He TOIBKO NPOM3BECTH BBLIYHMC/IEHHS, HO M BBINOJIHHTE HC- -
CllefloBaHHe BOMPOCA O CYIIECTBOBAHHH (PHTYPHIC 3aJaHHEIMHU MapaMer- -
pamu. 3agauy xe Ne 4 BapHaHTa 3 (ctp. 42) mocrynalomuii BOpaBe.
TOJIKOBaTh B NepBOii mocraHoBKe Bonpoca. ITosToMy Bompoc o cyliecT-
BOBaHMH pelLIeHHs MOXHO GblIO Ha 9K3aMeHe M He M3jararhb. IIpous-
BOJIbHOE gacnmpeﬂne TOJIKOBaHHS YCJIOBUS 3ajaui MOXKET NpPHBECTH
TMOCTYNAIOUWMX B BbICIIHE yueGHHIE 3aBEJEHHA K HENOCH/IbHBIM TPYA-
HocTaM. [losToMy ecinm B~ 3ajjade HET CneUMaNbHOH OrOBOPKH, TO
Kak/ipli  aGUTypHEHT BIPaBE TOJKOBaTb €€ Kak 3ajauy, AaHHYIO B
nepBoii mocraHoBke. OgHARO MHOIO JaHO M JJsi-3TOH 3ajaud (U Aas
pAla APYruX) pacuIdpeHHOe TOJKOBAaHHE YCJIOBHS 3ajlau, TaK Kak B
" JaHHO# paboTe 51 He KacaloCb KPHTEDHEB OLEHOK.




THTABA 1
BAPHAHTbDI MUCbMEHHBIX HCIBLITAHHMA, 1966 TOX

B

. . N

§L Mexanuko-mMaTeMaTHuecKnii pakyabTet, 1966 r.

. : Bapuanm 1 -

1. B peky Bmajaer mpurok. Ha IpHTOKe Ha HEKOTOPOM PaCCTOSHHH .-
OT €ro ycThbs pacnoJjioxeH nyHkT A. Ha peke Ha TakoM e pacCTOsIHHH
OT ycThsl MPHTOKA pacmofioxkeH myHKT B. Bpems, koropoe Tpebyercs
MOTOpHO# JIOJKe, UTOOH! AOMILITH OT MyHKTa A JI0 yCTbsl IPHTOKA K 06par- .
HO, OTHOCHTCSl KO BPEMEHH, KOTOpoe Tpebyercs efi, 4ToObl AOMJBITH OT
nyHKTa B 10 ycThAl nMpuTOKa H 06paTHO, Kak 32 : 35. Ecam Gb1 cKOpOCTh
MOTOpHOfI JIONKH Gblia Ha 2 Km/4 Goaibliie, TO 9TO OTHOLIEHHE Gbisio- Obl
pasHo 15 : 16, a eciu Gbi CKOpPOCTh MOTOPHOH JIOAKH Ghljia Ha 2 Ku/4 MEHb-
tlle, To - OTHouieHHe Gbuto Gbl paBHO 7:8. HaliTh ckopoCTh TeueHHd
peku. Paccrosinust H3MepSIOTCS BAOJb MPUTOKA U PEKH COOTBETCTBEHHO.
- 2. PeumTtbh HepaBeHCTBO:

5 4 2cos2x < 3| 2sin x — 1|.

- 8. llap pammyca r Kacaercsi BceX pebep TPEYyrojibHOH MHpPaMUIEL.
LleHTp 1Iapa eXXMT BHYTPH U paMH bl Ha €€ BhICOTe Ha PaCCTOSTHHH 7 V3
or BepwmHbl. JloKasaTb, YTO MHpaMHAa npaBujibHas. Hafitu BbicOTY
OUpaMUAbL. A '

4. V3 rpaHuTa HyXHO BHIPYOHTb MOCTaMEHT B (jopMe MPSMOYroJb-
HOTO MapaJjiiefienunesa, BbICOTa KOTOpOro: o/ixkHa ObiTh paBHa AHaro-
HalM OCHOBAHHS, a IJOmMAAb OCHOBaHHUs AO/KHA ObiTb paBHAa 4 M.
INpu KakuX 3HAUEHHSX CTOPOH OCHOBAHMS MJIOMAJb MOBEPXHOCTH MOC-

TaMeHTa Gyjer HauMeHbIlei? ¢
5. HaiiT Bce 3HaueHust a # b, Npd KOTOPLIX CHCTEMA
xY —1 ) .
= __\=gq, x* 2=p
x4+ 1 \ ’ Ty .

HMeeT TOJILKO OJIHO peiuente (a, b, x, y — JeficTBUTENbHBIE YHCa, x> 0).

Bapuaum 2
1. Vs mopTa OJHEM M TeM e KypCOM BHIJIH B PasHOe BpeMs JBa
Kopa6uis, HAymHe ¢ OLHOi U Tofl ke ckopocThio. Co BTOpOro kopabis,
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HJyIero C3aju, OTNpaBisiercst GLICTPOXORHBIA Kartep, KOTOpHIl HOro-
HSIeT nepBhlil KOpaGilb H Cpasy Xe BO3BpallaeTcsi Ha cBOf Kopabib.
Karep naxomurcs B nytn 13 4 20 mun. Ecan 6bl nepes BHIXOAOM Ka-
Tepa 06a KopaGiisi ONHOBPEMEHHO YMEHBIUHJH CKOPOCTb Ha 10 km/4,
TO KaTep Haxomuacs Okt B mytd 11 4 40 mun, a ecnm Gbi OHM of-
HOBPEMEHHO ' yBeJIHUH/IH CKOpOCTh Ha 10 km/4, TO KaTep HaXOmuJj--
cs1 Obt B yTH 17 « 30 mun. Ha ckonbKo paHblue BHILE/ H3 nopra mep-
BLIli KopalJsib, 4eM BTOPOH? ‘ :

© 2. PemmnTh HEpaBeHCTBO:

(logyg , 3)* < logyg , (3 tg? x).

3. Bricota TpeyronbHO# mUpaMupbl paBHa A, CyMMa JieBSITH TJIOC-
KHX YIJIOB MPH BCeX BepLINHAX OCHOBaHMS paBHa a. M3BecTHO, 4TO
CyLLECTBYET 1Uap, Kacalomuics BceX GOKOBbIX rpaHefl B TOUKax mepe-
ceueHns uX MeauaH. JlokasaTh, YTO MHpaMuAa nipaBHabHasg. Haiitu
pamuyc mapa. _

4. HyxHo crenats BO3IymHEII sMell B dopMe mpsiMoi HPH3MBL,
uMelolllel OCHOBAaHHEM MPSIMOYTOJIBHBIA TPEYToibHHK C FHIOTEHY30H,
paBHO# 50 cm. DBOKOBasi MOBEPXHOCTH ITOH MPH3MbI HMeeT MAOLALb
0,96 x6. m. Kakumu J0/KHBI GbITH CTOPOHH! TPEYrOJIbHAKA OCHOBAHHS,
uToGbl CyMMa JJIMH BCeX peep npuaMbl Oblla HauMeHbluei?

. 5. Haiite Bce 3HaueHus - a, npu KOTOPBHIX CHCTEMa

X3 —ay® = %(a + 1),
x% 4 ax®y -+ xy? =1 .

HMeeT XOTs Gl OZIHO PellleHHe H BCSKOE ee pellieHHe YAOBJIETBOPSIET yPaB-
HeHHIO X + y = 0 (@, X, y — HAeficTBUTENbHEIE YHCaa).

) ‘ Bapuant 3

1. Typuctel BhleXa/lu Ha JIOAKe U3 IyHKTa A B yHKT B, pacno/oxeH-
HbIfl HHXKE M0 TeYeHUio pekH. IlepByio NONOBUHY MyTH OHH ILJM Ha Bec-
Nax, a MOTOM BKJIIOYHJIH MOTOP ¥ NMpPHOLIIH B NyHKT B uepes 4 « nocje
Bbixozia U3 A. Ecin Gl Bech nyTh U3 A B° B OHH LI Ha Bec/ax, TO oH .
3aHAM Gbl Y HUX 5 4 20 mun. Ha obpaTHoM nyTn u3 B B.A oHH 4eTBepTh
NyTH UJIH Ha Bec/ax, a 3aTeM BK/IOYHIH MOTOP H MPUGLUIM B nyHKT A
yepes 7 4 ocJie BeIXofia H3 B. CKOJIbKO BpeMeHH 3aHsJI bl y HAX o6part-
HBIH MyTb, €/ Obl BeCh 9TOT NYTh OHH LLIH Ha Becaax?

2. PemuTb HepaBeHCTBO:

I 3tg ux_3l_—tg1tx l > 9.

3. DoxoBas 1n0BepXHOCTb TPEYTONbHOH MHpPaMUAR paBHa S, a -
pUMeTp ocHoBaHHUst paBen 3a. Illap Kacaercs Bcex Tpex CTOPOH OCHOBa-
HHUS B'HX CepefHaXx, a cepeHbl GOKOBEIX pefep JlexaT Ha IOBepXHOCTH
mapa. JlokasaTb, 4TO NHpaMMAa mpaBHibHasi. Haiitn pamuyc wmapa.
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4. HyXHO H3TOTOBUTE KOPOGKY B (hopMe mpsIMOYTOJILHOTO MapaJiie-
JienHneja ¢ IVIOLIafbio OCHOBaHHS, paBHOH 1 k8. cum. CyMMa JIHH
~ Bcex pefep mapajnesenuiiefa Ao/mKHa ObiTh paBHa 20 cu. IIpH Kakux
_pasMepax KopoGKH .MJIOajb €€ MOBEPXHOCTH Gymer HauGoJbILel?

5. Haiitu Bce 3HaueHusa a ¥ b, IpH KOTOPBIX CHCTEMA

xyz +2z2=a,
xy2® 42 =0,
x+yr422=4
MMeeT TOJIbKO OfiHO peluenue (a, b, X, y, 2 — JAeficTBUTE/NbHbIE YHCJA).

-

Bapuanr 4

1. Y3 nyukra A B nyHKT B Bble3XKaeT aBTOMOGH/Ib, H OTHOBPEMEH-
‘ Ho U3 B B A c MeHblllefi CKODOCTbIO Bbie3)KaeT MOTOLMKJA. Yepes HeKo-
TOpOE BPeMsl OHM BCTPEUYAIOTCs, H B 9TOT MOMeHT U3 B B'A Bhle3kaer
BTOpOH MOTOLMKJ, KOTODHI BCTpeyaercsi ¢ aBTOMOOMJIEM B TOYKe, OT-
cTosilliell OT TOUKH BCTPEYH aBTOMOOHJIS C MEPBLIM MOTOLMKJIOM Ha pac-
CTOSIHHH, paBHOM 2/, mytd or A o B. Ecim Gbl CKOpPOCTb aBTOMOOHJISt
} Gbia Ha 20 K#/4 MeHble, TO PaCCTOSIHHE MEXJY TOYKaMH BCTPeUH paB-
. Hagock Gbl 72 Km ¥ mepBas BCTpeua MpoH3ouuia Gbl yepes TPH yaca
B noc/ae Bhie3fla aBToMoGus U3 myHkTa A. Hafith anuny nyTd Mexny
A n B. CxopocT# MOTOLKKJOB OJHUHAKOBHI.
2. Pemtp HepaBeHCTBO: , :

(IOgsin x 2)2 < 1Ogsin X (4 Siﬂs x)'

| . 3, Illap pamuyca r Kacaercs GOKOBbIX rpaHedl TPeyro/pHO# MHpa-
: MHJIbI B TOUKaX fepeceyeHnss ux BbicoT. CyMMa TpeX MJIOCKHX YIJIOB pH
BeplLINHEe MHpaMUJpl paBHa o. JlokasaTb, 4yTO NMHpaMHa MPaBHbHAS.
Hafitu anuny GoxoBoro peGpa mHpaMHAHL. :

4. B ocHOBaHHH NPAMOH NPH3MBI JIEXKHUT NPSMOYTO/bHBIA TPEYroNb-
HUK ¢ IJIOLIAfbl0, PaBHOH 2 K8. M, a BLICOTAa NPHU3MbI paBHa THIMOTEHY-
3e ocHoBaHHs. KaKUMH JO/KHBI GRITh CTOPOHBI OCHOBaHHs, 4TOOH! Go-
KOBas TIOGBEPXHOCTb NMPU3MBI Oblla HaHMEHbHIeH?

5. Hailiti Bce 3HaueHus @, MPU KOTOPHIX CHCTEMA

@D+ O+ 1)y =2,

a-+ bxy + x?y =1,
HMeeT XOTs 6bl OAHO pelleHHe. jisa jaoboro sHavennss b (a, b, x, y —
JieHCTBATE/IbHBIE YHCHAA), )

Babuaur 5

1. Pycaqio pexu paspesisiercsl JJIMHHOM OTMEJIbIO Ha iB€ NPOTOKH OfH-
HaKOBOH JUIHHBI, HO C pasHOM CKopocTbio Teuenusi. [IBe GaiijapkH,
HMejoLHe B CTOSiUeH BOZE OJHHAKOBYIO CKOPOCTb, BEIXOASAT OJHOBPEMEH-
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_“HO TIO TeUEHHIO: TepBag — B JEBYIO- IPOTOKY, BTOPAs — B-MpPaByIo.
" Tlepsas GafinapKa npotua CEO0 IPOTOKY Ha 5 mun GuICTpee, ueM BTOpAH.
3aTteM OHU MOAHAMHCH IPOTHB TEUEHH ST TEMH JKe IPOTOKAMH, ¥ IPH 3TOM
BTOpas Gaifimapka mpoiuia cBofl nyTh Ha 30 mun ObicTpee, yeM mepBasi. |
Ecau 6b ckopocTb Gaiiiapok B crosiueii Boxe Oblia -B ABa pasa GoJiblile,
TO o6paTHbIil MyTh BrOpas Galifapka npoiiia 66l Ha 4 man GuicTpee, ueM
nepsasi. 3a Kakoe BpeMs neppas Gaiiflapka,poiilyia CBOIO IPOTOKY, HAs
BHH3 10 TEUEHHIO? ' .
2. Peiinth HepaBeHCTBO:

tg?x < |1 — éctg2x|.’

3. Illap kacaercss Bcex GOKOBBIX rpaHedl TPeyroJibHOH MHPAMHILI
B IEHTPaX OMHCAHHBIX OKOJIO HUX OKpYKHocTell. Kaxkaplil U3 Tpex mioc-
KHX YIJIOB NpH BeplIMHe MHpaMuAbI paBeH o. CyMMa ayiiH GOKOBBLIX pe-
Gep paBna 3b. JlokasaTb, 4TO mupaMHja mpaBuabHas. Haiitu pamuyc
apa. : . :
: 4. Tpebyercs H3rOTOBHTb KOPOGKY B (hopMe mpsiIMOyrosibHOrO ma-
. pannenenunefa. Ilnomans AHa KOpOOKH JNOMKHA OBITb PaBHA 2 K8.0M,
a GoxoBasi moBepxHocTb — 18 k8. Om. Ilpu KakHx pasmepax KOpoG-
KH CyMMa JJIHH BceX ee peGep Oyner HaHuMeHbILel?

-5. Hafitu Bce 3HaueHHst @, TIPH KOTOPBHIX CHCTeMa

2%+ x| =y + x* +q,
¥ty =1

HMeeT TOJIbKO OJHO pellenye (a, X, y — LelCTBUTE/IbHEIE YHCAA).

Bapuanr 6 ~
- 1. B Mope ¢ npsiMosivHefHEIM yuacTKoM Gepera BNajaioT ABE PeKH C
ONIMHAKOBOH .CKOPOCTbI0 Teuenus. [locpenuHe Mexay HX YCTbAMH pac-
TOJIOXeH ropof A, Ha nepBoii pexe HAXOAUTCSA MYHKT B, a Ha BTOpOii pe-
Ke — nyHKT C. PaccrosiHue BIOJIb PeKd OT B 1O yCTbsl 3TOH pPeKH pas-
HO paccTOsIHMIO OT A 10 yCTbs PekH, a paccrosinue OT C 10 YCTbs peKH
_ cocrasJser ¥/, paccrosinus or A no yctbs peku. Ms ropoga A omHoBpe-
MeHHO BBIXOJST JiBE JIOAKH: IepBad HieT B B (Broab Gepera Mops U 1o
peke), a Bropas uger B C (Takxe BAoJjb Gepera Mops H mo peke). Hoii-
X7 10 NyHKToB B 1 C, JIOIKH cpasy NOBOPAUHBAIOT Hasaj H HAYT COOT-
BEeTCTBEeHHO B NyHKTH! C M B. H3BecTHo, uT0 0011€€ BpEMS, B TEUEHHE KO-
TOpOro nepsas JIOAKa Ha nmyrtd u3 A B B, a motom B C 111a 1m0 MOpIO, .
OTHOCHTCSI KO BpPeMeHH, B TeUeHHe KOTOpPOro oHa Iija MO peKaM, Kak
45 : 47. [Insa BTOpO# JIOAKM 3TO OTHOWeHHe paBHOo 16 :17. Kakas
H3 JIOJIOK MNepBoH NpHIIIa B CBOA KOHEUHbH MYHKT — INepBas Jojxa
B C uau-Bropas Jiogka B B? .
2. Peuinte HepaBeHCTBO:

4sin2 2 + 3_4cos’ X < 8.
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" 8. Illap Kacaercs-Bcex TPeX GOKOBHIX -TpaHefi- TPEYro/bHOM MHpA-

muzst SABC B 104Kax nepecevenns ux 6uccexrpuc. M pepmunsr S npo--

BefieHu! OuccekTpucel SD w-SE GokoBbix rpaweii- SAC u SAB.. Yroa
DSE papen o; o6beM nupaMufibl paBeH v. [lokasarsb, 4TO nupaMuza npa-
BuibHag. Hafitu mepumerp .ocHoBaHu4. : . ,

4. B KBanparHOM JiMcTe haHephl CO CTOPOHO#, paBHOH 10 exuHHIAM
AJMHEL, BBIPE3aHO OTBEPCTHE B hopMe MPSMOYroNbHHKA, JHAroHalb KO-
TOPOro paBHa 5 exMHHUAM AJHHBEL. DTO OTBEPCTHE MO KPAIO OKAHTOBAHO
TOHKOH MPOBOJIOYHOH pamko#i. ExuHuna mjomann ¢aHepbl BECHT 2 e,
a elMHHIA JJIMHBI MPOBOJOKH BecUT 7 2 . KakuMu JoMKHBE GEITH CTO-
POHBI* OTBEPCTHSA, YTOOB! BeC MOJYYHBHIErocs JIMCTa OblJl HAHGOBIIAM?

(Eaunuuna nuomajy ecTs Iaomajb KBaApaTa CO CTOPOHOH, paBHOM efu- -

HHLE JJIHHBL) . .
5. Haiitu Bce 3Hauenus a, npHu KOTOpBIX CHCTEMa

g 20% 4 (@ + 1) by? = a?,
@—DxB+yd=1

uMeeT XoTA Ol OfiHO peilieHHe AJis JioGoro 3Hauenus b (a, b, x, y —

JeACTBUTE/IbHbIE YHCJA). -

§ 2. ®uanueckuii takyabrer, 1966 r.
Bapuanr 1 ) ‘
1. PemmnTh HepaBeHCTBO: o

x(lg Xx)2 - 3 1g x-]-l > 1000.
2. [lna Kaxkaoro BemieCTBEHHOro unchaa a¢ > 0 Hafitn BCe KoMmJeK-

. CHble 9HCJIa 2, YJOBJIETBOPSIOIINE DPABEHCTBY

3 22 —2iz+2a (1 + i) =0.
3. Pemintb ypaBHeHue: v .

- ~ sinx 4 sin 3x 4 sin 5x

‘ cos x -+ cos 3x --.cos 5x

+2tgx =0.

4. B gpyroso#f cekTop pajuyca r ¢ LEHTPaJbHLIM YIJOM «
(0 < a <m) BHCaH NPAMOYTOJbHHK TaK, YTO JiBE €r0 BEPUIMHBI JIEXKAT

Ha fiyre CekTopa, a IBe APYTHE — Ha pajuycaxX, OrpaHHYHBAIOUUX

cektop. [lromans npsAMOyroJpHHKa paBHa s. Halitd cTOpoHB mpsMo-
yronbHuKa. IIpH KakoM COOTHOLIEHHH MEXAy 7, & H S 3ajaua HMeeT
€IHHCTBEHHOE PEIEeHHE? . . '

5. B npsMoyroanHoM napannenenunene ABCDA’B’'C'D’ (ABCD u
A’'B'C'D" — ocHoBanus, AA’ j| BB' | CC' | DD’) paHbl pau-
Hel pe6ép AB = a, AD = b, AA’ = c. [Iy¢tb O — UEHTP OCHOBaHHS
ABCD, O'— uenrp ocHoBauusi ‘A’B’C’'D’, a S — Touka, jgensmas otT-
pesok 0’0 B orHoweHuu 1: 3, 1. e. 0’S : SO = 1 : 3. Haiitu nnomanp

;
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CeueHHs] NAHHOTO MapaijieJienumnena IVIOCKOCTHI0, MPOoXonsilell uepes
TOUKY S mapaJiesibHO auaroHamu AC’ mapajnesienunesa i AHAroHaIH
BD ero ocnopauuss ABCD.

Bapuanr 2

1. Ilns Kakzoro BelleCTBEHHOTO YHC/IA @ PElIMTh YpaBHEHHe:
1444 — 2 . 12 4 g = Q. ‘

2. 1A KaXxHoro BEUIECTBEHHOro 4ucaa a 3> | HaliTd Bce KOMILJIEKC- -
HbI€ YHC/A 2, YJOBJAETBOPSAIOIIHE PaBEHCTBY

z+alz+1|+i=0.
3. Pemnts HepaseHCTBO:

V sinx + Veosx> 1.

4. B tpeyronbnuke ABC paHa pasHOCTb ¢ BHYTPEHHHX yIJioB A
u B (p= A — B). H3BecrtHo, 4TO BbICOTa, ONylIeHHAas U3 BepiuMHH C
Hacropony AB, pasHa pasHoctt BC — AC cropon BC u AC. Haii-
TH YTJIbl TPEYToIbHAKA H HAaHTH BCe 3HAYEHHS @, NPH, KOTOPHIX 3ahaua
HMeeT pelleHue. .

5. B mpaBuabHON IIeCTHYrosibHON NHpaMHAE CTOPOHA OCHOBAHHS
paBHa a, a BbicoTa paBHa h. BeHCAHTD NJIOLAAb CEUEHUsI, TPOXOAS-
LIEro yepes cepeiuHb ByX HECMEXHBHIX H HemapalllelbHbIX CTOPOH oc-
HOBaHHS M Yepe3 CEpefuHy BHICOTHI MHPAMUAH.

Bapuanrt 3

1. Pemmuth HepaBeHCTBO: .

- (log, 2) (log,, 2) (log, 4x) > 1. “
2. N5 KakJIOro BElECTBEHHOTO YHC/]A ‘@ PelnTh ypaaueﬂue:\

(Ig sin x)? — 2algsinx — a® + 2 = 0.

ki
7
auTh npoussesenue ctgactgy, ecau ussecrHo, uro ctg o, ctg P u ctg y
06pasyioT apu(MeTHYECKYIO MPOrpeccHio. :

4. Buytpu yraa AOB B3ara touka M; £ MOA = o, £MOB=
=f, OM = a(a 4 p <m). Hafitu paguyc OKpyxKHOCTH, NpPOXOAs-
weii_yepe3 Touky M H oTceKaioillelt Ha cropoHax OA u OB paHHore
yria Xopabl ANMHBL 2a. _ :

5. Ilnomaap ceueHHsi, MPOBEAEHHOrO uYepe3 AMaroHajJb OCHOBa-
HUSl TIPAaBUJIbHON YeTHIPeXyTroJIbHOM MHUpPaMHB MapajijiesbHO Hemepece-
KaioleMycsi ¢ 9710l JAuaroHanibi0 60KoBoMy peGpy, paeHa s. FHaiitu
TMJIOMab CEUEHHs, MPOXOASIIEro Yepes cepeilHy ABYX CMEXHEIX CTO-
POH OCHOBaHHS U CEpefHHY BBHICOTHI NMHPAMHJEL.

3. CymMa Tpex HOJIOXKHTENbHBIX YHces a, f .y paBHa Beunc-
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S  Bapuanr 4

1. Pemuth HepaBeHCTBO:
2x—1
log, ———>1.
. 1og r—1 >
2. [lna Kaxk/Oro BEUIECTBEHHOTO YHCJA @ PElIMTh ypaBHEHHE:
9 =2 _g. 371572 g,
3. Pemutb cucreMy ypaBHeHH#i: '

. . ‘tgxtgz =23,
tgytgz =26,
x+y+z=m

4. JlokasaTh, 4T0 eC/iH JJIMHL CTOPOH TPEYTO/bHAKA 06pasyioT apHd-
MEeTHYECKYIO MPOrpeccHio, TO LEHTP OKPYIKHOCTH, BIHCAHHOH B 3TOT
TPEYroJIbHHK, M TOYKa- [IEpeceueHHs] ero MeJHaH Jexar Ha NpsIMOH,

| MapajJIebHOR cpefiHe MO JJMHE CTOPOHE TPeyroJIbHHKA.

5. [Tnomanps 60KOBOH rpaHH MPaBHJBHON IIECTHYTONbHOH MUpaMu-
Zbl paBHA S. BHUHCIMTL IIOMaAb ceueHHs, MPOXOAALIEro Uepes cepe-
AVHY BBICOTHI MHPaMHJbl MapajjenbHO GOKOBOH rpaHH.

Bapuanr 5

1. Peumnte HepaBeHCTBO:

log,__ - *s..
N - 18y e 30 ‘

2, dnsa xaxao0ro BelecTBEHHOro yucaa a > 0 HafiTi Bce KOMIJIeK-
CHBIE YHC/IA 2, YHOBJIETBOPSIOUYE PABEHCTBY

z|lz{+az+i=0.
3. Pemute cucreMy ypaBHeHuit:

g —i—tgz_ ctg > =0,

cos(x—y—2)= %, ~

X+y+z=m. .

4. Jlanp JBe KOHIIEHTpHYECKHE OKDYKHOCTH PajuycosB r H R
(R > r). Haiitu cropony KBajpara, ABe BePLIMHBI KOTOPOTO JexXaT Ha
OKPYXHOCTH pajuyca r, a jBe APyrue — Ha OKPYXKHOCTH pamuyca R.
Ipu Kakom-cOoTHOLIEHHN MeXAY 7 U R 1) pelueHue Bo3MOXKHO; 2) HMe-
€TCl TOJBKO OfHO pemeHue? - T

5. B ocHOBaHMH NHpaMHAb JEXWT TIPAaBHJBHBIA TPEYrONbHHK CO
cropoHo#l @. OpHa U3 rpaHefl MHpaMU/Bl IEPNEHANKYSPHA TFIOCKOCTH
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ocroBaHus. DTa TPaHb ABJISIETCS PaBHOGEIPEHHBIM TPEYTONLHHKOM C 60-
KOBOH cTOpOHOR b (b 7= a). Haiit miomane Toro ceyeHns nupaMupbl,
KoTopoe fBJIsieTCs KBaJpaToOM. ’ . o

Bapuanr 6

1. Pemnth HepaBeHCTBO:
. 2 cos 2x + sin 2x >'tg x.

2. Insa Kaxk[oro BEIECTBEHHOTO uucyaa a > 0 HafiTH Bce KOMIJIEK-
CHble YHCJA 2, YIOBJETBOPSIOUIUE PABEHCTBY “

2|2|—4az+14+ia=0."
3. PeluTh cHCTEMy ypaBHeHHil:

llogs (x + y)| + |logs (x — y) | = 3,
xy = 3. ‘

4

4. lan yron AOB, pasHeii o (0 << m). Ha cropone OA B3sTa Tou-
Ka C,'a Ha cropoHe OB — touka D, mpuueM OC = a0, OD =
= b. 0. IlocTpoena oxpyxKHOCTb, Kacaiomasicss croposl OA B ToU-
ke C u npoxopamas yepe3 Touky D. ITycTb 9Ta OKpYIKHOCTb BTOPHY-
"HO mepecekaer cropoHy OB B Touke E. BrmucauTb pajuyc mocTpoeH-
HOH OKPYXHOCTH M AJuHYy Xopael DE. -~ ’

5. CropoHnl OCHOBaHHH MPaBHJBHOH IIECTHYTOJbHON yCEYEHHOH
nUpamMuzibl paBHbl @ U 3a. PaccrosHue Mexay AByMs napajiiefbHpIMH
pebpamu, JiexaluMH B MJIOCKOCTSX Pas/HYHbIX OCHOBaHHH M B pasiny-
HBIX G0KOBBIX IpaHsX, paBHO b. BEUMCANTD MJOMIAAL CEUEHHS THPaMHU-
Jbl TA0CKOCTBIO, MPOXOAsIed depes yKasaHHble NapallielibHble pebpa.

i

§3. Xnmuqeclmﬁ\ ¢dakynbtet, 1966 r.

Bapuanr 1.

. -~

1. B osepo Bnagaior nse peku. ITapoxon BeiXoaut us mopra M
Ha nepBo¥l peke, NJIbIBET BHA3 M0 TEUEHHIO JO 03epa, 3aTeM Yepe3 03epo
(rae Her TeyeHHs) H MO BTOPOH pexe BBepX (NPOTHB TeUEHHS) O MOpTa
N. 3arem napoxon BosBpaiaercsi o6paTHo.

. CkopocTh mapoxofa HpH OTCYTCTBHHM TeueHMs pPaBHAa U, CKOPOCTb
TEUEHHs] NMEepBOH PEeKH U,, BTOPOH DEKH U,, BPeMsl IBIKEHHS MapoXoxa
or M po N paBHo £, a aauua nytd ot M go N pasua s. Bpems o6par-
HOTo ABH:KeHHS 0T N 1o M 1o ToMy 3Ke MyTH Takxke paBHo ¢. Kakoe pac: - .
CTOSIHHE NAPOXOJ HJET N0 03ePY B OJHOM HANpaBIEHHH? , ™

2. Pemmuth ypaBHeHHe:

©9 . . — tg2 _
v lgr—den=t@adegr—2 7
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3.B npanmwoﬁ Tpeyronbnoﬁ nﬂpamnp,e SABG IIJIOCKOCTB, npo-_
Xosmas yepes cropoHy AC -OcHOBaHUS H NEpIeH UKy AsIpHAT pedpy
SB, orcekaer nupamuny DABC, 06beM KOoTopOil B MOJATOpa pasa MeHblie
obbeMa nupamuast SABC. Haittu 60KOBYIO MOBEPXHOCTD nHupaMHbL
SABC, ecmu AC = a.

4. Pemm'b HepaBeHCTBO:

— —_—x2
log25_x2w > 1.
Tl 14

> Bapuaur 2

1. ToapHnifi noesn, wemuuii u3 A B B, npubei1 Ha cranuuio C of-
HOBPEMEHHO C MacCaxUPCKHM, wWexuum U3 B B A co ckopoctsio, B m’
pas Gosbluedi, yem ToapHbifi. O6a moesfa, npoctoss Ha craHuu# C
¢ 4acos, 3aTeM MPOJOJIKUIIH CBOH MYTh, NPHYEM KAXKABIA U3 HHX yBen-
4HJl cKopocTh Ha 25% mo cpaBHeHHI0 CO cBOef TepBOHAYAJIbHOM CKO-
pocTbio (cKopocThio A0 npuObiTHs B C). Ilpu 3ToM ToBapHbIH mpuGbII
B B Hat, yacoB nosike, a maccax)upckuii npu6oi1 B A Ha f; 4acoB Mos-
e, ueM ecJIH Gbl OHH IBHTAJIHCh 6e3 OCTaHOBKH CO CBOMMH IlepBOHaYaJIb-
HBIMH CcKopocTsIMH. HackombKo paHbllle TOBapHBIH Moesn BBILLIE H3 A,
4YeM TnaccaxKHpcKui us B? .

2 Peimnrts ypaBHeHne

sin2x — cos2x = 2coszx — 1.

3. B mpsamMoii Kpyrosoii KoHyc BmHcaHO iBa Liapa Tak, yTO:
1). mapsl KacajoTcsi APYr APYra M Kamibii W3 HUX Kacaercs GOKOBOH
NOBEPXHOCTH KOHYyCa, 2) UEHTPbI OB JeKaT Ha OCH KOHyca H HHX-
HUH (GOnbIIME) Wap KacaeTcs OCHOBaHHs KoHyca. HaiiTi o6beM KoHy-
ca, ecjli pajguyc BepXHero Liapa paBeH a, HHxKHero b.

4. PeumnTh HEpaBEHCTBO:.

log, (16 — 6x — x?) > 1.

’

Bapuaur 3

1.0r A 1o B s xunomerpos. His A B B Bbuieres1 Beproder, a Lzepee.
t yacos — camoJier. OH forHaJ BepToJieT B d KujaoMeTpax or A, poserea
1o B, cpasy xe noepHys 06patHo, B d KHJIOMeTpax oT B BCTpeTH Bep-
TOJIET ¥ BepHyJics B A nosjHee, ueM Beprosier nputuliB B. Ha ckonbko
_ paHbllie BepToJieT npubuI B B, ueM caMoJsieT BepHYIcs B,A?

2. Peumth ypaBHeHue:

sin 3x 4+ sin x 4+ 2cosx = sin 2x ~+.2cos? x

3. B npaBHJIbHOR YeTHIPEXYTOMbHOM nnpamune SABCD IJA0CKOCTD,
npoBefieHHasi yepes cTopoHy AD gcHOBaHHs NepleHuKyJApHO K rpa-
HH® -BSC, jenut 3Ty rpaHs Ha jBe YacTH, o,nuﬂaxosme 1o n.nom.a;m
Hafiti -nosiHy10 MOBEPXHOCTb MHpaMHAbI, ecad AD =

o ~ 5
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- 4. Pewmmntb HepaBeHCTBO:

) ) log__ (;‘x“ 3)>o o

Bapuant 4

e 1 U3 nynkroB A u B HaBCTpeuy.Apyr aApyry Bblexa.vm Momlmmncr
£ u Bejiocuneauct. MOTOIUK/INCT BhIeXa/l Ha #, 4aCoB I103:KE, UeM.BEJOCH-
neaucT, HO efleT B m pas OsicTpee ero. Joexas 10 B, MOTOUHKJHUCT Cpasy
.3Ke TIOBEPHYJI 06paTHO U ﬂpH6b1Jl B A Ha i, HacoB paHbllle BeJlOCHMe-
-AHCTa. )

Uepes CKOJAbKO BpEMEHH MOC/Ie CBOEro Bbie3fia BEJOCHNIERUCT BCTpe-
THJ MOTOUHKJHCTA?

2. Peummth ypaBHeHHe:

sin? 2x 4 sin? 4x = sin2 6x.

3. Bricota KoHyca B 4 pasa GoJiblle paauyca.llapa, BIHCAaHHOTO B
sToT KoHyc. O6pasyiomas KoHyca pasHa /. Hafitu Gokosyio moBepx-
1l0cTh KOHYCA H pajyc 1apa, OMHCAHHOTO OKOJIO, KOHyca.

4, Pewutb HEPaBEHCTBO:

2 __ 3
log, (x 16) > 4.

§ 4. Teonoruuecknii daxynpter, 1966 r.

Bapuanr 1

1. ABToMOGuB BeieXaJt U3 ropofa A B ropox B. ITpoexas yacTb nyTu
C MOCTOSTHHOH CKOPOCTbIO, OH yBeIM4uJI ee Ha 20 xm/4 u npubeul B B,
3aTpaTHB Ha BeChb MyTb Ha MOJITOpPA daca MeHblle BPEMEHH, 4eM TO, KO-
TOpOe notpeGoBaock Gkl eMy, ecil Gkl OH Mpoexall oT A po B c nepBo-
HayajbHOH cKopocThio. IIpH 3TOM mepBy0 M BTOPYIO YacTb NYTH OH
TmpoexaJ 3a OFHO H TO e BpeMsi. Eciiu Obl yKasaHHOE yBe/lHUYEHHE CKO-
POCTH OH NMpPOH3BeJ, NMPOHAS TOYHO NMOJOBHHY MyTH of A 10 B, TO BBIH--
TpHILI BO BpeMeHH cocTaBuJ Ovl iulb 1 « 15 mun. Haliti paccrosinue AB.

2. HaiiTu Bce pelieHHss ypaBHEHHS:

(’1 + 5 )10g3 — log, (3% — 13). = 3log y5 5+ 4.
25

3. Haiitu Bce pelleHusi ypaBHeHHS:
‘ 4 sin* x + cos 4x = 1 + 12 cos? .

4. U3 Touru A, Haxoslelicsi HA PACCTOSIHHH 5 C# OT HEHTPa OKPY K-
HOCTH paguyca 3 cm, npoBefieHbl e cekyline AKC u ALB, yron Mex-
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g . ) “ - O : - A,«-
Iy KoTopuimu paser 30° (K, C, L u B—TOUKH MNepecedeHHs CEKYILHX
¢ OKpyxHocTbIO). Halitn miomans TpeyroivHuka AKL, eciy myjiomaib
Tpeyronbiuka ABC papHa 10 cm?.

Bapuanm 2

1. KaxaoMmy u3 tTpex pabouux AJisi BbIIOJHEHHST HEKOTOPOH paGoThl
Tpebyercsi ompefeneHHoe BpeMsi, NpHYyeM TpPeTHH pabounii BbINOJHSET
ee Ha ofuH 4yac GbicTpee mepBoro. PaGorast Bce BMecTe, OHH BBINOJ-
Har pa6ory 3a ofuH yac. Ecan xe nepBuifi paGounii npopaboraer OAHH
uac, a 3aTeM BTopoil paGounii npopaGoTaer yeThipe 4Yaca, TO BMECTE OHH
BLIMOJIHAT BCIO paboTy. 3a CKOJMbKO BPeMEHH MOXKET BBIMOJHHTR. BCIO

pabory Kaxzawpi paGoumii?

2. Ha#itu Bce pelenMss ypaBHEHHS:
x(log,xy* —3logsx _ 3—3log 21,é_al-l-s‘

~

3. Haiitu Bce peileHHs ypaBHEHHS:
sin x + cos 4x = cos 2x — sin 5x.

4. B tpeyroapuuke ABC, niomags KoToporo paBHa 1, Ha Menna-‘
He BK B3sita touka M tak, uro MK = '/, BK. Ilpamas AM ne-
pecekaer cropoHy BC BTouke L. Hafity miomagp Tpeyrosibauka ALC.

Bapuaum 3

1. ITponenTsl copepxKaHus CIAPTa B TPEX PacTBOPax 06pasyioT reoMer-
puueckyio nporpeccuio. Ecnn cMemarth nepsuif, BTopoil B TpeTu#l pact-
BOPbI B OTHOWIEHHH 2 : 3 : 4, TO MOMYUHTCSI pacTBOp, colepxamuit 32%

-cnupra. Ecai e CMeIAaTh HX B OTHOLIEHHH 3 : 2: 1, To moayuHTCs pacr-
. BoOp, comepxkamtuit 22% cnupra. CKOMBKO NPOLEHTOB CIHPTA COLEPKHT
. KaxJplii pacTBOp? - . ’
© 2. Hafitn BCe pelleHds YpaBHEHHUS:

2log, (2 — 1) + x + log 3.4 log,; 6 = 0.
2 &
3. HafiTn Bce peieHust ypaBHeHus:

) ctg(f_x)=5tg2x+7.

4.Ha npsivo#t, npoxopsimeii yepes ueHTp O OKPYXHOCTH pajpuyca
12 cm, B3stbl Toukn A u B tak, uto 0A=15¢cm u AB =5 cm. U3 Touek A
U B npoBeenb! KacaTeJbHbE K OKPYMKHOCTH, TOYKH KacCaHHs KOTOPBIX
JiexKar Mo OAHYy CTOPOHY ot mpsivoit’ OAB. Halitu niomans Tpeyroib-
Huka ABC, ecin C — TouKa nepeceyeHusi STHX KacaTe/lbHBIX.

47

K




o Babuama.f[;-;u

-+ 1. W3 nynktos A u B, paccTOsiHHE MeXKAy KOTOPHIMH paBHO 3360 x,
HaBCTpeuy APYr APYTY BLIE3XKAIOT ONHOBPEMEHHO MacCaxkMpPCKHil H CKO-
phiif- noesfia. Kaxnibifi W3 HUX efleT C MOCTOSIHHON CKODPOCTBIO, H OHH
BCTPEYAIOTCS] B HEKOTOPHIA MOMEHT BpeMeHH. Ecau 6k 06a nmoespa wmiiu
CO CKOPOCTBIO CKOPOTO MO€3Ja, TO HX BCTpeda MpoHsouiia 6bi Ha Tpu
yaca paHbille, a ec/ii Gbl 00a. Moe3zia I CO CKOPOCThIO MACCaXKHPCKOro

_ loesja, TO X BCTPeua Npousomnina Gbl Ha YEThIpE Yaca I03Ke ITOrO MO-
MenTa. HaliTH CKOpPOCTb KaXIOro H3 MOe3JOB. :

2. Ha#itu Bce pemeHusi ypaBHeHMs: B

1 360 v 3/ ) :
2 log, @ — 1027V 1y =3 (log, .. 49— 1). .
3. Hafitu Bce peiienns ypasHeHus:

. sin‘3x + cos2x = 1. }
4. Ha npogosxenusix meauan AK, BL u CM tpeyronshuka ABC

B3ATH TOUKH P, QH R Tax, 410 KP=%A,K, LQ= % BLu MR=%CM. ‘

Haiitu niomans Tpeyronbinka PQR, ecan miomajb TpeyroibHUKa
ABC paBHa efuHuue.

§ 5. l‘eorpa(bﬁqecxuﬁ q)axynﬁe'r, 11966 r.

Bapuanm 1 N

1. ITpa skckaBatopa Havamn paboTraTh OJHOBpeMEHHO, H 0 Mepepe-
"Ba BTOPOH BbIKOMaa BoceMb TpaHileii. ITocsie nepepbiBa oHu paGoTanu
ele fiBa Yaca, U 32 3TO BPEMS BTOPOH BBIDBII HA JBE TpaHIIEH GoJblie
TOTO, UTO BbIKaMbIBaJ MEPBHI 3a yac paGoTHl, a NepBHIil Ha ABEHAAUATD
TpaHIllei MeHblie TOr0, 4To 06a BMecTe BHIPEIIH [0 nepephiBa. Bee Tpan-
mweH oanHakoBbl. CKOJIbKO -BCEro TPAHIIEH BbIPHIIH SKCKAaBATOPHI?

2. Pemmntb HepaBeHCTBO U H306pasuThb pesy/ibTaThl Ha YHCJIOBO#H OCH:

log, V'x*—2x >sinl—léi.
3 - ,

3. B napansenorpamMme co cTOpoHaMH @ H b ¥ YIJOM & NPOBENEHH!
OuCCeKTpHCH 4eTbipex yriaos. Halfith mniomagp udeTbipeXyrodbHHKa,
OrpaHHYEHHOTO GHCCEKTPUCAMH. o |

4. Haiitn Bce pellleHHsi ypaBHEHHS:

sin6¥ + cos6x = 1 — 2sin 3x.

Bapuanm 2

i

1. Jle aBTOMAIMHbI, BhieXaBIIHE ONHOBPEMEHHO M3 ropoxos A

U B HaBcTpedy mpyr Apyry, Kaxpas Co CBOEH CKOPOCTbIO, BCTPETHAUCH
48 . ’



aépes mects gacos. [Tepoft Maumne; oGk npofitd 2/, my or A 10 B,

Tpefyercs Ha ABa Yaca Godibllle, YeM BTOPOI, A/Is1 TOrO, UTOGH POHTH 2/
. mytH or B 1o A. 3a CKO/IbKO YacoB MPOXOZHT paccTosinue Mexay A

. ¥ B Raxpas MamuHa? -
2. PemTh HepaBeHCTBO M M300PasuTh Pe3yJabTaT Ha YHCJIOBOH OCH:

. 3n
sin —
log, (3 — %) — log,—2— > % + log, (x + 7).

5—x

3. B paBHOGenpeHHoO Tpaneluu OCHOBAHHS PaBHEL a U b, a yroJa gua-.

FOHaJ/I¥ C OCHOBaHHEM paBe€H a. Haiitu JJINHY OTp€3Ka, COeJUHAOIIero

TOUKY nepeceueHusi AuaroHajeil ¢ cepenuHoli G0KOBOH CTOPOHBI Tpame- .

IHH. '
4. 'Hailtu Bce pemenus ypaBHeHus: . e

2 sin® 2% — sin 2 2 sin 4x = 2sin? 2% — sin 4x.
Bapuanm 3

1. JiBoe paouux MOMYUMIH ONHHAKOBbIE 3aNaHMS:.- H3TOTOBUTH
OTpEeJe/IEHHOe YHCJO AeTaNell 3a onpefesieHHEIH cpok. [lepBbifi BHIIOJ-

HUJI 3a/laHHe B CPOK, a BTOPOH BHINOJHUI B CPOK Toabko 90% 3agaHus,

He JO/aB CTOJIbKO feTraJieli, CKOJIbKO MepBuil aetad 3a 40 mun. Ecau 6u
BTOpOH paGounil neJsias B 4ac Ha TPH-AeTajH ‘GoJiblle, OH BbIMOIHHI 6B
safianue Ha 95%. CkosbKo ferasedl Ho/KeH GhlI M3rOTOBHTb KaXKAbI
pabounii? : i

2. Pemuth HEpaBEHCTBO H H306DasUTb PE3yJIbTAT HA YHCJIOBOM OCH:

o log4.(2—Vx+3)<2‘éos%‘.

3. HaiiTu oTHOWIeHHE pajuycOB BIHCAHHOTO H ONMHCAHHOTO KPYTORB.
ANsl PAaBHOGEAPEHHOTO TPEYroJbHHKAa C YIJOM ¢ [PH OCHOBAHHH.

4. HaiiTu Bce pemleHHst ypaBHEHHs: ’ .
6 sin®3x + cos 12x = 4. -

Bapdaum 4

1. Benocunenucr npoexan 96 xu Ha 2 4 GhicTpee, yeM fipeanoaaral.
Ipu s70M 3a Kax /bl 9ac OH mpoeskas Ha | xku Goblue, 4eM Mpexmo-
Jiaraji npoesxarhb 3a 1 4 15 mun. C Kakoii CKOpPOCTbIO OH eXaj?

S

2. PewnTh HepaBeHCTBO M M306pasHTb PesyJIbTaT Ha YHC/OBOH OCH:

log, (2x + 5) <log, (16 — x?) + tg‘r’f.
B 5 )

~

3. Yron npH OCHOBaHHH paBHOGEPEHHOr0 ‘TpéyroanHKa ABC
paBed @ (o> 45°), a njomagp. paBua s. Hality miomane Tpeyronn-
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vf:lnxa, ‘BEPUIHHAMU KOTOPOTO CJIYXKAT OCHOBAHHUS BHICOT TPEYT ONbHUKA
4. Haiitu Bce peweHus: ypasHeHus:

’ ctg2x — tg 2¢ = —i—tg4x.

§ 6. Buonoro-nousenubiii gakynbTer, 1966 r.

Bapuanm 1

~

1. 3 A B B O1HOBPEMEHHO BEIEXa/IH 1O GAHOMY H TOMY JKe LIOCCE

TPH aBTOMOOHJIs1. Bropo#t nMen ckopoctb Ha 30 km/4 Gosblie nepBoro
u NpHOLIT B B Ha 3 « paHbine ero. Tperuit npu6eiB B Ha 2 paHbiie
NepBOro, MpPHYeM MOJIOBHHY BDEMEHH OH ABHUTAJICS CO CKOPOCTHIO Mep-
BOro, a JIPYTyio NOJIOBHHY — €O CKOpOCThio BToporo. Haiitu paccros-
HHe AB.
" 2. Haiitn Bce peweHust ypaBHeHHs: .

NI 5

14 2 cos 5x sin® =

N 2 + 16 =9,

. 3. B tpeyromsunke ABC £ A= /£ B=ua, ' AB =a, AH —
7 soicora, BE — Guccekrpuca (touka H JIeXKMT Ha crtopoHe BC, Tou-

kKa E — Ha AC). Touku H u E coenunensi orpeskoM. Hafitu nuomans
TpeyroibHika CHE.
.4. Pewmuts HepaseHcTso:

% —1 on
log - cos =
D% x4+ 1 < 3°

" Bapuaum 2

1. Kaxnomy u3 mByx paGouHx mopyuuan o6paGoTaTh OMHAKOBOE
uuco feraneii. ITepBoiii Hauan pa6oty cpasy BbINOJIHUJ €e 3a 8 u,
Bropoit xe norpaTni cHayana GoJbllie IBYX 9acOB Ha HaJafKy MPHCIO-
COG/IeHHS], @ 3aTeM C ero MOMOIMIbI0 3aKOHYHJ paboTy Ha 3 « paHbile nep-
Boro. M3secTHo, uTo BTOpOH paGounii uepes wac mocse Hauana cBoel
pabotel 06paGoTai CTONBKO ke JeTallell, CKOIbKO K 3TOMY MOMEHTY 06-
pabotan nepBhifi. Bo cKolbKO pas nmpucnocobieHue yBeJuuHBaeT npo-
* H3BOOMTEJIBHOCTb CTAaHKa (T. €. KOJHUeCTBO oOpaGaTbiBaeMbIX JeTaeil
3a yac paGoTel)? . ‘ i
2. Ha#itu Bce peuleHnsi ypaBHeHHS:

» 8 1 (sin 2x—1) cos 3x _ g(sin X = cos x)? =0.

3. OcHoBaHHe paBHOGENPEHHOTO TPeyroJbHUKA paBHO b, a yroa
TIPH OCHOBAaHHH paBeH a. IIpsMas nepeceKaer npono/keHue OCHOBaHUSA
- B Touke M mozx yrsiom B u penuT norosaM Ganxaiimiyio K M 60KoBYio

- 80




c'ropony tpeyronvunka. Halita niomans qempexyronbnnka, mcexae~ v
MOTO NpsSMO OT JAHHOTO TPEYroNbHHKA. '
4, PemmnTh HEpaBEHCTBO:
x2—4x+3
4

. logﬁ. < 2.ctg %‘.

Bapuanm 3

1. I3 A B B Brlexaju B pasHoe BpeMs [0 OFZHOMY H TOMY 2Ke IIOC-
.ce rpysoBuK U aBToGyc. CKopocTb aBTOOyca Ha 12 xm/4 Gonblie, ueM
rpysoBrKa. Onu npuGblin B B ogHoBpeMenHO. 3a 21/, 4 1o ux npn6brma
HaBCTpeuy MM M3 B Belexajl MOTOUMKJ, KOTOPBIH BCTPETH/I FPY30BHK Ha
10 mun paubuie, yem aBTOGYC. CKOpOCTb MOTOIMKJ/Ia BAiBoe GoJibllie CKO=
poctu rpysouka. Haiitu ckopocTe rpysoBHKa.

2, Haiit BCe pelueHHs ypaBHEHHs:

Ssm 2x+2w?=x + 31 — sin 2x 4 2 sin2x = 98.

3. Yron mpu’ OCHOBaHHH paBHOGEIPEHHOTO TPEYroJibHHKA pPaBeH
-@. B KaKoM OTHOIIEHHH JE/IHT IVIOLajb STOTO TPEyrolbHHKA NpsAMas,
Jiensiias ero OcHoBaHHe B oTHomeHuH 2 : 1 u coc'ras.nmomaa OCTpPBIH
yrosi ¢ MeHbile# 4acTbi0 OCHOBaHHS? ~
4. PewuTh HepaBeHCTBO:

2

>tg

. Bapuanm 4 |

1. Tpu TpaKTOpHbIE GpHrajsl BMECTE BCHAaXHBAIOT TIoJe 3a 4 JHA.
TMepBasi u BTOpast Gpurajpl BMecTe Bermaxadu, Ol 270 nodie 3a 6 fHel, a
niepBasi ¥ TPeTbs BMecTe — 3a 8 nHell. Bo cKoabKO pas Bropad OpHraaa
BClIaXHBaeT 3a JeHb GoJblile, 4eM TPeTbsi? *

2. HaiiTu BCe pellleHHs] ypaBHEHHS:

1ol —sin*3x | psinbr __ psint3x _ o , !

3. Yron mpH BepliHHe paBHOGEAPEHHOrO0 TPEYroJbHHKA paBeH 2a.

- TIpsmasi, mepeceKaroilasi BLICOTY Ha PACCTOSTHMM ¢ OT BepHIMHbI, o6pa-

- 3yer ¢ HPOAO/KeHHeM ocHOBaHHS yroa . Hafith niomanb Tpeyroib-
HHKa, OTCeKaeMoro 3ToH mNpsAMOH OT AAHHOrO Tpeyronbnnxa. :
4. Pemuth HepaBeHCTBO: 4 -

log, [(x + 3) (x — 5)] > 4 sin %‘
3
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1. ViMetotcs nBa pacTBOpa OfHO H TOM xKe coan B Boge. Jlns noJay-
- HUeHHst cMecH, conepxaeii.10 e conu u 90 2 Bo, GepyT mepBoro pacr-
BOpa BJiBOe GoJiblile Mo Becy, 4eM BToporo. Uepes Helemo H3 Kaaoro -
KHJJOrpaMMma mepBoro H BTOPOro P3gcTBopa Hemapuiiocsh no 200 2 Boaw,
H JUISl IONyYEHHUS] TAKOH JKe CMeCH, KaK H paHbllle, TpeGyeTcs NnepBoro
pacTBopa yxke BueTBepo Godibllle N0 Becy, YeM BTOPoro. CKOIbKO rpam-
MOB CoJIM COnepkaoch NepBoHadanbHo B 100 2 Kamjoro pacrsopa?
.~ 2. Hailtu Bce peueHns ypaBHeHus:

J

2 sin4x — 3 sin2»2x =1, -

3. B paBHOGenpeHHHl TpeyroJbHHK BHHCAHHI JBE oxpym'nogm.
Ilepsas umeer panuyc R u KacaeTcs Beex Tpex CTOPOH TpeyroJibHHKa,
a BTOpas HMEET Pajuyc r U Kacaercsi GOKOBBIX CTOPOH H IIepPBOil OKPyX-

HoctH. HallTu cTopoHEI TpeyronbHHKa.
. 4. Haiitn Bce pewlenus ypapHeHHS: ,

: 2logy (2) + logy (¢* + 1 — 21 = <.

§ 7. dxoHOMHuecKuii daKyabTeT
(oTaenenHe sxoHOMHUECKOH KuGepHeTHKH), 1966 .

. . Bapuanm 1

1. Tpynna cryznentos, cocrosmas u3 30 yesoBex, MoJiyyujia Ha 9K-
SaMEeHe OLEHKH «2», «3», «4» 1 «5». CyMMa MosIyYeHHbIX OHEHOK paBHa 93,
. TIpHYEM «TPOeK» Obl0 Gosiblle, UeM «MSATEPOK», H MEHbILie, uyeM «Jer-
" BepoK». Kpome Toro, unciio «uerBepok» aenunoch Ha 10, a uncao «ms-

TePOK» OblJIo YeTHHIM. OnpeneAnTh, CKONBKO KaKHX OLEHOK noJly4nJa
rpynna. Co . ‘
© 2. Peumnth ypaBueHue:

“1g sin2x — lg sin x = Ig cos2x — 1g cosx + 21g2.
3. Pewnth HepéBeHcmo:
log{xI (V9—xt—x—D=>1.

4. Jlokasatb, YTO NpOEKUUsI MPABUJBHOTO TETPASAPA HA TMIAOCKOCTH
Oyzer UMeTh HaHGOJBLIYIO MAOMAAL, KOTAA 5Ta MIOCKOCTD napaijesb-
Ha IByM CKpelMBaomuMcs peGpaM TeTpasjapa. S ‘

5. PewnTh B KOMILIEKCHBIX YHCJAX CHCTEMY YpaBHEHHIi:

249 =0, Pol=]

i~ /

(w — KOMIIIEKCHOe YHCJIO, CONpsKEHHOe ¢ KOMIJIEKCHBIM GHCJIOM w,

S 2 . . ’
- ' “




T.e et © = p +. QL, rae pu q — neﬁcmmenbﬂble tmc.na, 10 w
=p— 4.

- N

Bapuanm 2

. 1. B Gydere npogasaanch MHPOXKKH 32 5 Kom., 6y6auku 3a 6 kom.,
6ymm 3a 7 xom., cjofiku 3a 8 Kom. u Kopxuku 3a 10 xkon. [pynma
pe6at Kymusa Ha | py6. 14 usgennii pasHelX COpTOB. Cylvma HeH Kyn-
JIeHHBIX u3genufi paBHa 21 kon. CKOMbKO KakKHX H3feMHil KyIJeHO,

€CJIH U3BECTHO, YTO HUKAKHX H3JleJHil He Ob10 KynJieHo Gosibiue 7 H HH- L

KaKHX He OblI0 KYIJIEHO . nopOBHy>
2. Pemuth ypaBHeHHE: ~

lgsin % = lg(cos x —sin x) + Ig (cos x + sin x).
3. ‘Pemmb_ HEPaBeHCTBO: ‘
VE—e—VB—>x

4, [IByrpaHHbifi yro.n MeXAy mJjockoctsiMi P u-Q paBeH a. B nioce
KOCTH P JIeXUT npaBUJ/IbHBIR TPEYToJILHHK cO cTopoHoit 1. JlokasaTs,
4TO CyMMa KBaJpaToB JJIHH NMPOEKUMEH CTOPOH 9TOro TpeyroJbHHKa Ha
IJIOCKOCTb Q) HE 3aBHCHUT OT €ro pacrnojoXeHHs B MIOCKOCTH P.

5. PelnuTh B KOMIJIEKCHBEIX YHC/IaX CHCTEMY ypaBHeHHH:

S =1, 2—5"=0.

Bapuanm 3

1. Y wkonbHHKa ecTb | py6. MOHeTaMH joctomucTBOM ;o 10 xom.
BKJIOYMTeNbHO. l3BecTHO, 4TO €ciu 0TOOpaTh MO OXHOH MOHETE Kax-
JOro THNA, HMEIOLIerocs y IUKOJMbHAKA, TO B CyMMe moJyyutcs 15 kom.
CKOJMIbKO MOHET KaxKJIOro JOCTOHHCTBA HMEETCs, €CJIH MOHET CaMoro
Go/IbILOrO NOCTOMHCTBA GOJiblIE YHCIA BCeX NPOYHX MOHET Ha 4?

2, Pemutsb ypaBHeHne'

log, sin x — log, cos x — log, (1 — tg x) — log2 a + tgx)=1.
3 Pemuts HepaBeHCTBO: : N
. Vx—5—V9—x> —
4. IIByrpaHHbm Yrosl MexXAy MAOCKOCTSIMH P 74 Q paseH a. B noc-
KOCTH P jiexuT KBajpar co cropoHoii 1. JlokasaTb, YTO MEpUMETp Mpo-.
eKIHMH 3TOr0 KBajpara Ha MJOCKOCTb Q HauGosbmiMii, KOrja AuaroHamb

KBaZpaTa mapaJijelbHa IJIOCKOCTH Q. .
5. PeiliuTh B KOMIIJIEKCHBIX YHCJIAX cucTemy ypaBHeHHui:

2% 4 wh=-0, 22 @' = 1.
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Bap;taum 4

1. ¥ npopaBua MOpoXeHOro ecTb 1o HECKOJIbKY JECATKOB MOPHHH
MOpO€HOro niTH COpTOB —3a 7, 9, 11, 13 u 15 Kom. ObLuee unco nop-
uuit pasxo 180, a obmas croumocts — 18 p. 40 k. Mopoxenoro mo 7
H 9 KoIl. BMeCTe CTO/IbKO e, CKOIbKO 1o 11, 13 1 15 Kon. BMecre. Kpo-
Me TOro, H3BECTHO, YTO NopuMi no 9 Kon. BABoe GoJbile, ueM mo 15 Kor.,
u Goabire, ueM no 13 kon. Onpeeants Ynciio HOPUMH KaxkAOro copTa.

" 2, Pemmts ypaBHenue: .

log,cos2x — log, sin x — log,cosx = 1.
3. Pemuts HepaBeHCTBO:

<log, (V25— x* — 1) > log, (x| + 1).

4. JloxasaTh, YTO CyMMa KBajpaToB IHH npoekuuii peGep enu-
HHYHOrO Ky6a Ha IJIOCKOCTb He 3aBHCHT OT B3aHMHOMO PaCHONOKEHHS
Ky6a M MJIOCKOCTH U paBHa: 8.

5. PelnTh B KOMIIEKCHEIX YHC/AX CHCTEMY ypaBHeHHH:

’ A%ld = |, R
P’ =1,
22+ =—2

'§ 8. IxoHommueckuit dakyabrer
(oTaesenHe moNHTHYECKONH 9koHOMHH),- 1966 .

Bapuanm 1

1. Kopos kopmusiu aByms BHAamH KopMos. B 1 y NepBoro BHjA -
conepxurcst 15 ke Genka u 80 xe yraiesogos. B 14 Broporo Buga co-
Aepxutes 5 ke Genka u 30 k2 yrieBogos. Beero kopoBsl nony4unu 58 y
yraesogos u 10,5 4 Genka. Hafith o6uuii Bec KOopMa, JaHHOro KOpOBaM.
© 2. Peumts ypaBHeHue: :

1 ( —
- log?_(;i — ) — logi(x —10)=1.
5 ) 5

3. s Touxkn A, pacmosioxeHHOH BHe OKPyXHOCTH C meHTpoM O,
NPOBEJEHEL K OKPYKHOCTH ABe KacaTe/ibHble. [lnHa gyru B,B, Mexny
TOUKaMH Kacauust By U B, pasHa a, £ B,AB, = a. Haiitu A0. ‘

4. Pemmutp ypaBHeHue: -

5 11
2 —_— == . — s
I+ 2—l=Jx+

5. Pemmuts . ypaBuenue: :
P 2 V8x—x2—6




Bapuanm 2.

1. B mpouecce H3roToBJIeHHS] BUHTHI U TFafikd MPOXoAsT Moc/eqoBa-
TeJIbHYI0 00paGoTKy Ha ABYX cTaHKaX. BuHr o6pabGaTbiBaercs Ha nep-
BOM CTaHKe 4 cek, Ha BTOpOM — 3 cek, a raiika Ha NMepBOM CTaHKe —
6 cek, Ha BTopoM — 2 cex. CraHKH pa6oTajid HENpPEPHIBHO: NEePBbIH —
8,5 4, BTopoit — 4,5 '4. Ha ckosbko GoJiblle GLIIO U3rOTOBJIEHO BHH-
TOB, YeM Traek? -

2. Pemmnte ypaBHeHHe:

log, Vx+ 14— log3(x2——x—l— )= l

3. U3 roukn A, pacnémox{eﬂnon BHe Kpyra c HeHTpoM B Touke O,
nposefieHsl fBe cekyiyue. OpHa mepecekaerT OKPYXKHOCTb B TOUKax B
H C (B nexur mexay A u C), gpyras npoxXomUT Yepes LEeHTPp Kpyra H

nepeceKaer OKPYxHOCTb B Toukax M u N (M nexur mexny N u A);

CA =a, LCAO =a, ZCON = . Hau'm CB
4. PemuTh ypaBHEHHE:

(22 —2x—1|="x+

o:lcn.

1
3
5. Pewmnts ypaBHeHHe:

' | ViE=e=1o

.

10sinZ —6 +
2 sin X.

N i 2

Bapuanm 3 .

1. B crosnoBoit umeerca 36,6 ke mMsca u 58,7 ke kap'romxn. Ha l

NOpIHIO cyma yXoaut 25 e msca u 50 2 KapTowku, a Ha | mopuuio BTo-

poro yxomut 100 2 msca u 150 2 xapromku. Ha ckosbko GoJibiiie noJy-

YHTCA MOPHMA cyma, €cM H3DaCXOAO0BaTh BCE MMEIOILMECS MPOAYKTHI?
2. Pemmtb ypaBHeHHe: ,

log6~]/x—2+%log6(x— 1) =1.

3. Haiitn nnomans werhipexyronsiuka ABCD, ecan
AB =BC=a, AD =DC = b, LADC = a.
4. Pemmuts ypaBHeHue:

5
| — 42| = Sx —

.

|

5. PemmnTb ypaBHeHHe:
¥V x2F3x—10
cos X493 _ . =1L
2 4cos 12‘.




Bapuaum. 4., - - _.

1. Y'mposiaua B ioTke MOpo:KeHOe ABYX. BHAOB: M6 20 Kori. (Op- .
s BecoM 200 ) # mo 13 kom. (mopuus Becom 100 2); CTOMMOCTb Haxo-
Asllerocs B JIOTKe MOpoxKeHOro paBHa 28 p. 99 k., a obwuii Bec 28,3 k2. -
CKOJIbKO B JIOTKE MOPIHMI MOPOKEHOr0? '

2. Pewmnts ypaBHeHue: -

-;—logs(-e-x— 16) —log, (V —x% —4) = 1.

3. K npamoyrombuuky ABCD npunoxes AAO’B, paBHBI#
~ AAOB, rge O — Touka mepeceueHms guaroHaJeil NPSAMOYTroMbHHKA.
- Halttu O’C, ectu AD =a, / BDC = qa. -

4. Peumnth ypaBHeHue: :

|x=;6x+7|=§x;3.

5. Pemmth ypaBuenue: . - -

VAT
tgX 43— 2 ’ =1.

x
tg.2-

§ 9. dunonoruveckuii akyabTeT )
(oTHeneHHe CTPYKTYpPHO! H MPHUKAAAHONH JMHIBHCTHKH), - 1966 r.
‘ Bapuanm 1 . ik

1. U3 nynktoB A ¥ B 0OZHOBpEMEHHO HABCTDEUY APYT APYTY BHEXa-
JH Ba BEJIOCHNIENHCTA, KOTOPhIe-BCTPETHHCh B 12 kM OT myHKkTa B.
Tlpopomxas cBoe nBUIKEHHE H J0€XaB [0 MyHKTOB B u A, onu cpasy xe
TNIOBEPHYJIH OGpaTHO H CHOBA BCTpETHAMCh B 6 k# or myHkta A. On-
PENeNHTh CKODOCTH  BEJIOCHIIENHCTOB H paccTosHue AB, e n3Bect- -
HO, 9TO BTOpOiH BEJOCHNENMCT BePHYJCS B NIYHKT B uepes 1 ¢ mnocine
TOr0, KaK MepBhlfi BeJOCUNENNCT BEPHYICS B MYHKT A. '

2. Pemuto cucremy ypaBHeHuii:

2 —=xr= 1,
2y o logay =V
3. Pemmntp HepaBeHCTBO:

logig, l $in23‘ —'_155 <—1L .

4. Vs 1ByX clefyomux 3agad BpIGEpUTE OfHY H PEIlHTE ee:
*4a) B KyG co'cropoHoil ¢ Bmucan map. Onpefie/luTs pajyc APyroro
mapa, 'Kacaiollerocs Tpex rpanefi Ky6a M IepBoro mapa.
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- 46) PaccMaTpHBAIOTCSL BCEBO3SMOKHEIS TIATHOYKBEHHBIE MOCIEOBa- -
TEJII:HOCTH He coziepkauue Apyrux 6yks, kpome A, B, B (nanpumep,
BAAAB, BBBBB BBABA u T. A.). CKOJIbKO CPERH 3THX MOCHEN0-
BaTeJIbaocreﬁ TAaKHX, B  KOTOPbIX 6yKBa A BCTpeuaercs He Goiree JBYX |
pas, GykBa b — ue Gonee o;moro pasa, a 6ykBa B — He 60J1ee 'rpex .
pas?

Bapuanm 2

1. Vs nyskra A B nyHKT B BHEXaau ofHOBpeMeHHO «MoCKBHY»
H «3anopoxen», CKOPOCTH -KOTOPLIX cooTBeTcTBeHHO 80 Km/i u 60 xm/4.
Cnyers 1 «wus A B B Broiexana «Boaray, kotopast mpubbliia B B uepes

.1 4 nocae toro, Kak oforHana «MockBuua». OnpegenuTb CKOPOCTb

«Boaru» u paccrosnue ot A 1o B, ec/H H3BECTHO, 9TO «3anopoxen»
npubuin B B uepes 2 ¢ nocije npn6brma Ty A «Bonrn».
2. PemTh cucreMy ypaBHeHHH:

4y =371 43, ' -
z_|_2 3x‘1y_32x-1 0. -
3. Pemmb Hepasenc'mo
1+sinx
T—cosx

4 W3 aByx caepyiomux 3agau BeIGEPUTE ONHY M pemme ee:

4a) JIBa KOHyca MMeIOT BHICOTHI i, U h, 1 O6lllee OCHOBaHHE pajuyca
R,'a ux BEDIIHHBI JIeKaT 110 PasHble CTOp0Hbl OT IJIOCKOCTH OCHOBAHHS.
B 1n0BepXHOCTb, COCTABJEHHYIO M3 GOKOBBIX MOBEPXHOCTEH STHX KOHY-
cos, Bnucad map. Hafitu paguyc apyroro mapa, KOTOphHIH Kacaercs
Kak GOKOBOH NMOBEPXHOCTH MEPBOro KOHyca (npnqu mo uenoi oxpyx(-
HOCTH), TaK. U TNepBOro Imapa. -

46) I'lpo moOble 1Be HecOBMajaloilie MOC/IeN0BATENBLHOCTH pyccxux _

lOgctgx

'OYKB MOXKHO CKa3aTb, KOTOpasi H3 HUX CJeAyeT 3a APYrofl mo ajidasuty
- (TaK, IOC/IENOBATeNbHOCTD «Il», HMeomas LJAHHY 2, Clefyer 3a moc-

JIeflOBATE/NbHOCTBIO ¢KAKK», HMEIOmeH JAIMHY 4, MOC/el0BaTeNbHOCTD
«uo» ClIefyeT 3a IOC/EAOBATENLHOCTBIO IIXK», @ MOC/EA0BaTeIbHOCTD
«Kppa» cjefyer 3a MOC/eN0BaTeNbHOCTbIO «Kp»* CKOJIbKO CYLIECTBYeT"
BCEBO3MOXKHBIX MOC/AEHOBATENbHOCTEH, CAEAYIOMHUX 3a HOC/EN0BaTeb-

HOCTBIO «9K3aMeH» H HMelolMX AJMHHY HE GoJbllyio, ueM 3?

Bapuanm . 3

: . ’ 4
1. 13 nynkra A B nyHKT B BbI€3KalOT ONHOBPEMEHHO MOTOLMKA H
«[ToGena», a u3 B B A B TOT K€ MOMEHT Bble3xaeT «MOCKBHY», KOTOPhiH -

* 3nech NosicHSAETCA NPHHLKI .nexcnxorpa(pnqecxoro pacnonozxenua cove-
Tanuit 6yks. Ilo S5TOMY RPHHIHNY PacnoJaraiorcs cJoBsa B.CJOBapsXx, npemwr-
HBIX yxasa'renax, SHUMKJIONEAHAX H T. A. > :
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gepe3 5 4 50 mun npuGLBaer B NyHKT A. ABTOMOGH/IH BCTPETHIINCH Ye-

pe3 2 4 30 mun nocie Bhie3ga, a MOTOUMKI B «MOCKBUY» BCTPETHUIIUCH

Ha paccrosHnd 140 xku or nyHkta A. Ecam Gbl CKOpoCTh MOTONHKJIA

6b1ia B fIBa pasa GoJbliedi, TO OH BeTpeTuics 6bl ¢ «MocksuuoM» B 200 xu

or A. Haiitu ckopocrd -MoTounkaa, «MockBuua» u «[ToGenpi». \
2. Pemnth cHcTeMy ypaBHeHHH:

Lx|=1y]",

i
+2ly I| d = 3.
3. PeummTth HepaBeHCTBO: -

1082008}/ T+ 2-c05 2% < 1.
V3 .

4, U3 mByx-clefyiomuXx 3ajay BrIOepHTE OAHY H peLIUTe ee:

4a) B gmByrpaHHbli yroa, pe6po KOTOPOro COBHajaerT C BRICOTOH
npsSIMOro KPYroBOro KoHyca, BNHCAH miap, Kacaiomuics HU3HYyTpH 6o-
KOBOH MOBEPXHOCTH H OCHOBaHHS KoHnyca. HaliTh paguyc storo mapa,
€C/IH IBYTPaHHLIN YyroJl paBeH ¢, oOpasyolllast KOHyca paBHa ¢, a yroJa
MexAy o6pasyiolel H BLICOTOH paBeH 1.
' 46) PaccMarpuBaioTCsi BCEBO3MOXKHbIE NATH3HAUHble 4MCaa, B 3a-
AHCH KOTOPHIX HeT Apyrux uudp, kpome 1, 2 u 3. CKOMbKO cpeiH HUX .
uhces ¢ cymmol nudp He Menee 12?

’_2
lx|t~

Bapuanm 4

1. TToean nonxen 6L npoiiTy paccrosiue oT A 10 B sa onpeneleH-
Hoe Bpewms1. TTocJie TpexyacoBOro myTH OH Okl 3aiepKaH Ha MPOMEKYTOY- -
HOH CTAHUUM Ha OJIUH YacC U, YTOGbI IPHUOHITH K CPOKY, OCTABILYIOCS 4aCTh
NyTH 1UIeJ CO CKOPOCTbio, Ha 4 Km/«4 Gonbluedi, ueM nepBoHayajbHas.”
Ecan Gul ¢ Takoit CKOPOCTbIO OH Lies Bech MyTb AB, To OH NpHOELT OB -
‘BB Halu 12 mun, paubumie. Hafitu paccrosune AB. =

2. Pemnts cucreMy -ypaBHeHHil: -

x=1+461log,y,
y2 = 2% . y 4 2%,
3. Pemmuts He]:;aBeHCTBO: )
10Z,5in V 142 cos 2x << %

4, VI3 1BYX cllefyolux 3ajay BHIOEpHTE ORHY U pelIHTE ee:

"4a) B yceueHHBIH KOHYC, Yy KOTOPOTO pafnychi HHUXKHETO H BEPXHEro
OCHOBaHMi paBHb R u r, BnucaH map. Haiitu paguyc Broporo mapa,
KOTOPBIl Kacaercsl nepBoro mapa, 60KOBOH MOBEPXHOCTH YCEYEHHOro
KOHyca U BepXHero OCHOBaHHS.
~* 46) Cpenn BCeBO3MOXKHBIX MOCJ]EN0BAaTENLHOCTEH, COCTaBJIEHHBIX
U3 pycckux GyKB, ycTaHOBJEH ajihaBHTHbIH nopsaaok. TeMm caMbiM st

x
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. JOObIX JABYX HECOBMABAIOUIMX MOCJAENOBATENILHOCTEH H3BECTHO, KOTO-
pasi M3 HHX MpenliecTByeT Apyrofi (HampHMep, MOCJELOBATEIbHOCTD
«KKIBK», UMeIolas AJIHHY 5, NPeNIecTBYeT MOC/eN0BaTENbHOCTH «0ay»,
uMelolell JIHHY 3; TIOC/IeN0BaTENbHOCTb «HMHIL» MPEAUIECTBYET MocJe-
JIOBaTeJIbHOCTH «HIO», MOCJIENOBATENbHOCTD «HI0» MpeALIeCTBYeT nocje-
JOBaTeNbHOCTH <<nn6a6») CKoJIbKO CYIIeCTBYeT MocjefoBaTeabHOCTEH,

ngiexon:mx IJIAHY He Gonee 4 U npezlmec'rsyxomnx MOoCJIef0BaTeIbHOCTH
«Ooit»? ’

§ 10. daxyabrer ncuxonornn,’ 1966 r. .

Bapuarnm 1.

1. JIBa MaJibuMKa H3MEDPSIOT HIaraMH cafioByI0 XOPOXKKY, HauaB
JIBUTaThCsl C MPOTHBOMOJIOKHBIX ee KoHmoB. Ilociie TOoro™ Kax Kamnpifi
H3 HuX cienaj mo 10 maroB, paccTosiHMe MeXJY MajbYHKaMH CTajlo
paBHO 22 m. HaiitTu anuHy cafioBoit JOPOXKKH, €CJIH H3BECTHO, YTO Hiar -
ozniHOro Masbunka Ha 20 cu Kopoue mara Apyroro H, 4ToObl MPOHTH BCIO

- KOPOXKY, eMy Hajfo chenartb Ha 10 waros GoJbllle, 4eM TOBapHILY.

2, Uepes pe6po OCHOBaHUS MpPaBUJAbHOH UeTHIPEXYTOJLHOH MHUpa-
MHIB! NPOBEJeHa NJIOCKOCTb, KOTOpas OTCEKAaeT OT NPOTHBOMOJNOXKHON
TpaHH TPeYyroibHHK miomanpio a?. Hafitu 60KOBYIO MOBEpXHOCTh MH-
paMHjibl, KOTOpas OTCeYeHa MPOBEACHHOH MJOCKOCTbIO - OT  JaHHOH,.
eci GoKoBasi MOBEPXHOCTL BCEH mHUpamuipl paBHa b2

3. Pemutb ypaBHeHue:

sin x -+ sin. 2x 4 sin 3x + sin 4x = 0

4. I'ze pacno/ioxeHbl KOMIVIEKCHbIE YHCAA 2 = @ —|— bi, pna koro-
pHIX '

1|+4

5. ]'Iocrpomb rpacpuK (bqumn'
Ly = 1 — 21+sin(x+l)

Bapuanm 2 -

1. Teso, B3BelleHHOe HA HEPABHOMJEYHBIX PhIYAroBLIX Becax, ypaB- -
HOBEILHBAETCS NPH B3BELIHBAHHY Ha OFHOH yauiKe rpy3soM a, NpPH B3Be-
HIMBaHUH Ha Apyrofi — rpysoMm b. Kakos uctuHHHI BeC Tena? '
. 2. Tlpamas npusMa HMeeT OCHOBaHHEM PaBHOCTOPOHHHI TPeyroib-
nuk. IlnocKoCT, MPOBEJleHHas Uepes OJHY H3 €ro CTOPOH MOJ YIJIoM o
K OCHOBAHHIO, OTCEKAET OT MPHU3MbI TPEYTOJbHYI0 MHPaMHAY C 06'bEMOM .

OmnpenennTs MJOMAAL CEYEHHS.

3. Pemnth ypaBHeHue:

sin?2x + sin%x = %



. 4. TIe pacnionoxens KoMmJeKcHbe uhcna 2z = a4 bi,' nns
TOPHIX '

log,|z(+ log, (2] + D) <log,@[z] + 5 - °°
, O<<a<l). ]

5. Ilocrpouts rpaguk QyHKuHH: ' -
_lx—2141

y' fx <431

Bapuaum 3 e

1. M3 nmonoBuHbl MeTaN/IMuECKOro 1iapa pamuyca 7 BbIPE3aH Hau-
GOJIbLLIHA H3 BIUCAHHEIX B 5TO NOJYMIAPHe KOHYCOB. XBATHT JIH BEIHY-
TOTO MeTaJlzia JljIs H3rOTOBJIEHH S 0JIOTO IIapa pajuyca 7, ¢ TOJIIHHON

CTEHOK P '
’ 10 -
2, Pemmby ypaBHeHHe: .
cos 2x — tg2x = %.

3. ['me pacnomoxeHsl KOMIVIEKCHBIE UHCAd 2z = @ -+ bi, A1 Ko-
TOPbIX o A '
logi |z—2|>log |z[?
- 2 Y .
4. ocrpouts rpaduk ¢yHKuMH:

3cos X
y=3+2 3.

Bapuanm 4
N : ° .
1. Yacts kBagpara ABCD, ocraBiuascs mocjae TOrO Kak M3 HETO
BbIp€3a/id YeTBEPTb OKPYIKHOCTH C LEHTPOM B BepuinHe D U paauycamu, .
" PaBHBIMH CTOPOHE KBazpara, BpaillaeTcst BOKPYT OCH, IPOXozsimei yepes
D napannensto nuaronanu AC. Hafiti 06beM nosyueHHOro Tefa Bpalie-
HHsl, €C/IM CTOpPOHA KBajpaTa paBHa a. : '
2. Pemnts ypaBHeHue: ’

sinty - costx = %. -
3. T'me pacnomoxeHs KoMnneKcm;le 4yucaa- 2 = a + bi, pas xo--
TOPHIX ) : :
i z2—rzl 41 o
logy ;- F= L 92 ,
V3 2 + Izl ) v

4. Tloctpouts rpaduk byHKuMA:

[x—38|4 x4 1
lx4+31+1x—1"

y=




FTIABA 1I

BAPUAHTHI MUACbMEHHBIX MCILITAHUMA, 1967 TOJ

§11. Mexanaxo-maremarhqecmﬁ dakyabrer, 1967 r.

Bapuanm 1 T

. -
1. ¥Yxasarb Bce 3HaueHHs @, NPH-KOTOPHIX ypaBHeHHe

m@mmmgw=@gahmmhm;%gx
HMEET pelleHHe, H HaliTH BCce COOTBETCTBYIOIIHE PEIEHHS . S
2*, JlaGoparopud HeoOXOZUMO 3aKa3aTh .HEKOTOPOE KOJNHUECTBO
OIMHAKOBBIX CepHUECKHUX KoJO ofiieft BMectuMocThio 100 4.  Crom-
MOCTb OJHOH KOJOBI CKJAfbIBaeTcsi M3 CTOMMOCTH TpyAa MacTepa,
NPONOPLHOHA/ILHON KBaApPaTy NOBEPXHOCTH KOJObl, M CTOMMOCTH
MaTepHasa, NpPONOPLHUOHAIbLHON ee nosepxHoctd. [Ipu aToM KoaGa
o6beMoM B 1 2 05xozutcsi B 1 p. 25 K., H B 9TOM CJIyuae CTOMMOCTb TPY-
Ra cocrasiisier 20% cTOMMOCTH KOMGH (TOMIIMHY CTEHOK KOGl Cuyl-
Tarh MpeHeGpexkuMo Majofi). CKoIbKO Hafl0 M3rOTOBHTbL KOJG, 4TOGHI
HX H3roTOBJIEHHe Oblip Hanbosee peHTaGeNbHBIM?
3. Ha xoopnuHaTHOM MIOCKOCTH yKasaTh BCE TOUKH, KOODAMHATHI
KOTOPBIX X,'y TaKOBHI, YTO BHIPaXKeHHe :

'cmza+xy+2mur+ﬁcmy-%@my—mﬁ-wmx‘

TIpH BCSIKOM 3HAYEHHUH f MeHbllle !/,, H u3o0pa3uth obaacts, o6pasye-

MYIO 3THMH TOYKaMH. ‘
4. OcHoBaHHe NPaBHJbHOH TpPeyroJnpHON NMUPaMUAbl Kacaercs ua-
pa c UEHTPOV B BepLIMHe MHPaMHAbl, TPHYEM BHYTPU MHPAMHABI COZEp- -

HuTCs Bcelt moBepXHOCTH mapa. OnpeneAnTtb oTHOWEHHE 06HEMOB
nupaMuAbl ¥ 1Iapa.

* Ycnosue 3TON 3ajayd MHOIO HECKOJBbKO H3MEHEHO.
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~ e oo Bapuanm 2
1. Yka3artb Bce 3HaYeHHs a, NPH KOTOPHIX ypaBHEeHHE
log,+ al log, 32‘- =log ,2-log,+a*— log, V' x

HMeeT pellleHHe, H HANTH Bce COOTBETCTBYIOIHE pellieHHs.

2. Tloesn, caenylomuii u3 nynkra A B NyHKT B, genaer mo myTH
HEKOTOpOoe KOJHYEeCTBO OCTaHOBOK. Ha mepBo#t ocTaHOBKE B MOe3J ca-
JUTCS 5 MaccaxkHpoB, a Ha Kaxpod mocaepyiomedf — Ha 10 maccaxu-
pos Gosblie, ueM Ha mpeamaymeii. Ha kaxpoii ocranoske 50 nac-
CaKHPOB BBIXOAHUT M3 Noe3fa. BoamoxeH au caywail, Koria B B npu-
OniBaet MeHee 12 maccaxupoB, eciid u3 A uX BblesKaeT 463?

3. Ha KoopauHaTHOH MJIOCKOCTH yKas3aTb BCe TOYKH, KOOPAMHATHI
KOTOPBIX (X, y) TaKOBbI, YTO BbIPaxKEHHE

sin?(f 4 x) + sin (¢ + y) + sin (¢ 4+ 2x —y) + % '

MOMIOMKUTENBHO [PH BCAKOM 3HAYEHHH f, M M305Das3uTb 03JacTh, 0F-
pasyemMyi STHMH TOYKaMHu. ~ )

4. Bricota mpaBHJAbHOH YETHIPEXYTrOJbHOH NHpPaMHJbI paBHa V2,
a CTOpPOHa OCHOBaHHMs paBHa 1. B KakoM OTHOLIEHHH AeJHTCS 06BbeM
AHPaMHABI TOBEPXHOCTHIO 1lIapa, HEHTP KOTOPOro PaciiofioKeH B BePILH-
He MUpaMupl, a paguyc paseH 1?

' Bapuanm 3.

1. YKkasaTb Bce SHaueHHR @, MpH KOTODHX ypaBHeHHE
loggex® = logy+ IO(Ig lOa—-Ilgi. ) :

HMeeT pellleHHe, U HaATH BCE COOTBETCTBYIOIIHE DEIICHHS. :

2. TpeGyercsi NOCTPOHTb HEKOTOPOE KOJHYECTBO OJHHAKOBBIX,
MHUIBIX JIOMOB ¢ OOmied xUMoH maomanpio 40 Thic. k8. m. 3aTparthl Ha
NOCTPOHKY ORHOrO JoMa, HMelomero N Ke. M XKHJIOH NJAOMAAH, CKAAAbI-
BAIOTCS M3 CTOMMOCTH HaseMHOHl 4acTH, mpomopnuoHaibHolt N VN,
¥ CTOMMOCTH (hyHJaMeHTa, MpONOpuUHOHaabHOH J/ N. CTpOHTENbCTBO
noma Ha 1600 xs. m o6xoxpurcs B 184,8 Thic. py6., MpHUEM B 5TOM CJy-
yae CTOMMOCTb Ha3eMHOH uacTH cocraBjisier 32% CTOHMOCTH ¢yHza-
menta. OnpenennTs, CKOJbKO HYXXHO IOCTPOHTEH JOMOB, 4yTo0bl CyMMa
3aTpaT Obl1a HaHMeHbueH, M HafTH 3Ty CymMMy. -

3. Ha koopauHaTHOH NJOCKOCTH yKa3aTb BCe TOYKH C KOOpJUHa-
TaMu (X, y), N9 KaxAOH M3 KOTOPHIX CyillecTByeT XoTs Obl OAHO 3Ha-
dyeHHe f, NPH KOTOPOM BbiparKeHHe

2cos2t + 4 sin 2x sin ¢ 4 2 sin (x + y) — (sin 2x — 1)?
Goabme 1, 1 n3obpasutb obaactb, 06pasyeMylo STHMH TOUKaMH.
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4. B uenrpe mapa mnoMemeHa Bele.IHHa npaBH.anoﬁ TpeyroJIbHOM
nHpaMU/ibl, CTOPOHA OCHOBAHHS KOTOPOH paBHA pajuycy illapa, a 06beM
- OTHOCHTCS K 00beMy mapa, Kak 3 : 16m.'B KakoM OTHOIEHHH JEJHTCA
00beM MHpPaMUALI TOBEPXHOCTRIO L1apa? -

b Bapuanm 4

1. YkasaTb Bce 3HaueHHs1 @, NIPH KOTOPHIX ypaBHEHHE

B log,x + log,zala + logaxl =alog,a

MMeeT pellleHHe, M HafiTH Bce coorae'rc'rayxomne peleHus.
2. Hekoropoe mpeanmpusiTHe NPHHOCHT YOBITKH, COCTaBJSIOLINE

*31 Thic. py6. B rof. [dns npeBpaiueHus ero B peHrabeibHOe ObLIO Mpef-

JIOXXEHO YBEJHYHTb AacCOPTHMeHT mnpoxykumH. Iloxmcuerni mokasasni,
4TO NOMOJIHHTE/bHbIE JOXOABI, HPHXOASIIMecS Ha KaxKJblil HOBBHIH BHA
NPOAYKIHH, cocTaBAT 25 ThiC. py6. B rOf, a AOMOJIHHUTE/NbHbBIE PaCXOMAb!
OKaXXyTcSl PaBHBIMH 5 ThIC. py6. B FOJ MPH OCBOEHHH OILHOTO HOBOTO
BUJa, HO OCBOEHHE KaxJoro mocJjenywouero norpedyer Ha 10 Thic. py6
B rofi 6ojblle pacXojoB, 4eM OCBOEHHe MpeablAyIIero.

MoxHo JIH yKasaHHbIM CIOCOGOM cAielaTh MPeinpusiTHe penra6e.nb-
HBIM? _

3. Ha KoopiuHaTHOW MJIOCKOCTH YKa3aTh BCE TOUKH C KOOPAH-
HaTaMH (x, y), AJns-Kaxjoil H3 KOTOPHIX CyIlecTBYeT XOTs 93] OZHO 3Ha-
ueHue {, mPH KOTOPOM BHIPAXKEHHE

cos(t-l—3x+y)—cos(t+x—y)—sxn2(t+2x)

60nbme 1/,, H u306pasuTb 06/1acTb, 00pPa3yeMyio STHMH TOUKAMH.

4. TIpAMoyronbHuK ABCD cayxuTt ocHOBaHHeM nupamuasl SABCD,
’BBICOTA KOTOPOH TIPOXOAMT Yepes TOUKY mepeceyeHusi AuaroHaneii .oc-
HOBaH#s H GoJblle 1, a IlByl‘paHHbIﬁ yroJs, o6pasoBaHHbIA MJIOCKOCTSI-

mu SAB u SBC paBeH —— V— Haittn yacts o6’bema MHpaMHABL, COREpHa-
imyiocs B mape paguyca 1 c ueHTpoM B Touke S. . .

.

Bapuanm 5

N

1. Ykasath Bce SHAaYEHHS @, NPH KOTOPHIX yPABHEHHE
log, a2 I log,» —x-l + log,x = log,24.log,; a

uMeeT pellleHHe, H HafTH BCe COOTBETCTBYIOLIME DEIIEHHS. .

2. Macrepckasi NPOM3BOIHT 3aKPHITHE pe3epByaphl Kyﬁuqecxoﬁ
dopmbl. Bpems MQHTaxa OAHOro pesepByapa, MPOMOPLHOHAIbHOE
KBajJipaTy €ro noaepxuocm, B cllyuae pesepByapa o6'beM0M 8 4, co-
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HOCTH pacxoznyercsi eite no 1,5 cex Ha Kaxape 10 k8. i MOBEPXHOCTH.
Moxxer a1 MacTepckast ycneTb 3a 20 4 H3TOTOBUTb TaKOe KOJIHYECTBO
OJMHAKOBbIX - pe3epByapoB, 4ToObl HX 00ilasi BMECTHMOCTb COCTaBHJia
©.64 THIC. 2? L
' 3. Ha KoopiuHATHOH HJIOCKOCTH yKasaTb BCe TOUKH, KOQPAHHATHI
KOTOPBIX (X, y) TaKOBHI, YTO BhIPaXKEHHE .

(2cost + %cosxc'os y) cosxcosy + 1 4 cosx —cos y + cos 2t

TOJIOXKHTE/IbHO NMPH BCSKOM 3Hau€HHH f, W H300pasuThb 06sacTb, o6pa-
3YyEMYyI0 STHMH TOYKAMH.. ' -

* 4. Hailtu oTHOWeHHe MOJHOM NOBEDXHOCTH MPaBHJbHOM. YeThIpex- .

yronipHO# NMHpaMHAbl K MOBEPXHOCTH IIapa, UEHTP KOTOPOTo Pacmosio-

2KE€H B. BEPLIMHE NMHUPaMHAbLI H KOTOprﬁ KacaeTcsa €€ OCHOBaHUu4, 3Haﬂ! ’

4YTO BHE NMUPAaMUJBI HAXOAUTCS 5/, NOBEPXHOCTH HIapa.

Bapuanm . 6 )
1. YKasaTb Bce 3HauUeHHs - @, PH KOTOPHIX ypaBHEHHE
log,x|log,a—loga| =
= log, (ax) — log, a® + log, xlog, a

HMeeT pelleHHe, M 'HAfiTH BCE COOTBETCTBYIOMHME PELICHHS.
2. Asrobyc Ne 1, Ha KOTODOM CTyJEeHT MOXKeT JoeXaTb A0 CBOEro

HHCTHTYTa G€3 mepecaioK, HJET OT ero foMa JI0 MHCTHTYTa 2 4 1 mun.

Jlo HHCTHTYTa MOXKHO ZO€XaTh TAKIKE JIOOLIM H3 aBToGycoB Ne 2, Ne 3,...,

Ne K, onHako Ha aBToGyc Ne P MOXKHO NEpeCECTb TOJIBKO C aBTOGyca .

Ne (P — 1). MapupyTsr aTHX aBTOGYCOB TaKOBbI, YTO, JO€XaB JO WH-
CTHTYTa Ha OLHOM H3 HHX, CTYIEHT MPOBEJET B JOpore (He cumTas

_Tiepecajiok) BpeMsi, 00paTHO MPONMOPHHOHANbHOE UHCIY HCIOMb30BaH- -

_ HBIX aBTOOycOB. KpoMe TOro, Ha KaxkAyio mepecafiky emy NpHAeTcs
noTpatuTh 4 mun. BepHo nu, uro cymecTsyer myTb, NpH KOTOPOM Ha
JOpory yxoiuT B ofmeil cioxHOcTH MeHee 40,1 mun? ;

3. Ha xoopauHaTHO! MJIOCKOCTH YKa3aTh BCe TOYKH € KOOPAMHATAMU
(x, y), Ans Kaxpofi M3 KOTOPbIX CYLIECTBYET XOTS Gbl OAHO 3HaueHHe ,
[pH "KOTOPOM BLIpaKeHHE

sin® £ cos? x + cos sin? x -+ % sin 2x sin 2¢ + 2 (cos 2x + cos )

OTpHIATeNbHO, M H306pasHThb 06JacTb, o6pasyeMylo STHMH TOYKAMH.

4. Bricora mupamuasl SABCD, B OCHOBaHHH KOTOPOH JIEXKHT Mpsi-

- Moyro/ibHHK ABCD, NpOXOIMT Yepe3 TOUKY MepecedyeHHsl ero AMaroHa-
Jedt. [llap ¢ uenTpoM B TouKe S KacaeTcsi OCHOBAHHS MHPAMH/IbI, IPHUEM .

BHYTPH NHPaMHIbI HaXomutcs '/ ero noepxuoctd. Haiiti asyrpan-
HBIA yrosi, o6pasoBaHHelll miockoctamua SAB u SBC.
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+§ 12. ®usnaeckui daxyaster; 1967 - pre

—

. Peimuts Hepasencrso: ,
B logém.. 2 <%. .

2. Jl19 KaKHOrO BEIIECTBEHHOrO. HC/IA, @ PElINTH HEPaBEHCTBO:

' .x’—-Zx-l-_2”""|4>0._ .

o T R—a S T
3. PewHTh ypaBHeHHE: »

R - 6tg x + 5ctg 3x = tg 2x.

’ ~ . 4 Touxa nepecedenns MeiHaH MNPSMOYTONBHONO  TpPeyrONLHAKA
JIEKHUT Ha OKPYIKHOCTH, BIUCAHHOM B 3T0T TpEyrombHuK. Haiitu OCTpbie
YTJIbl TPEYroJIbHHKa. : o o

.5. JlaHel TPH OAMHAKOBBIX MPSIMBIX "KPYFOBBIX KOHyCa C yIjioM a:
(a < 233) B OCEBOM' CedeHHH H PafHyCOM OCHOBaHHS, paBHHM.r. Oc-
- T S L S o R S L PRNE S
HOBaHHS 3THX KOHYCOB PAacnojiOXeHl B OJHOH IIOCKOCTH M TIONMAPHO
Kacaiorcs Apyr Apyra BHeluHUM oGpasoM. Haiitu paanyc cheps, Kacaro-

WEACS BCEX TPeX KOHYCOB M ILIOCKOCTH, IIPOXOAsilell yepes.. X -Bep-
LUKHBL, o '

i

Bapuanm 2

1. Pewuts HepaBeHcrBo: - ,

B T T >

2. [inst kaxA0ro BelecTBeHHOro uHciia @ >> 0 peluTh HepPaBEHCTBO
xsinx-—a > l .

«.fnpu ycﬁomm, a0 0 <<x << 25

3. Pewnrs cucreMy ypasHenuit:

o - tgx+ctgy=3,
=

L le—=yl=3 : S

4 Tpeyrbnbmm ABC, yron B xoroporo pasen 2a << 5’3, ‘BIHCAH

B OKpYXHOCTb paguyca R. JluaMeTrp OKpYKHOCTH Heauryroi B -
nonosam. Kacareqbnas K OkpyxHocTH B Touke’ A mepecekaer NPOxOI-
#*eHue cropousl BC B Touke M. Haiitn niomans tpeyroasunka ABM,
S. TpH paBHHIX MPAMBIX KPYTFOBHIX KOHYCA C YIJIOM & B OCEBOM Ces ,
“eHuY pMefor o6u1yI0 BepuKHy O H Kacaiorcs IpYT Ipyra BHEWIHHUM 06-
Pa30M o o6pasytomum Iy, Iy, l;, Haiitu-yron mexny I, u Ly ~ -

. C. Mogeuos ! 65




S ' . Bapuanm: 8

1. PewmmiTe HepaBeHCTBO

xlg si nx> 1

npu ycjosud, 410 x> 0. :
2. Jl;a Kax1oro BelleCTBEHHOro YHcjaa @ > 0 pemnTtsb HepaBeHCTBO’

Va+x+Va—x>a.
3. Pemmth ypaBHeHHe: _
tg x — tg 2x = sin «.

4. B tpeyronbuuke ABC panu yrabl B, C u gnuHa a ctoponst BC.
Yepes cepeauny O cropoHnt AB wu BepumnHy A npoBejieHa OKPYK-
HOCTb, Kacaiolasicsi cropoHsl BC. Buiuuc/uTh pajyyc 510 OKPYKHOCTH.

5. B nupamuge SABC (S — BepmnHa, ABC — ocHOBaHHE) AaHO:
‘AB = AC = a, BC = b; BbicoTa mHpaMHJIbl IPOXOAHUT Yepes cepenuHy
BeicOTHl AD OcHOBaHMS; ABYTpPaHHbIH YroJ t, 06pasoBaHHbIi IpaHIMH

SBC u ABC, pasen ;l Lunungp, BHICOT2 KOTOPOro paBHAa AHAMETPY

OCHOBaHH#, BNHCAH B 3Ty NHpaMUAy Tak, YTO OJAHO ero oCHOBaHHE Ka-
caercsl rpaHeil ABYTPaHHOro yrja <, APyroe — rpaHeil TpexXrpaHHOTO
yraa A, a oce nuaunapa napamiensia AD. Hafitu pa;myc OCHOBaHHS
uunmmpa.

Bapuanm 4
1. PemmuTh HepaBeHCTBO:
' log, 4* +5:2*+2) > 2. N

2. JIns KaXaoro BEECTBEHHOTO UMC/IA @ PElINTb HEPaBEHCTBO:
2|x—a|<<2x—x*—2.
3. Pemmtb ypaBHeHHe:
tg3x + tg3x tg 2x tgx = tg 2x + tg x.

~° 4. Hafitu KOCHHyC yrja HpH OCHOBaHHH paBHOOepEHHOro Tpe-
YroJibHHKa, 3Hasi, UTO TOYKa IepeceyeHy s ero BLICOT JIEXKHT Ha BIHCaH-
HOH B TPeYroJibHHK OKPYXKHOCTH.

5. IIpsiMoli KpyroBo#i KOHYC HMeeT pajuycC OCHOBaHHsS.r H Yroix o
BOCEBOM ceueHHd. JIBa oguHAKOBHIX 1apa paauyca R Kacaiorcd Apyr
"Apyra, GOKOBOH NMOBEPXHOCTH KOHyca (M3BHE) H NJIOCKOCTH OCHOBaHHS
Konyca. Haiity niomaas TpeyrojibHuKa, BEPIIMHAMH KOTOPOFO CAYXKAar .
LEHTpHl LIApOB H LEHTP OCHOBAHHS KOHYyca.

~ Bapuakm 5

1. Pemnth HepaBeHCTBO

- 1 -
N x? SIF=COS T~ qpu yeaosuu, uTo x>> 0.
X




9, Jlas KaxJOro BEILECTBEHHOTO HCAA @ > 0 PEIIHTL HEpaBeHCTBO
' V3%xr—x >a—x

3. Pemnuts ypaBHeHHe: '
2tgx +tg2x —tgdx =0.

4. BuyTpn octporo yrJia o B3fiTa TO4Ka M, OTCTOSIIAsL OT- CTOPOH
yria Ha paccTosinuax a v 2a. Halltu paguyc oKpyKHOCTH, mpoxonsiueft
yepes TOYKy M H Kacaioileficd CTOPOH yrJja.

. 5. B map ¢ uentpoMm O BrucaH mpaBuabHBIA TeTpasap SABC ¢
pe6pom a. Uepes BepmnHy A MOA YIJioM @ K OCHOBAaHHIO ABQ Tpo-
BefieHa IJIOCKOCTh, KOTOpasi MepecekaeT rpanb SBC mno npsiMod, na-
panebHOl ocHOBaHHI0. OmnpesenuTb MJOMANbL TOH YaCTH TNpPOBEMEH-

- HOl TJIOCKOCTH, KOTOpas JIGXKMT BHYTPH 1Luapa, HO BHE TeTpasipa.

‘Bapuanm 6
" 1. Pemmth HepaBeHCTBO: \
47 —3.2¢ £ 1>0.
" 2. Jlns KaXJOTO BelleCTBEHHOTO YHC/A @ PEIIHTH ypaBHEHHE:
’ A 10g| sinx | 2 - 10ggin2x3 = a.
.. 3. Pemmute ypaBHenxe: . o
7 B(singx + cos x) + sin8x —cos 3x = 21/ 2(2 -+ sin 2%).
+* 4. BOKpyr. PaBHOGEApeHHOro Tpeyroasiuka ABC omicama Ok-

. pyXHOCTb. Uepes BepmMHy A npoBeigHa XOpAa JJIMHOM rm, MepeceKaio-
. miag ocHoBaHue BC-B° Touke D. lamo- omomenne - BD:DC =k u

S yron A(A<< “—2—). Haifitu pajmyc -okpyaHoCTH.

-

5. PeGpo xy6a pasno a. Haiitu 06beM mpaMOro KpyroBoro MH/IHH-
Pa, BIHCAHHOrO B KyG TaK, YTO OCBHIO €r0 SIBJIAETCS AHATOHAJbL l ky6a,
2 'OKDYXHOCTH ' OCHOBaHHH KacaloTcsi TeX AWaroHajel rpaseii Ky0a,

- KOTOpbIe  He ' HMEIOT ‘00X TOUEK C JuaroHalbio [ Ky6a.
. § 13. Xumuueckmit dakyabrer, 1967 r.

G Bapuanm 1 .
. 1. -VI3 nyuxta A B nyukr B, Haxogsmuiics B 100 xx or nyHkra 4,
"B OIHO M TO e BpeMsl OTHPABHJIHCH BEOCHTEAUCT M IELIEXOJ,. OpHo-
BPEMEHHO UM HABCTPeYy M3 MyHKTA B BeIEXaJ aBTOMOGHJIHCT. Uepes uac
. Tlocjie  BhiesZa aBTOMOGHJIMCT BCTPETHN BeJIOCHNERMCTa, a " mpoexas
eme 142/, km, — MElIeX0Aa, nocajgus ero B MallWHY, MOC/E Yero OHH
TloeXa/ln BHOTOHKY 3a BeJIOCHNIENWCTOM M HACTHIJIH ero. BBIUHCIHTS
CKOPOCTH BEJIOCHIIEAUCTA H aBTOMOGHJHCTA, €C/M H3BECTHO, HYTO CKO-
POCTb memexofa paBHa 5 xm/y.
BpeMs, neo6xomumoe na NOCajKy mMelleXOAa H HAa pPas3BOPOT aBTO-
" MOGHJIsI, cuMTaeTcs PaBHBIM HYJIO.

3’!

o
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+: 8, B Tpeyromuuke -ABC -us Bepumunt A npoBefena npamas; -
nepécexaiomas cropony ‘BC B Touke D, naxopsmeiicst Mexay TOUKaMu
B u C, npusem CD:BC=a(a<7). Ha cropone BC Mexiy 104-

. +2. Pemnts ypaspenme: . .

kamu BuDB3sita Touka E H depe3 Hee NpoBefieHa NpsMas, Mapaiienb-

_Haa cropoiie AC u mepecekaromiast cTopony AB B Touxe F.

. Haiitn. oTHOMmIEHHE é%;lomaneﬁ tpaneuuu ACEF u tpeyronsuuxa ADC,
ecau u3BecTHO,. uT0 CD = DE. - L o e
: 54, PellHTb HepaBeHCTBO: o ,

Vigr —T11logig: (2 + 4 cos?x) —2] > 0:

EAENERTS

=

Bapuarm 2

1. TTynkT A HaxomuTCA NO peKe Bhille -NyHKTa B. B ofHO H TO Xe
BpeMs ‘M3 NyHKTa A OTIVIBIA BHH3 IVIOT M TlepBasg MOTOpHAs JIOJIKa,
a us NyHKTa B BBepX — BTOpass MOTOpHas JoAka. Yepes HeKOTOpoe
BpeMsl JIOAKH BCTPeTHIMCH B NMyHKTe C, a IVIOT 3a 3TO BpEMS MPOILILLI
Tpetbio yacth AC. - e .

. Ecm Gbi mepsas 7ofka Ges  OCTaHOBKY JIOMJnIa JIo MyHKT2 B,
10 IJIOT 3a 5TO BpeMs NPHOHLT Ob1 B nyHKT C. Eciv Gbl u3 TyHkTa A B
nyakt B oTfibiia Bropas 70AKa, a M3 HyhKkTa B'B HymkT A —mep-
'Basi ' JIONKa, TO OHH BCTPEeTHIHCH Obl B 40 km or myHkta A:” .
_ KakoBa ckopocTb OGEHX JIOAOK B cTOsuell BOJE, a TaKKe PaccTOsIHHE
MeXky nyHkTamu A W B; ecilH CKOpOCTb TEUeHHs paBHA 3° Ki/4ac?

B “h A . A - :

2. PenmTh ypaBHeHHe:

2sin? (’—2‘— co§2x) = 1 —cos (nsin 2x).

3. B tpeyrompuuke ABC u3 Bepmuubl - A npoBeieHa mpsmMas, -
nepecexkaromast ctoépony BC B-Touke D, Jexauieli Mex gy Toukamu B
i C,.npuueM BD:BC = a(a<<1). Yepes  Touky D mnposefena nps-
Mas, nmapauieibHas cropose AB u mepecekaiolias cropony AC B
touke E. Haiitn orHomenne miomajefi tpeyronsuukos ABD n ECD.

4. PenmTs HepaBeHCTBO:. .

(logy siny)log, [% @ —3.270_ 1)] <0.

Bapuanm 3 .

. "1. Vs mByx nynktoB A u B, paccTosinue MeXAY KOTOPBIMH ‘paéno'
78 &M, BbleXali ONHOBPeMEHHO HABCTpeuy JApyr APYry [Ba BeJOCHIe-
micta (cootBercTBerro P, u P, ) M BCTpeTwimch uepes 3,9 4..
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- ‘Uepes CKOJIbKO HacoB BCTPETATCS ITH XKe BENOCHTIERHCTH 66 Onnl
" BBICAYT H3 TeX K NMyHKTOB.ONHOBPEMEHHO HaBCTpeuy APYr ADYry H

' eCllH CKOpOCTb Bejocumefucra” P, yBe/AuuuTcs BABoe, a CKOpPOCTh
BeJOCHNEANCTA P g yMeHbIIUTCS HA. 2 KM/u? HsBecrHo, u4TO CKOpOCTH Be-
nocunezucta:P 4 Menbiue 9 £#/4, 2 TouKa BTOpOH BCTpEuH BelOCHMERHC-
TOB OTCTOHT OT TOUKH NePBOf BCTpeyu Ha 16,8 xu B CTOpPOHY nyHKTa B.

-’92, PeiMTts ypaBHenwe: = . T : i

cost (grc’ptg %)+ sin* (arcctg ¥ ) = cosec? (arcc’tg‘x)l

‘8. Ha cropore - AB ipeyronbuuka ' ABC Mexny Toukamn A u B
B3sTa Touka D taK, uto AD : AB = o (@ << 1); Ha cTopose BC Mex-
my Toukamu B u C B3sira touka E Tak, 4to BE : BC = B'(f <<'1). Ye-
pes To4Ky E mpoBefieHa mpsMas, napajuiienbHast cropore AC u nepe-
cekaiolast cropony AB B Touke F. Haiitu ornomeine niomaznei Tpe- .
yroasHikos BDE u BEF. : )

4. Pewuth HepaBeHCTBO:

x—5
2x —1

V Tsintx — 1 log,;a, >0. ~

Bapuamﬁ 4

. 1. Y3 ssyx nynktos A u B, paccrosuue Mexay Kotopimi 105 xa,
BbIEXaJlH OJHOBPEMEHHO HaBCTPeuy APYr IpYTy ABa BEJIOCHTEAHCTA H,
BCTPETHBLIHCh Yepe3 | « 45 mum mocne Haualia JBHKeHUs:, Ge3 ocra-

HOBKH NPONO/IKAMH MyTb — Ka)Ablli B CBOEM HAMpaB/eHHH. ,

- Uepes Tpu MHHYTHI mOC/ie'HX BCTPEUH mepBhiil BEJIOCHIIEJIUCT, eXaB-
IHA co ckopoctblo 40 km/4, noBcTpeyan TPETHErO BEJIOCHNENHNCTA, €XaB-
LIero eMy HaBCTpedy No Toif e Jopore. Tperuil BesocHnesHcT nocie
'BCTPEYH C MepBbIM BEJOCHMEAUCTOM 6e3 OCTAHOBKH NPOROJIKAJA €XaTh
B NpPEXHEM HANpPaBJEHHH M JOTHaJ BTOPOTO BEJOCHIENHCTA B NMyHKTE
C, B KOTOpOM BCTpeTH/IHCD GBI MEPBHIil H BTOPOH BEJIOCHNENHCTHI, €CJIH
GblI' CKOPOCTH MepBOro Obiia Ha-20 km/y, MeHbLIE, a BTOPOTO HA 2 ‘km/4
Gosbuie nepBoHayanpHOH. C Kakoil CKOPOCTBIO €Xall TPeTHH BelocH-
neguct? . :

2. Pemmtb ypaBHenue:

co.s““_[%‘ (sinx + ) 2 cos? x)] — tg? (;c +’-‘4- tg? x):= 1.

3. Ha nponomkenun croponst AB tpeyroasuuka ABC oTnomen
otpe3ok AD raxk, uyro AD : AB = a.

Ha mnpopomxennn memmanmt BE ornoxen orpe3ok EF Tax, urto
EF : BE=@. Halitn otHowenue miomane# Tpeyronsunkos BDF u ABC. .
4. Pemnty HepaBenctso: - : _ ) ’

VT=Tog,;,2[1 —3logi,,2 + 2 (logg, 271 > 0.
. ~ 6
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§ 14. Teonoruueckuit dakyaprer
(otnenenue reodmusmku), 1967 r.

. ‘Bapuanr 1
1. Pewnth HepaseHCTBO: :
log, (2¢* + x + 1) — log, (2x — 1) < —tg -745
2. Hajitn Bce pellieHusi ypaBHeHHs:
) -2c08% + logy5 (27°°°%—35™%) = ]— + log, (3% 5+°°s2x-1)4
O

3. Uepes CTOPOHY OCHOBAHHS MPABHJILHON TPEYTO/ILHON MHPAMHIEI
H IEHTP BIMCAHHOIO B Hee HIapa IpoBefeHa MaocKoctb. B KakoM or-
HOILIEHHMH 3Ta MJIOCKOCTb JEJHT 00beM NMHpaMHJbl, ecliu ee 60KoBoe pel-
po B 3,5 pasa GoJsblile CTOPOHEI OCHOBaHHSI?

4. Yxasats Bce HefiCTBUTENbHbIE @, NIPH KOTOPHIX HE CYIIECTBYeT
HH OJHOrO AeACTBHTEJNBLHOrO X, ONHOBPEMEHHO YIOBJIETBOPSIOLLIErO He-

paBeHCTBaM:
(*x—a)(ax —2a—3) >0,
\ Cax > 4
Bapuanm 2
. 1. Pemmutsh HepaBeHCTBo: : .
- logs [(x + 2) (x — 3)] < 4 logy (2x + 1) — log 7
" 2, Hafitu Bce petlleHs ypaBHEHHUS:
. : 1 — cos2x
qter _ 41+cos2x - log = —loggn, 2 °

4
) 2y/2
. - 8. Yroa Mexny GOKOBHIM pe6poM H MIJIOCKOCTbIO, OCHOBaHMS Mpa-
: BHJIbHOH TpeyrodbHoii mupamuasl SABC c BepmmHOH S paBen 60°.
Yepes Touky A mHpoBefeHa MJIOCKOCTb, NEplEeHANKY/AspHasi GHCCEeKT-
puce yria S TpeyroJbHHKa BSC. B KakoM OTHOLIEHHH JIMHHSA Tepece-
YeHisi 3TOl MIOCKOCTH ¢ IocKocThio BSC aenut miowmais rpanu BSC?
4. YKkasatb Bce JefACTBHTE/bHbIE @, IPH KOTOPHIX HE CYHIECTByeT -
HH OJIHOTO JefiCTBUTEJNBLHOTO x, o;moapemeuno YAOBJICTBOPSIOLIETO He-
. paBeHCTBaM: .

ax?® + (a—3)x+;——2a >0,
" oax >a?—2,
Bapuanm 3
1. Pemmrs HepaBeHcmo

2log,x — -5 log, (x® —3x + 2) < cos 4—;
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" 2. Hailu Bce pellleHus ypasHeHus:.

3 V-1

5. . ! ‘
- + 2 cos 2x _ (25-_ 1)4% 5 = _ @ sinzx)z_ 108 5 sin

3. Uepes CTOpOHY OCHOBaHHS MPaBHJBHON UYETHIPEXYTOJBHOM mMH-
paMHJBI IPOBEA€HA MJIOCKOCTb, MEPNEHAUKYJISPHAs MPOTHBOMOJIOKHOM
rpany. Haiiti niomanp nonyuuBmIerocs ceueHus, eciy BHICOTa MHpa-
MHAH PaBHA A, a OTHOuIeHHe GOKOBOH NOBEPXHOCTH K IJIOMANH OCHO-
BaHHs paBHO }/8. X

4. YkasaTh Bce AefCTBHTEJIbHBIE @, NPH KOTOPHIX HE CYLIECTByeT
HH OJHOTO JefICTBHTENLHOrO X, OJHOBPEMEHHO YIOBJIETBOPSIOMIErO He- ’
paBeHCTBaM: . ‘

a’x 4 2a >0,
ax —2 4+ a?

ax +a> %. i T
Bapuanr 4
1. PemmTth HepaBeHCTBO:
log, (2x* + 3x + 1) < log,-(2x + 2).
2. Hailtu Bce pemenus YPaBHEHHS:

4 V‘Tcos(% -x )

4.9 — 16,5 - 4cosx-|-sinx —

1
) —_— ’g logw 16.
3. B tpeyronpHoit nupamuae SABC ¢ BepmmHOl S

SA =S8C, SB = 2AC, AB=BC =1,5.AC.

Uepes AC u cepemuny D peGpa SB nposenena miockocts. ITnomans
NOMHOH moBepXHocTH mUpaMufsl SADC Goaklue MIOWAKH MOJHOA IO-
BepxHocTH mupamugsi DABC Ha BellMUHHY, DaBHYIO MJOIAAH OCHO-
BaHuss SABC. Onpenenuts yros Hak/oHa rpann ASC K mjockocTd oc-
HOBaHMs nupamuisl SABC: ‘
4. Yrazarb Bce HeHCTBUTEIBHBIE @, NpPH KOTOPHIX He CYIIECTBYET |
HH OZHOTO JEACTBHTENBHOTO X, YIOBNETBOPSIOUETO HEPABEHCTBAM:
(l—a)’x—-a >0,
x—2(l —a)
x—8 >ax.

§ 15. Feorpadmuecknii dakyabter .
(oTAeJieHHe NOUBOBE/IEHNSA) H Te0JIOrHeCKHii (haKyabTeT
(o6mee otnenende), 1967 rs

Bapuanm 1

1. Jlpa ManbunKa cTapTOBaNH MO GeroBo JOPOKKe InHHoft 50 m
€ MHTepBa/ioM B OfHY CEKYHIY. Mainbukk, crapToBaBIIHH BTODBIM, Ho-
THaJl nepsoro s secsiTH MeTpax OT' MHHMH CTApTa, A00eKaJ 1O JHHAH ¢bu-

7L




- ) -

. HUIIE | ¢ Tofl 3Ke CKOPOCThIO NoGeikan ‘06paTno’Ha RakoM pacciouum
{,OT: IMHUH QUHHIUA: OH.BCTPETUJI. IEPBOrQ-MaJjIbuMKa -Ha CBOEM. QOpaTHOM
NyTH, €CIH H3BECTHO, YTO 3Ta BCTPeda mpousouuia yepes 10 cex nocre
‘¢TapTa’ MepBOTO 'MajbpuHKa? N R T R O
2,/ PeiliTh ~ HEPABEHCTBO! o . R

ot

log, (2% + x + 1)—log2(2x—1)<«_tg%".~:. T i

3. Haiitu Bce pellieHHst YpaBHEHUS:
’ T2

2 cos?x 4- log, 5 (277 —3%") = — +1og, "5 iy,
- . ’ 0g123 :

4. Uepes CTOPOHY OCHOBaHHS MPaBHJBLHOM TPEyro/ibHOH THPAMHJEI .
W LEHTp BNHCAHHOTrO B Hee 1llapa NPOBeJieHa NJIOCKOCTb. B KakoM oTHO-
IIeHUH 3Ta MJIOCKOCTh AENUT 00beM MUpaMHujbl, eciH ee 60KoBoe pebpo.
B 3,5 pasa GoJiblie CTOPOHBI OCHOBAHHS? N S

Bapuarnm 2 -

1. B nycroii pesepyap mo gByM Tpy6aM OJHOBPEMEHHO HAYHHAIOT
NoCTYMNaTh YHCTas BOJAA M PAcCTBOP KHCJOThI MOCTOSIHHOH KOHIEHTpa-
uuu. Iloc/ie HAMOMHEHUs pesepByapa B HeM MOMYUHJICs 5%-Hblit pact-
BOp KHCJOTHL. Eciu Obl B-TOT MOMEHT, KOra pesepByap Oblil HanoMHeH
"HanoJIOBHHY, NOJauyy BOJI MPEKPaTHJH, TO MOC/e HAMONHEHHs pesep-
Byapa noayunau Gbl 10%-Heift pacTsop Kuciorsl. Onpefenuts, Kakas :
Tpy6a nojaer XHAKOCTb ObICTpee M BO CKOJIBKO pas. . o E

© 2. Pemutb HEPaBEHCTBO:" ' o &

logy (¢ + 2) (x — 3)) < 4 log, 2% + 1) — logy7-
B 3.. Haiitu Bce pellleHnst ypaBHEHHS: ' )

1 . R
4(g2x_ 4 14-cos2x log

- N 1—cos2x -
2z h =10 —5

4. Yron Mexay GokoBHIM peSpoM M INIOCKOCTHIO OCHOBAHHS Ipa-
. . BuJbHOH TpeyrojpHoii nupamumsl SABC c pepmmHoil S pasen 60°
" Uepes Touky A npoBefeHa IVIOCKOCTb, NMEPHEHTUKYJsSPHAsi GHCCEKT-
puce yraa S Tpeyroipnuka BSC. B KakoM OTHOWIEHHH JIHHHS nepe-
ceyeHH s 5Tol MAOCKOCTH ¢ IJIOCKocThio BSC senut nutomags rpanu BSC?

Bapuasm 3~

1. KooHHa MOTOUMKJ/IUCTOB C HHTEPBAJIOM MEXKAY COCEAHHMH Mallud- -
Hamu 50 M mBHIKercs co CKopocTbio 15 xkm/4. B mpoTHBONOIOXKHOM Ha-
TIpaBJieHUH BAOJb KOJIOHHE! (OT MEpBOH MAIUMHBI) eJeT- BEMOCHNeJUCT.
TlopaBHSBIHCH C 45-M MOTOLMKJIHCTOM, OH YBeJIHYHBaeT CBOI0 CKOPOCTDb

"Ha 10 Km/4, moesikaer O MOCJEJHETQ MOTOLMKJIHCTA, MOBOPAYMBAET H
"¢ ol 3Ke yBeJIHUEHHOH CKOPOCTbIO IOTOHSET nepBylo MawnHy. Eciu 661
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" :BEJIOCHTIGIUCT BCE BPEMs, (C CAMOTQ, Hatasa) IBHralcs C:9TOH yBemdeH-

ol ;cg(apo;mo, ‘TO OH'BEPHYJICH ' Obl’ K I'OMIOBE KOJIOHHBIHd %Mﬁnywu '

" panbime. Haiitu nepoHauaabiyio CKOPOCTh Be/OCHNENCT? (AIHHEL Be-

JIOCHIIEd, MOTOUMK/IA H BPEMs I0BOPOTA BEJIOCHIEAUCTA HE YUHTEIBAIOT-
ca). - .
2. PewlHTh HEpaBeHCTBO: .. .

2log,x — -21- log, (x* —3x + 2) < cos %“.

3. Haiitu Bce peumenus ypaBHeHHs: : o

5 3 : 1

—+cos2x o ) ) . L dog e (VZ 1) L
2~ = (23 _1) . 4(_305’)5 = _(2 51n2x)2 V2 sfnx B
.- 4. Yepes CTOPOHY OCHOBaHHsl NPABHJBLHOM YeTbIPEXyTroJbHOM : U~
paMHABl NPOBENIEHA MJIOCKOCTD, -MEPHEHAUKYJAPHAs MPOTHBONOJIOK-
HO#t rpan. Hafitn nuomane nosyuusLierocs ceueHHs, ecid BhICOTA
nApaMHEl paBHAa h, a oTHomeHnHe GOKOBOM MOBEPXHOCTH K MJOMAfH -

OCHOBaHHA paBHO J/ 3.

. r

Bapuanm™ 4 )

1. B cocyn, copepxainuii 1 2 Bofib, U3 ABYX KPaHOB OHOBPEMEHHo
HAUHHAIOT HAIHBATb PAaCTBOPH! KHCJIOTH: H3 MepBoro — 10%-Hulii pact-
BOp CO CKOPOCTHIO | .4 B wac, a M3 BToporo — 20%-Huifl pacTBop Co
CKOPOCTBIO U 4 B Yac. Eciiit Gbt U3 nepsoro KpaHa nogasancs 20%-Heri
pactBop, a u3 Broporo — 10% -Hbiii pacTBop, TO KOHUEHTPARKS KHCAOTH

. 3
B cocyje focturaa Gul 3Hauenuss 5% wua 37 Mun mosxe. Haiitn v,
Y4HTbIBasA, YTO LSl MOJYYeHHS NATHIPOUEHTHON KOHIEHTPALHMH KHC-

JIOTHL B COCyAie noTpeGoBaljioch Goliee MATH MHHYT.
2. Pewiuth HepaBeHCTBO: ‘

log,(2x* + 3x + 1) < log, 2x + 2).
3. Ha#iru Bce pemenus ypaBHeHus: :

$VToos(E-x) S
42 ,‘,)SG x)—16,5f4°°”“‘“"=-.-§'logw 16

4. B tpeyroJsibHON mupaMue SA_BC ¢ BeplIMHO# S
84 =8C, SB = 2AC, AB = BC =1,5 AC.

‘ .qepeé ACu cepeuuﬁy D. peépa SB nposezesa miockocts. ITnomans

NOJIHOM MoBepXHOCTH MupaMuAsl SADC Goblile MIOMAAM NOJHON TO-
BepxHocTH mupamuasl DABC Ha BenHuuHy, paBHYIO IOWAAH OCHO-
Banus mupamupsl - SABC. Onpegenite yroa HakjioHa rpanu ASC k
IJIOCKOCTH OCHOBaHHs mnHpamupani SABC. oo :
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§ 16. - BHOJIOTo-NI04BeHHbift tdbakyabrer, 1967 r.

Bapuanr 1

1. HaiiTh Bce pelueHHst CHCTEMBI:
‘ 14 224 xy
x4y

log,1-y 2 =14y,
2. Pewmrb HEPaBeHCTBO:

=2—-y’

log

1 4
lo 2<— -
g?x_"'.‘. S sin'-’-;3~

x2—4
3. Haiitu Bce pellleHUs ypaBHeHHS:

cos (m - 3% — 2 cos? (m - 3%) + 2 cos (4 - 3%) — cos (7av - 3%) =
= sin (7 - 3*) + 2 sin 2 (7 + 3*) — 2 sin (4% - 3¥)+ 2 sin (n - 3¥)—
—sin (77 - 3). .

4.013 NpaBUJbHYIO YeTbipexyroabHylo nupamuny SABCD c sep-
muHOA S ¥ CTOpPOHOI OCHOBaHHS @ BNHCaH HIap, pajuyc KOTOPOro pa-
a ; :
* BeH Vs IMnockocts P, cocrasasioinast yroa B 30° ¢ MAOCKOCTHIO OC-
HOBaHM#A, Kacaercs Illapa M MepeceKaercss C INIOCKOCTbIO OCHOBaHHf,
- He MepeceKasich C CAMHM OCHOBAHHEM, 110 JIHHUH, MapaJlIebHOl CTOpo-
~ He AB. Hafitu naomanb cedeHHs] MUpaMHABI MIOCKoCThIO P,

Bapuanm 2
o 1. HaiiTu Bce pelleHHsI CHCTeMbI: -
‘ log,21 — 1 ¢ :
1+ -lg—’x-—_—y~ =log,_, 2. log,(x +y)
08 of ~ 21
V3sin2¥=2 — cos® —sin®,
: 2 2 2

2. Pemutb HEPaBEHCTBO: -
1
‘5 ]‘ng’-’-%—lo 2 < 10g313.

3. Haiitu Bce pelleHHsi YDaBHEHHSA:
2 sin? (m - 2%1) — 4 sin (n - 2%F1) 4 sin (v - 2%1%) +-
. + 4 sin? (n - 2¥) = 0. -
4.'B npaBuibHOR ueThipexyroabHofi mupamune SABCD ¢ Bep-

mHHO# S mpoOBEfeHA. CeKyillasi IMJIOCKOCTh P, mapajjiebHasi CTOpOHe - -
AB, npoxojsmas 4epes TOUKY KacaHMfA BIHCAHHOrO IIapa W rpaHH
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SAB u 4epes TO4Ky 3TOTO. wapa, Gimxafimyio K Bepmmue S. Haiitu
7oAk CeYeHHs] NUPaMHJibl IIoCKoCThio P, eciin AB = 1, SA =Kz‘_5.

Bapuanm 3
1. Hailitu. pewenns cucremst

L sin (I —y + x?) cos 2¢ = cos (y — 1— x? sin x cos X,

? +
. . 9yt+2x
10g2 QI_’I"C’ —- 2 -.—x,
YAOBJIETBOPSIOLIHE YCAOBHIO y — | — x2 4+ 2x¢ > 0.
" 2. PemuTh HEpaBeHCTBO:

: _ n
1Og(x-l)(:c-l-2) 4< IOg%_tg4 3’

3. Haiitn Bce pemwenus ypasuenus:

) paS s P .
2 cos? (z - 4*) — sin (- 4*H) 4 sin (n - 4 2)—2cos(n-4 7)=0,
4. B npaBuibHyI0 UeTbIpeXyroJbHyio nupamugy SABCD ¢ BepL-

HO# S M cTOpOHOl ocHoBanus d )/ 3 Bnncan iap, paguyc KoToporo pa-
d .
BEH 5" IMaockocets P, cocraBasiomas yroa B 30° ¢ TJI0CKOCTBIO OCHO-

BaHHsI, KACAETCS Mapa H ePeceKaer OCHOBAHHE THPaMHAEL 1O JIHHHH,
napaienbHolt cropone AB (TouKa KacaHusi miocKoctd P c 1Iapom Jie--

KUT HAXKe HeHTpa wapa). Hafitu niomaps ceuenns MNHUPaMHAB IJ0C-
KocTeio P, ’ :

" § 17. 3xoHomuueckuii daxyabrer
(oTHejeHne SKOHOMHUYECKO KuGepHeTnku), 1967 r.

. 4

 Bapuanm 1

»

1. KBazpaT mesoro moJioxHTeNbHOrO npocroro yucia N genurcs
(c ocraTkoM) Ha TpH, monyueHHOe HemoO/HOE wacTHOE nenutcs: (Ges oc-
TaTka) Ha TPH, YaCTHOE BHOBB (C OCTaTKOM) JENHTCSI HA TPH, H, HAKO-
HEll, NoNyyeHHOoe HEeroJIHOe YaCTHOE ONATb ¢ OCTATKOM JENHTCH Ha TPH
H faer B pesysabraTe 16. . Hafitu N.

2. PemuTh HepaBeHCTBO:

. < 2 — ’ -~ .
108 vem (=35 + >0
3. YKasarsb BuIp Beex TPEYTOJILHHKOB, ¥ KOTOPHIX CTOPOHBI COCTAB-
JIAI0T apupMeTHUeCKyio NporpeccHio, a YTJbl TOXKE COCTABJSIOT apud-
- ‘METHYecKylo mporpeéccHio.
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4 Peu[mb ypaBHeHue‘

2 Vﬁ (sin x + cos‘x) cosy =3 -l- cos2y o

- : o Bapuanm 2

1. Ksagpar nesoro nosoxuTtejabHoro unciaa N, yaemmetmbm Ha
BeBsTb, NeNuTCA 6e3 ocTaTka Ha HEMNOJIHOe YacTHOe OT JeNeHHA JHC/a
N ua Tpu ¥ paer B yactom 130. Haiitu N. ,

- 2 Pemuts HEPaBEHCTBO: ' . o

log, 1 (x2 + x—:-— 4) > 1. :
x C . ] - N .

*8. Yrast Tpeyronsuuka ABC orHocsaTca Kak 4:2:1,T. e A B:C=
=4 :2:1. JlokasaTb, 4TO JJjisl CTOPOH 3TOTO TPEYrojIbHHKa CHpaBej-
JIIBO PaBEHCTBO :

e P 1 1 1 -

B¢ T CAT aB )

4, Pemith ypaBHeHHE:
tg x-l—2tgx(smy-|—cosy)+2

Bapuanm 3

1. Ksanpar LEeOro MOJOKHTENbHOro uueaa N, yse.nnqeuuﬂn Ha
IBa, aenutcsi 6e3 ocTaTKa Ha HENOJIHOE YacTHOe OT Je/ieHHst N Ha yeTsl-
pe u gaer B pesyasrate 201. Haiitu N. o .

-2. PeulnTh ' HEPABEHCTBO: - A , , R

log 2% (xz-.—gx—l- l) 0,
prxx
3. YKa3aTh BUAH BCEX TPEYrONLHHKOB, Y KOTOPHIX 'CTOPOHEI COCTaB-

JI0T- FEOMETPHUECKYIO MPOrPECCHIo, a YIVibl apudme'mqecxylo.
4. PewnTb CHCTEMY YpaBHeHHii:’

tgix +ctg?x = 2sm2 -y, sin? y +cos?z =1.

§ 18. dkoHOMHUECKHIT (baxy.nbre'r
(oTaeneHHe MOAMTHYECKON 9xouomnn), 1967 r.

- Bapuanm” 1

1. lsa crpenxa cjenanu no 30 BEICTPENOB KaxJblf. ‘Ha mumenn
o6HapyxeHo 40 npoGOHH. CKOMbKO pas Monajl KaxAbiH, eclH H3Bect-
N HO, UTO y MEPBOrO CTPE/iKa Ha OJUH HeYJauHbIH BHICTPE/ MPHXONHIOCH
~~ B 5 pas Goibiue 'yAauHBIX BBHICTPEJIOB, 4€M y BTOpOTO CTpeJ'IKa?

2. PemnTh HepaBeHCTBO:

- : (logzt)z—logzt—2 >0




3. B-Kpyre pajuyca r npopefiena XopKa JHHE a. BLUHCAUTS M0~ -
Waab TOJNYYHMBINELOCS CerMeHTa. v -~ . .. © &0 . i
4. Pemntp ypaBHeHue: - ‘ ‘

12 — 6 cos? x —13'sin x = 0.

sEnpe Ut - e Bopuam-2 - - e oo oa

1. B Tevenue 6-yacosoro paGouero JHs ABa CTaHKa BMeCTé Mmpo-

pabotaiu 8 4 30 mur. CKObKO paboTan KaKaplil CTaHOK, €CJId U3BecT-

HO, YTO OTHOWICHHE PaGouero-BPeMeHH KO BpeMeHH MpPOCTOS y NEepBOro

CTaHKa B NOJITOpa pasa Goubllle, YeM y BTOPOro? ' -
2. PemmtbTHepaBeHcTBO: :

DR B RPN SRR o ’
3. B xpyre c nentpoM O nposenena xopfia AB. Buuucants mio- o
Majb MOJYYHBIIETOCS CerMeHTa, e £ AOB = a, a pagayc kpyra

paBeH 7. -
4. Peuwwts ypaBHeHHe:

29— 36'sin%x — 36 cosx = 0.

Sbeomles Lrraar Do

. Bapuanm_ 3

1. [lgoe pa6otix usroTosry: 1o “100" feraiei kaxauil. Us ob1me:*

TO YHC/Ia H3TOTOBJIEHHHIX Aeraie ‘70 OKasanuch ‘nepsoro coprd, “o¢s

TajbHbIE — BTOPOro. CKOJBKO JeTasieli “NEPBOro’ COpTa ' ~HSTOTOBHI

Kaxpiii paGounit, eciin H3BECTHO, YTO y nepBoro pa6odero Ha KaxaAyio

ZICTa/Ib NIEPBOTO COPTA MPUXOAUIOCH B 4 pasa Gonble Jeradeil BTOpOro -~ -°

copra, 4eM y BTOporo paGouero? ' =
<+ 2, PelwlMTh HepaBeHCTBO:.-. = = -

T QegytHalogg+3>0.

8. B paneunn ABCD croponst BC | AD, BC = a, AD = b,
£CAD = a. Haiith niomanp Tpanenuu. ‘
4. Peuntb ypapHenwe: ‘

. .. 13—9sin2x—15cosx =O0.. .

Bapuanm 4 CL

1. B reuenne 6-yacoBoro paGouero AHs obiee BpeMsi NMpocTos
ABY X CTaHKOB cOCTaBHJI0 8 YacoB 30 MUHYT. CKOJIBLKO NPOCTOSAN KaXJAbIH -
CTaHOK, €c/ H3BECTHO, YTO OTHOLUEHHE BPEMEHH NPOCTOST KO BPEMEHH -

. PaGOThl y mepBoro cranka B moATopa pasa MeHbIlle, YeM Y BTOPOro?

2. Pemmts HepaBeHCTBO: ' o

(logs#)® + 2 log,t — 3.< 0.




" - 8. U3 Toukn A, Haxonsmeics BHE Kpyra pajuyca r, IPOBEIEHHI Ka-
caresibHble K okpyxHoctH — AB u AC (B u C — TOUKM KacaHuf),
npuueM Z BAC = a. Bouncauts miaomanp A ABC. - -

4. PemnTb ypaBHeHHE:

11 — 16 sin®x + 16cosx = 0.

§ 19.” ®unonorudeckuit haxyabTer
(oTmeneHHe CTPYKTYPHOH H NPUKIAJHON JHHIBHCTHKH), 1967 r.

Bapuanm 1

‘ 1. U3 nepeBHH HA CTaHUMIO Bbiexad Ha noggoze 6Gpuragup. CHaua-
.Jla OH eXaJi 10 MPOCeIOYHOH Jopore, HOB NOJJAEHb BbleXaJ Ha mocce H
ocraBmHecs 20 Km NPOEXaJ CO CKOPOCTbio, Ha 2 km/4 Goapuiei. Okasa-
JIOCb, UTO 1O MPOCEJKY OH €Xal CTOJNbKO XK€ BPeMeHH,-CKOIbKO H II0.

“mwocce. B 11 4 30 mun us toil xe JepeBHH OTNPABHJICS BEJOCHIIENHCT,
CKOPOCTb KOTOPOro 110 JiI060# JOpore ofiHa U Ta XKe U BABOE NpeBbIiaeT
CKOpOCTb MOABOAH MO MpocefoyHoil jgopore. Besocunemucr oGoruai
NOABOAY W MPHObLT Ha CTAHIMIO Ha 5 MuH paHbile. o

Haiith paccrosiHHe OT AepeBHH A0 CTaHUUH H CKOPOCTH MOABOJABL
H BeJIOCHNENHCTa. '
. ‘2, Peunte HepaBeHCTBO:

log; (sin 4x + 2) + log, 5 > 2 — log,_sin 4x.
2 2

3. Pemmute cucreMy ypaBHEHH:

log,3 = log, 9, .
x*—Ty*+ 26 =0. :

4, V3 ppyx clefyolluX 3ajady BbiGepUTE ONHY H peilnTe ee:

4a) lau kpyr ¢ auamerpom AB. TpeGyercsa yKasarb Ha juamerpe
Touky C Takyi, 4TO CyMMa IJIOmajedl KPyros, IOCTPOEHHbIX Ha OT-
peskax AC u BC xaK Ha quameTpax, Gyner paBHa 2/; nJiomagy JaHHOrO
Kpyra. ,

OnumuTe cnoco6 MOCTPOEHHS] HCKOMOH TOYKHM C MOMOILbIO LUPKY-
a1 U JNHHEHKH. ’ ‘ )

46) KakuM YHC/IOM CrOCOGOB MOXHO DachpeiesuTb TPex 3K3aMe-
HATOPOB MEXAY 1 SK3aMEHYIOUMMUCS, eC/ii KaAbli SK3aMeHyloumui-
sl OMKEH OMpPalIHBaThCS XOTS Obl OZHHM 5K3ameHaTOpoM? OpuH 9K-
3aMeHaToOp MOXKET MpPOBEPSTb HECKOJbKO 3K3aMeHYIOLHXCs (XOTb
BCeX 7 9K3aMeHyiomuxcs). KpoMe Toro, He 06s3aTebHO, 4TOG! KaxK-
Jbifi. 9K3aMEHATOp K3aMeHOBaJ XOTs1 Obl OJHOrO YeJioBeKa.

Bapuanm 2 .

1. Tlapoxox fenaer pefichl MeXAy ABYMs TOpOmaMH; OH HAET c oz-
HOHl CKODOCTHIO NMpH Xopome# norofe ® ¢ Apyroi — NpH TJIOXOH
norojie. B moHeJeJbHHK XOpollas MOroja BO BpeMsl peHca CTosija

.
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- , .
Ha | u josbite, ueM maoxas. Bo BTOpHHK mapoxox e npu Xopoe# -
TMOTOAe CTOJILKO, CKOMLKO -HaKaHyHe NMpPH IJIOXOH, a NPH IJIOXOH Moro-
ne — Ha-1 44 mun mombuie. B cpepy mapoxox men npu Xopouuei mo-
roge Ha 2 4 30 mun Jojiblile, UeM HaKaHyHe, H MJOXasi MOr0Aa 3aCTHF-
Jla ero B 9 kx4 OT MecTa HasHaueHusi. B ueTBepr xopomas noroga M-
Jacb Ha moJaca foJbllle, YeM BO BTOPHHK, a 3aTeM [POH3OILIa aBapHs,
H TapoXOj CHHU3HJI CKOPOCTb Ha 5 Kmly.
Haiigute paccrosnue, KOTOpoe MPOXOAHJ MApOXOX 3 A€Hb, H CKO-
pOCTh MapOXOZa B XOPOLIYIO M IJIOXYIO NOTORY, €CAH Napoxoj el
noc/e aBapHy- Ha IoJjyaca AOJbILE, YeM 10 Hee,

2. Peiuure HepaBeHCTBO: : -

sin* x + cost x > E.

o]

3. Peumrte ypaBueHwe:
logs [(2 + V' B)* — (V' — 2 = 5 — 3 logy 2.
. 5

4. U3 1ByX crenyomux 3agaq BhLIOEpHTE OJHY W pellnTe ee:

4a) Jlan tpeyrompuuk ABC. Tpebyerca na cropone ‘AB HOCTPOUTH
npsiMoyrosibiuk ABD E Takoil, uTo ero nJjomianp BMecTe ¢ HJIOIAAbIO
KBajpara, MOCTDOGHHOro Ha cTopone BD, paBHsIach Gbl oAy Tpe-
yroabHuka ABC. - '

Onuumre cn0CO6 MOCTPOEHHST HCKOMOTO IPAMOYTOMBHAKA C NOMOMIEIQ
UHPKYJSA U JHHEHKH.

46) Cxoabko cylllecTBYeT IIECTH3HAUHBIX YHCEN, Y KOTOPBIX CyMMa
NePBEIX TpeX HU(P M CyMMa MNOCHENHHX TpeX HHDP OAMHAKOBH M
paBHH 6? . ‘

: ‘Bapuanm - 8

1. Mexny nocenkoM A u ropogoM I' HaxomsTes GeHsokoJoHKa B
M BOJOKaYKa B, Kotophie aensT paccrosune AI' Ha TPH paBHbIE YaCTH
(AB = BB = BIN. U3 A B I Buexanu «Bouara» u BEJIOCUMENHUCT, a
H3 [' B A OIHOBPEMEHHO C HHMH BbIEXAJ IPY30BHK, KOTOPHIA Y BOJIOKay-
KH pasMHHyJcs ¢ «Boaroi», a y 6eH30KONOHKH — G BEJOCHIMEINCTOM.
BesiocunemucT y GeH30KOJOHKH YBEUYMJ CBOIO CKOpOCTb Ha 5 Kmlu.
«Boara» noexana o I' U TYT e .noBepHy/aa o6paTHO CO CKOPOCTBIO,
Ha 8 xkm/4 MeHbuedi, yeM panbure. B pesyJibTaTte B TOT MOMEHT, KOTZa
TPY30BUK NPHOLIT B A, BeJOCHIEAUCTY ocTaBajiochk 10 B 7,5 #m, a
«Bosara» HaXomuaack Mexny buAds 14 kmor b.

Hafigute paccrosnne or mocesika K0 ropofia H CKOPOCTH MAIHH H
BeJIOCHIIEANCTA. - ’

+ 2. Pemmure Hepasencrso:

\

1 .
> sin2x,

o
sin?x tg e
3. Pewnte cucreMy ypaBHenuii:
x2 4 4y% = 96,

log,: 2 = log,, 4.
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4 e 1By X-clIeLyIOMUX: 33a%: BHIGEpUTE ORHY-H pelmTe ee:’ -
, - +4a) law GoIbiLiOf KPYT; BHYTPH KOTOPOFO: "HAXONATES . HEMepece::
_ KAIOWIHXC MEHBLIHX KPyroB.  Tpebyercs :MOCTPOUTH  KPYT; MJIOMARE:
KOTOpOTro paBHa mJjomajH GoJbIIoro Kpyra 3a: Bbl4eTOM MJomazei:

BCeX MEHBbUIHX KpYTOB.

Onuiunte cnoco6 MOCTPOESHH-UCKOMOTO KPyTra ¢ NMOMOILbIO LHPKY s

H JUHeHKH. .. . .. Lo I T
... .46)-KaxuM unc/ioM crocoGoB 6 pas/HYHEIX NPH30B. MOXKHO, pacHpese-;
JIATh -MeXJy S.y4aCTHHKaMH ILaXMaTHONO TYPHHPA, €CJIH KaxAblf mpH3
MoxeT GbiTh H60 BoObIIE He BpYUeH, JHGO BPYUEH TONLKO OHOMY IIAX-
. MaTHcTy? Kaxaplii [IaxMaTHCT MOMKET IOMYUHTE. HECKOJBKQ. MPH30B.
(xotb Bce,6 npuszos). Kpome. Toro,. pasyMeercsi, KamAplii LIAXMaTHCT.
MOXeT-H BooOlie He NMOMYYHTb NpH3a. T .

LT T Bapuanm, 4

.. 1. Vs crigoriisiofi Jentsl paGoumil Hapesaer KBAApaTMKH CO| CTO¥
posoit 1 cm.” Mmeercs JieHTa TPeX COPTOB: CpejHeil HMPHHB, 'Hd
1., .cm mupe ¥ Ha 1 ci yxe. B-mepsulii feHb ObIO 3aKasaHO Hape3aTh

2400. KBajpaTHKoB. Pa6ouH! oTpesan 1o KycKy or MIHDOKOH H OT ys-
KO#l JIeHTH!; [eMTMKOM HCIOMb30Bal HX U nbjiyix‘ﬁq;,rpgﬁj‘reioiog';(q:mﬁfeéfi‘
Bo. Bo Bropoil neHb 3aKasanmu Ha 100 KBagpaTHKOB Gosbiue. Toraa oH
OTpesall OT IHPOKOH JIEHTh KYCOK TaKo# JJIHHbLI, KaK HaKaHyHe OT y3-
Ko#l, a OT y3KOil — KaK HaKaHyHe OTLIMpokofi. B Tperuit neHb
6bu0 3aKasaHo Ha 500 KBaapaTHKOB GoJsblle, YeM B NEpBBIH;. paGouuit
oTpesasl OT WHPOKOH JIEHTH NIOJJOBUHY TOTO KyCKa, YTO HaKaHyHe,.a
BMECTO y3KOH JIeHTBI B35/ CPEZHIOI H OTpe3ali KyCOoK BABOE IJIHHHee, YeM
HaKaHyHe OT "Y3KO#H. . . - R -
- - HalizuTe MUPHHY JEHT H JJIHHB KYCKOB, KOTOpbIe OTpe3as paGouni.
- 2. Peliure HepaBeHCTBO: . - : o

X lqgg_(%c*: —x — E) 2 1.

‘3. Pelunte ypaBHEHHE:

! a, 1 2 VE 9 4." 3 2 _—1-.
,—lg—i—cosx 2{:05;:-[— le—[—cosx.—-gcosx-— 2

4. U3 1ByX ceayIomHUX 3aa4 BoIOEPHTE OFHY H DELIHTE ee: A

4a) Jlan npsamoyroipHuk ABCD, y Kotoporo cropoHa BC -
BTpoe Goabine, uem AB. Tpebyercs Ha mpojo/kenusx cropon AB
u BC oT10XuTb paBHbIE IPYT APYry otpesku BE u BF, uToObl cyMMa
nnomaneit TpeyroisuukoB ABF, FEB u ECB 6vina paBHa miomanu
npsIMOYTOJIbHHKA. ‘ - ‘

OnuuuTte cnoco6 MOCTPOEHHS HCKOMBIX OTPESKOB C MOMOMIbIO K=
KyJs H JHHeHAKH. ' ' :
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46) Amoﬁycme GKJIe‘l'bb Hymepymrwaa Bcemmomﬁumn»rxomﬁunar
AMH: BS: wecti 1udp;: ot 000000 10 999999.: CrosibKo: CylLlecTBYer Ho-
MEpOB;: COCTORIIHX TONEKO U3 nupp-0;:1: u 2,y Koropmx cymma nepsuxn -
TPpeX-UHPp paBHA cymMMme MOC/EAHUX TPeX- uucpp?

- Bapuanum 5 .. -

l Pa601me I/IBaHoa u ITerpos oﬁpaﬁamsaxor HeTaNd Ha XBYX CTAH:
kax-asToMarax. [lo miaHy oHM ‘JOJKHHI BEUTycKaTh ‘BMECTe 2000 neta-
Jief' B aenemo B repByio HEJeJTI0 062 paGoTanu’ ¢ OfiHaKOBOM: ‘ckopo

i0. “Bo BTOpyio' Hejlemo TleTpoB MOBHICHA CKOPOCTH 06pabOTKH;*HO:
H3:33“Gonesnty pa6oTasi TONBKO 2774 “BMECTO TIONHOH' paﬁoqeﬁ HEENn;:
T.-€} 41 7. B Tpérkio Hejiesio HMBanos yuen B OTMYCK; i BMECTO HETO!
nocrasuiu HosukoBa. HoBukoB notpatairl: 4 “Ha'*o3HakoMieHue ¢o'

CTaHKOM, MOCJ/e Yero HadaJ paGoraTh, HO /0 KOHI2 HEJENH paGoran Ha
MaJloii cKopocTH H 0GpabatniBas Ha 6 neraseil B yac MeHbiue, yem Ksa-
HoB. TlerpoB e BbI3JOpPOBeN M BCIO TPETHIO HEAENI0 paboTat ¢ Takol
€ CKOPOCTRIO, KK BO BTOPYI0. OKa3a/ioch, YTO B TPEThIO HEAIO GEIIO
BhiMyImeno Ha 1807 Aeraneil” Gojblie, 4eM B B'ropyxo o Ha 104 nera.vm
MeHblE, HeM B IIepBYJO. "

Jieit B uac odpaﬁa'rbman xaxmgﬁ pa60tmu B~ Kax
Henemo? Onpenenme npbn;enr BBIMO/HEHHS rmaaa B Kaxmyxb HE 1o
2., ' :

. .
. 3 3 ;
‘3~ Pemmb y dBHeHme: ' R

2log2x og, (13 — x) = logz(x — 10)2 + 2log4(8 — x

4 Us mByx cnenylomux 3aja4 Buﬁepme OJiHy M pelIHTe ee' 2 #

4a) I[aHa H¥paMKIa, B OCHOBaHHH :KOTOPOH  JIEKHT Knanparn ‘BBl
€OTa KOTOpOH paBHa CTOpOHE OCHOBAHHSI. Tpebyerca HOCTPOUTH Tpex-
TPaHHyIO PH3My, Y KOTOpOH BbICOTAa PaBHA JAHHOMY OTpe3Ky h, a B
OCHOBAHHH JIEXHUT PpaBHOGEAPEHHEI npamoyronbublﬁ TPEYTOMbHHK,
Takyio, 4To ee 00BeM paBeH o0beMy JAaHHOH MHPaMUJBL.

Onuunre cnoco6 MOCTPOEHHs OCHOBAHHS TIPH3MBL ¢ MOMOMBIO HHP-
KyJds W JIHHeHKH..

46) B HeKOTOpPOM psLy KHHOTeaTpa 2n MecT. KakuM umc/oM cro-
€0o60B MOXKHO PacCaliTh IO MECTaM 3TOrO PAAA 7 IOHOLIEH U n p,eBymex
TaK, 4ToOb! HHKaKHe JiBe NEBYLIKH HE CHIENH PALOM?

§ 20. tbaxynbre'r ncuxqaoruu, 1967 r.
Bapuanm 1
1. Yroan mexnay AByMS CKPeIIHBAIOLIHMHCS HPSMBIMH pasex 60°

. Touka A nexur Ha ofHOH npsMoil, Touka B—HA [PYroi, mnpHUeM -

PacCTOSIHUS OT KaMJAOH H3 3THX TOueK N0 OOLIEro meprneHAUKy/aapa

.o Al




CKPEMBAIOLIKXCSt NPAMEIX OJ\MHAKOBbL W PaBHBI PACCTOSTHHIO - MEX Iy
NPSIMBIMH.
Haittut yron Mexay o6mum TNepreHAnKyAsIPOM IPSAMBIX H NpsMOit AB.
OGpaTuTb BHHMaHHE Ha BO3MOXHOCTb HEOAHO3HAYHOTO PElIEHHS 3a/1a4H.
2. Ilpu KaKMX 3HayYeHUSX b ypaBHeHHe

bcos x - b-4sinx -
2cos 2¢x —1 (cos2x — 3 sin%x) tg x

nmeer pemenne? Halitu sto pemenue.

3. IocraToyno qu mpuoGpecty 4000 wTyK KadeabHbIX MIUTOK pas-
MepoM 10 cu X 10 cm fnst 06/NMIOBKYE BHYTPEHHUX CTEHOK GOpTOB Gac-
ceflia mromazeio 450 #%? MssectHo, uto Gacceiln uMeet dopMy p0M6a
a Bricota Gopra-paBHa 0,5 m.

4, Hafitn 4ncsia, OIHOBPEMEHHO SIBJISIIOLIMECS ueHaMK ABYX apuc-
MeTHYeCKHX nporpeccnﬁ

‘ 2,5,8, .., 332

7, 12, 17, ..., 157,
CKOJIbKO HMEeTCs TAKHX uHcen?
5. B npaBuibHOH 4YeTHIPEXYrOJIbHOH mNHpaMHIE C BHICOTOM y
U CTOPOHOH OCHOBaHHS X MJIOLIAajb OCHOBaHUA Ha 1 KB. ex. GoJblle MJIO-
HlaJH CeueHHs, MPOBEJEHHOr0 Yepe3 BepIIMHY MHpPaMHUAbI U JHATOHAJb
ocHoBaHHd. HafiTh 3aBHCUMOCTb y OT X M H300pasHTh ee rpadUuecKH.

Baptanm 2

1. JlBe BeplIMHB HEKOTOPOTO TPEYrOJLHHKA JEXKAT Ha pe6pe IBY-
rpaHHOro yriia. M3BecTHbl pacCTOSIHMS OT TPeThel BEpUIMHH TPEYTob-
HHKa JIO TPaHedl U yIVibl HAKJIOHA MJIOCKOCTH TPEYroJIbHHKA K IJIOCKOC-
TsM rpadeii. Hafitn oTHOmenne o6beMoB nupaMujl, HMeioIHX OCHOBa-
HUEeM JNaHHBHIH TPEyroJibHHK, a BepIUMHAMH — TOYKH, B KOTOPBIX mep-.
NEHAUKYAApHl K TPaHsIM, ONMyLICHHbIENU3 HEHTPa TAKECTH Tpeyro.nbuu-
Ka, mepecekdioTcs ¢ IpaHIMH.

2. Ilpn Kakux 3HaueHHsaX b ypaBHeHHe -

sin?2x 4 b __ b®— tg?x (cosecx — 1)
sin® 6x - cos 6x (1 4- cos 6x) 2 cos?3x

uMeer pewtenue? Hafitu 1o pemieHue.

3. Ilas W3roTOBJIEHHS1 KapKacoB MOJOTHSIHBIX JXOMHKOB KyGHuec-
Ko# (opMBbI HCHOMB3YIOT aJIIOMHHHEBEIE TPYOKH 1eHo# 2 py6. 3a merp.
Ha nokynky TpyGoK Al KapKacoB ABYX JOMHKOB H3DPacXOLOBajii
144 py6. Moxer /i cIyduTbCs Tak, 4TO OGUHH 06BEM HOMHKOB OKa-
}KeTcst MeHblle 50 u3?

4. Haiita cymMMmy 4uces, sIBASIOMHUXCS onﬂospemenno 4jleHaMH JABYX
apmlme'mqecxux Aporpeccuii:

5,9, 13, ...;
3, 9, 15,...,

€c/M M3BECTHO, YTO Kaxias mporpeccs comepxur no 200 ujeHoB,
& ' .

a .




5.'B ocHOBaHHY NepBOro MUAMHAPA JNEKUT KPYr paguyca‘ y, GOib-
HIero YeM PajMyC X OCHOBAHMS BTOPOro IMJAMHApA. Bricora mepsoro
UHJHHApa paBHa /g, BTOpPOTO /,. HafiTh 3aBHCHMOCTD y OT X H H306-
pasHTh ee rpacdHyecku, €c/H pasHOCTb MeXAY IJIOMmafbio’ G0KOBOH 1O-
BEPXHOCTH H MJIOMaAbIO OCHOBAHHSI IEPBOTO HUJMHIPA PaBHa MJIOWaLH
GOKOBOH MOBEPXHOCTH BTOpOI‘O‘

Bapuanm 3

1. O’i‘p&SOK AB naxoautcs Ha peGpe AByrpanHoro yria, M — tou-
Ka Ha OJ\HOH W3 rpaHeil, ylaneHHas ot peGpa Ha paccrosuue I Ilep-
NeHAHKYJSp, onyileHHb 3 M Ha Apyryio rpaHs, BujeH H3 A mox
yriom o, u3 B — nog yriom B, a paccrosiHHe OT IiEHTpa TsKECTH Tpe-
yronbuuka ABM po BTopoii rpanu paBHo m. Hafitu nauny otpeska AB.
OGpatiTh BHEMaHHe Ha BO3MOXKHOCTb HEOJHO3HAYHOTO PEellleHHsT 3a/1aUH.
2! Tlpu KaKHX 3HaUeHUAX @ ypaBHEHHE .

cos?2x _ (sec?x — l)ctg? x —a?
1 —sin 4% (sin 2x — cos 2x)?

uMeer pentenne? Hajitn 910 pemmene. R
3. B OCHOBaHHM YeTHIPEXYToJIbHOH MUPaMHJIBI JIEKHT npamoyromr

HHK, BCe ee GOKoBble pe6pa paBHbI, @ BBICOTa MHPAMHL PaBHA V2cnm.
ITo pe6paM MUPaMUABL CO CKOPOCThIO 1 cm/cex monser KyK. XBaTHT
JIH €MY JBYX CEKYHJ Ha TO, YTOOBI OHYCTHTBCS C BEPLUHHBI MHPaMHUMLL
no 60KoBOMy pebpy, eciiu BAOJb NEpUMeTPa OCHOBAHHS OH MPONOJ3aer
3a BOCEMb CEKYHJ? 4

- 4. Haiitu umcna, OJIHOBPEMEHHO  SABJISIOLIHecs 4JIeHaMH - JBYX
apmpmemqecxnx nporpeccui

3,7, 1, .., 207
2,9, 16, .., 709.

CKOJIbKO HMeeTcsi TaKHX uHcen? ° ‘

5. Bricota npsaMoyroJibHOro napaJienenunesa passa 0,5, a cropo-
HbI OCHOBaHHsI X Y y. HafiTH 3aBHCHMOCTB y OT X H usoﬁpasmb ee rpa-
(uueckH, ecau M3BECTHO, YTO GOKOBasi TIOBEPXHOCTH Mapailenentmnesa
paBHa TMJOMANH OCHOBAHHS.

H

Bapuanm 4

1. Ha zyx B3auMHO NepneHMKYAPHEIX CKDEIIHBAIOMHXCA Mps-
MbIX, KpaTuaiilee pacCTOsSIHHE MeXAY KOTopbiMH AB = h, jaHb ;e
ToukH C 1 D, U3 KOTOPBIX 0TPe30K AB BujeH MOA yraaMu a H f coor-
BETCTBEHHO.

Hafitu moanyio noeepxHocts nmupamuasl CABD.
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2. Ipii ‘KakHX 3HaYeHHsSIX @ ypaBHEHHe
: a2 | _ sintx4a®—2 -
.07 - 1— tg?x " Tcos2x .

uMeer peiuenne?: Haliti 970 pelenye. « - . 540 oo o ooy

3. IlpaMoyroabHbill yuacToK miomaznbio 900 u® HeoGXoAMMO Oro-
ponuTh 3aGCPOM, JBe CMEXKHBle CTOPOHBI KOTOPOrO KaMeHHble, a JiBe
Ipyrue — xepeBsinHble. ONUH MeTp JepessiHHOro 3a6opa crout 10 py6.,
a kamennoro — 25 py6. Ha ctporrenscso Bhizeseno 2000 py6. Xsa-

TUT, JIH 9TOH CyMMBI?
© 4, Hafitu uncaa, OXHOBPEMEHHO, SIBJIfIOLIHECs YIeHaMH apH(MeTH-
" YeCKOH IpOrpeccuu -

*

_ 12, 15,18, .. %
H_reoMeTpHeckoll — | | L

EEE IS

. © 1,879 . ) T
VsBecTHO, UTO KaXjas H3 TNporpeccui cofiepxir mo 100° diencs.’
" 5. 3ajaH UUAHHAD CPAAMYCOM-OCHOBAHUs X M Beicotod y. Haiith
3aBHCHMOCTD y OT X H H300pasHTh €e rPaguYecKy, ecH H3BECTHO, YTO
cyMMa mJomafiell OCHOBaHHH Ha 27 KBaJDaTHBIX €IMHHI MeHbile G0Ko-
BOH NOBEpXHOCTH. -




~ ) . I'~.TI ABA ]'u '4;.;
* OTBETbDI, PEIMIEHHMS H YKA3AHHSI K 3AIIAYAM,; - 1966 ro- 05

L

T § 21. MexaHuKo-MaTeMaTHUECKHT takyabrer, 1966r. -
- -, Bapuanm- I

1.OTBeT: 4 KMl -
2 2. PaccMoTpuM JBa cayuas:

1% sin x > 3 Torna naHHOe HEpPaBeHCTBO SKBHUBAJICHTHO CJIEAYIO-

3 8 cmemanuoﬁ CHCTEME: . L s
5+2(l—2sm3x) 3(2sinx—l). PR oY
smx>§ - : e
Wi S
@ smx+5) (smx—l) >0,
S sinx > >

W TaK Kak 2sinx +5>0, 10
sinx—1>0,
. 1
O'rcxona sinx =11, 3Haqu'r, -
= = + ks,

A

rae k npunnmaer BCE eJIbie 3HAYeHHs.
2°. sin x <-;—. B sm)M cjlyyae JaHHOE HepaBeHCTBO SKBHBAJICHTHO

crenyomedl CMelllaHHOM cHCTeMe: _
5—|-2(l —2sm2x) <3—6siny,
sin x < =

2 (sin x — 2) (sin x -|-%)’ >0, .

NN |
sin x < —, -«
- < ‘2’




H TaK KaK sin x — 2 < 0, To
' ) sin x+51‘\<0,

sin x <%. '

Orcrona sinx<——;— H, s»,ria-m'r,—%-:E +2kn<x<—3%'+2kn,

Fie k. TnpHHUMaer Bce LieJibieé 3HAUEHHs.

3. OGosnauuM uepes K u M TOUKH MPHKOCHOBEHMSI NAHHOTO LIapa
coorBercTBeHHO ¢ peGpamu SA u SC, a uepe3 O UeHTp JaHHOrO IIapa.
Torma ASKO = ASMO (puc. 4). B camoM jaese, 3TH TpeyroJibHHKH

Y

an. 4 . Pﬁc. 5

uMeloT obmiyio runorenysy SO M pasHble KaTetel SK = SM (orpesku
KacaTe/bHBIX, NPOBEJEHHLIX U3 TOYKH S K JaHHOMY wiapy). ITostomy
£LASO = £CSO. Hanee, uentp O RaHHOro Iapa JEeXHUT HAa BHICOTE
SP paunoii mupamuin (P — npsMoyrojbHasi MpoeKUHs TOYKH S Ha
miockoct ABC). Ilostomy SOP | AP, SOP | CP, u, suaur,
AASP = ACSP (3mv TpeyroJibHHKH NPSIMOYTOJIbHBIE, MMEIOT OGMIHit
KateTr SP u £ ASP = /£ CSP). CnenoBarennio, AP = CP. Ananoruy-
HO RoKaskiBaercsi, yt0o AP = BP.

O6o3naunm uepes F, E u D COOTBETCTBEHHO TOYKH MPHKOCHOBEHHS
Jausoro mapa ¢ pe6pamu AB, AC u BC. Ceyenne JaHHOTO 1iapa mJoc-
Koctbio ABC siBasieTcsi OKPYMXKHOCTbIO, BIHCAHHOH B TpeyroJbHHK
‘ABC u Kacaroueiics ero cropo AB, AC u BC COOTBETCTBEHHO B TOY-
Kax F, EuD. ' .

Hanee,

AOPD = NOPE = AOPF,

TaK Kak 5TH TPEYFOJbHHKH INpPSIMOYTOJbHbIE, HMelOT obmufi xarer .

OP u OD = OF = OF =r. Caenopareabio, PE = PF = PD.
Ho PA = PB = PC, 3HauuT, Bce -IIeCTb NpPSMOYTLOJBHBIX Tpey-
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i B = SR

roabHuKkoB APE, PAF PBF, PBD PCD u PCE paBHu, TaK KaK OHH -

" uMmeior paBHele KateTbl (PF = PE = PD) 1_COOTBETCTBEHHO DaBHhle

runorenysst (PA = PB = PC). Otciona caenyer, uto AF = BF =
= BD = €D = CE = AE, u, 3Hauunt, AABC ﬂpaBHJIbeIH,
P — UEHTP BMNHCAHHON B HETO OKPYMKHOCTH. |

Taxkum obpasoM, nupamuiga SABC npaBu/jbHasi. Oc-rae'rca BBIYHC~
JIUTh BBICOTY A mUpaMufpl. PaccMOTpHM ceueHHe mUpaMHJB H JaHHOTO
urapa niaockocteio SAPD (puc. 5). O6o3Haunm uepes N BTOPYIO TOUKY
nepeceueruss AD ¢ OKPYXHOCTbIO, [OJIYUEHHON NMPH NepeceueHnH
yKa3aHHOH MJIOCKOCTH C JaHHBIM map0M

Hmeem:

SO0 = rV3, OK =ON =r,
OP =SP —80 = h —r)/3.
M3 tpeyronsuuka NPO naxomum:

NP=Vr_(h—rV3)]

PD = NP, AP = 2PD = 2NP.
U3 tpeyronbhnka APS Haxomum: .
A=V T+ AP =Vrt+4[r —(h—rV3)T
Tax kKak AAPS ~ AOKS, 10 OK : 0S = AP : AS,
r_ 2Vr—(h—rvV3)
rVs Vh=+4[rz_(h_r,/3)21'

Vnpomaa 310 ypasaenue GyzneM UMerb:
'Oh® — 16rh )3 + 162 = 0.

M Janee

O'rcrona - _
= 8rV§ +4V3 .
= 5 ,

W'TaK KaK JOMKHO Gbitb h > r}/3, 10

,h—V3

4 IlycTs x M y — AJMHBI CTOPOH NMPSMOYTOJbHUKA, JIEKAIIEr0 B 0C-
HOBaHMH HOCTaMeHTa. Torja 1o yCJOBHIO 3afia4d BHICOTA 2 IOCTaMeHTa

paBHa )/ x® 4 y2, a ero nmoBepXHOCTh
a=2xy+2x1/x2+y2+2y1/m=;
=8+20c+y Vi tyi=
= 4 6 .
=8+2(x+ x)]/x”_;@ -

| =—8+2(x+g)ym.



.. H;SHauHT, p NPHHHMAET HaHMeHblllee 3HaUeHHE, €CHH _

Ed - . N I
NpHHHMaeT HauMeHblllee sHaueHue. Mmeem:

e ta(VFo i

[

g
o VEgme 0
T. €. o : . L
- Ho TorAA
| ‘ y=2,
z2=2)2. o

HauMeHslee sHaueHHe MOBEPXHOCTH TOCTaMeHTa PaBHO (Pain = 4):
Opin =8+2-4YT16 —8 = 8 + 16)/2 »2.

5. Ilpexxze Bcero saMeTHM, YTO €C/H’ (X, y,) — pellleHHe JaHHOM
CHCTEMBI (Xo, Yo — HEACTBHTENbHEIE UHCAA H X, = 0), T0 (X5, — ¥,)
TAKKe pellleHHe JaHHOH cHereMbl. HO Tak. Kak mo ycloBHIO cHcTeMa
J0JIEKHA HMETh €MHCTBeHHOe pellenHe, To y, = 0. HMrak, ecau cucrema
‘'MMeeT €JMHCTBEHHOE pellleHHe, TO 3TO pellleHHe JOJIKHO WMETb BHI
(x5, 0) (%, > 0), HO TOrAa U3 ypaBHeHHH cHCTeMH caepyerT, 4to a = 0,
b> 0, u ona npuHUMAaeT BHA: ’

) w=1 2 +y*=0b b>0.

Hs ypasnenuss x¥ = 1 caenyer, yto au6o x = I, ym6o y = 0.Ecau
y =0, 1o x = Vb u cucrema umeer pewenne (y/ b, 0). Ecin x = 1,
10 y2=b—1. Ecmm 0<<b<1, 10 cucreMa y *=>b—1, x =1
-pelieHut He uMeeT (M0 YCJIOBHIO 3aJaun y — AefiCTBHTENbHOE YHCJIO).
Ecau b =1, 10 cucrema x = 1, y? = b — 1 umeer pewenne (1,0),
. KOTOpOe COBIMANAET C pelieHUeM /b, 0), Hafinennev seine. Ecuu, Ha-
goHen, b>1, 10 cucrema x = 1, y?= b — 1 umeer JBa peleHus
(1, £Vb —1). Urak, naHHas cucreMa HMEET TOJBKO OJHO pelleHue
“ (V'b, 0) Torza 1 ToabKO TOrAA, KorAa @ = 0,0 <<b < 1.

’ .

N ' Bapuanm 2 )
1.0 1B éT: mnepBhil KopaG/b Bhillle] H3 NOPTa Ha 14 yacoB paHb- -

- e BTOPOro.
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2. O6nacts “Onpepeiemtis byHKitul, <
BXOJ.lHl]lPlX B JIEBYIO H NpPaBYKO qacm llalb
HOro HepaBE€HCTBa, TaKOBa g .

e, o< tgx +1.
INepenuceiBast Hepaaeﬂcmo B Bnne'
) (IOgtg x 3)2 - 1Ogtg x 3— 2<0,
3aKjioyaeM, 4T0 ,
—1<log, 32
PaceMotpum aBa cayuas:

I°. tgx>1. Torma log,,3>0 u
* HepaBenctBo — | < logy, 3 Bbmo.rmae'r- )
es. HepapeHcTBO Xe - Puc. 6

logy, ,3<2= logtgxtg x _
'BHINOJIHAIETCA TOLJA H TOJBbKO TOTAA, KOraa
3< gy,

. tgx>v3, 4
g‘-f’+ k'n<x<~i2‘-, + b,

TXe k npuHEMaeT BCE LeJble 3HAYEHHS. B . o
- 2°. 0<tgx<<1.B srou cayuae logy, ,3 <0, u, sHauut, Heﬁai

BeHCTBO logy ,3 < 27 BuIONHACTCS. ngpaBeHc'rBo — 1 < logyy

win log , (tgx) 1 < logy; , 3-BumoaHsercsas mpu yeaosuu (tgx) f>. :

>3 0<tgx 1 , OTKyJAa
k< x < kn+arctg—

roe k npnmmae*r BCe HeJible 3HAYEHHsl. '
3. Ilycte S — BepinHa AaHHON Hpamuppl, a ABC — ee oCHOBa-
Hue (puc. 6). OGosHaunM uepes D H E COOTBETCTBEHHO CEPEJMHbLI OTPES- .
KoB-AC u CB, a uepes O, u -0, ToukH, feasuue orpesku SD u: SE B
 OTHOUIEHHH - 2 1: -

50 _g S0 _o

0,D ' 0E

Touku O, u O, ABJISIIOTCS. TOYKAMH nepeceyeHns MeIuaH Tpeyronblffi-

koB ASC u CSB. 1llap, o KoTopoM rOBOPHTCS B YCJOBHH 3ajauH, Kaca- . ..
ercs rpaHei SAC u SBC COOTBETCTBEHHO B TOUKaX 0i u 0, a no‘romy‘

S0, = S0, co, = coz




RS

-

Orciona caenyer, 410 AS_O,-C = ASO,C, u, ciefoparenbo, £CSD =

— £ CSE. Tak xax SD =2 80,, SE = 3 50, u S0, =.80,, 10
g Tt 2

SD = SE. Orciofa u u3 npefpiayiero caenyer, uto ASEC = ASDC, -
nostoMy CD = EC u £SCD = £SCE. Uz pasencrsa CD = EC cie-

ayet, uto AC = CB. Tenepb MOXHO yTBepxaTh, 4t0 ASAC = ASCB
(SC — ux obwas croposa, AC = BCu ZSCB = £SCA), a, crneposa-

TeJIbHO, SA = SB.

[ToBTOpsisSl aHAJOTHYHBIE PACCYKAEHHs s rpaneil SBC u SAB,
nokaxeM, uto AB = BC n SA = SC. Hrax, :

. AB = BC = CA4,
SA =SB = SC,

1. e. mupamuga SABC npapuiibHas.

- Janee (370 Mbl MPEeNOCTaBJIsIEM JO0Ka3aTh YHUTATEJIO CAMOCTOSTENIb-
HO) Haji0 JI0Ka3arh, YTO LEHTp 1iapa, O KOTOPOM TOBOPHTCS B YC/IOBHH
8a/jau, AeXKHT Ha Bbicore SH nupamuapl SABC. Beuucnende papuyca
STOr0 1lapa TaKe MPeAOCTaB/sercs HYHTaTeIo. ITpuBonuM  TOJIBKO
OTBET: :

2V'3 tga——_n
: 6
r=——=x "
A 9 tg? -3
HIIH L .
) hsin“';“ O
r= 2% -
— . o —
4Y '3 sin 5 sin 5

4.TlycTs x ¥ y — JJIMHBI KaTeTOB, JEXKAllUX B OCHOBAaHHM NDU3MbI,
z— BBICOTA TpU3Mbl. Bripaxkas Bce AVIMHEI B MeTpax, OyjeM HMETb:
: 1 :

Bhyr=_, ‘ (1)
0,2 |
o <x+y+-2-) =2 o
CymMma pans Bcex peGep paBHa: .
=142 2 3z=1-+42 2 —— =
s +2x + y+mz +2x + y+25(1+2x+2y)
———— 12 2, 24
= (VI Y — aes 2y) 5"

Orciona clenyer, 4To ‘HauMeHblllee 3HAaUeHHE, PaBHOE 3 M

CYMMBI § JOCTHTaeTcsi PH YC/OBHH, YTO BhIpaXKeHHe, 3aKJIOYEHHOe B
KPYTJIEIX CKOGKax B NOCJIEJHEM BhIpaxeHHH, pasHo 0, T. e.

1+u+@=g




oTkyna

. Pemas cucremy ypasHeuuii
| sty=f ety =1
MOJIy4HM:
x=03m,y =04 m (u1u naobopor),
a u3 ypaBHeHus (2) néﬁneM:
2=0,8n, .

nay B cantiMerpax: x = 30cm, y = 40cm, 2 = 80 cm. -

5. TIpeanosioxuM, 4To faHHAS CHCTEMa MMEET DElleHHe, YAOBJETBO- .
psoilee  ycioBuio X + y = 0, uHAye roBops, INPEANOJOKHM, YTO
JaHHas CHCTEMa HMMeeT pellleHHe Bupa (x, — x). Torzaa ‘

#(+a) =@+

#*2—a =1, - (1)
Hpu'a = — 1 3712 cHCTeMa ypaBHeHH{i OTHOCHTENLHO X H @ COB-
1
MeCTHa H HMeeT OJJHO pelleHue: @ = — |, x = Sk

Ecau a s — 1, 10 u3s cucremsl (1) BhBOAMM:

B=0tl 1 (ctmTaémaaé.‘Z)
2 2—a

H, 3HAUHT,

otkyga @ = 0 u a ='1. Urak, ecau faHHas cucTeMa MMeeT pelleHHe,
YAOBJieTBOPsIollee YCAOBHIO 3aflaul, mo uin ¢ = 0, wii a = 1, uau
= — 1. OnHaKo yTBepXKAaTh, YTO BCE STH SHAUYEHHS 4 JAIOT OTBET Ha
BOMpoOC 3ajauH, Hejb3s, TaK KaK B YCJIOBHH Safjaid CKas3aHO, YTO 6CH-
KOe pEIeHHe CHCTEMbl JOJ/IKHO YIOBJIETBOPSITH YCHOBHIO X -+ y = 0.
Mnauye roBopsi, MOXKHO CKasaTh, YTO MOJNYYeH JAHIIb HEOOX00UMbIE
npusHak (Wi ¢ = 0, uid @ = — 1, uau @ = 1) toro, 4To JaHHas
crcreMa o0nafiaeT CBOMCTBOM, YKasaHHHIM B.YC/IOBHH 3aJlaul, H OCTaer-
Cs1 HCCJIefloBaTh ele JocTaToyHocThb. FTak, paccMOTpHM TpH ciayyas.
1°. @ = 0. IIpy 9TOM 3HaUeHHH @ JaHHAs CHCTEMA MMeeT JBa pelie-
HHsl (¥ M y 1O YCJIOBHIO 32J1au JefCTBUTE/bHbIE YHCIa):

1 ) :
) xs V2’ Y ye’ 2)x ¥ 2’ Y Ve
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. Toabko oauo us sTHX pemei‘mﬁ yroBeTBopsie
= 0. EE
2°.a=1. ,U.aHHax cHCTEMa MPHHUMAET BHJ;
- ' — y 2 ‘
- x’+x’y+xy-—l 0. .
Orcioga HaxXomuM:

‘ x3—y? =2
. 2x3 4 2x%y 4 2xy? — 2 =0,
wm : :
ot —yt =2 .
2¢% + 2%y + 2xy? —x* + y* =0,
B '

S X — s
(x +y) (= + xy + y’)‘—- 0.

Han noseM JefiCTBUTE/BHBIX —UHCeN 3Ta CHCTeMa  SKBHBaJIeHTHa
cnenylom.eu.

xs —— ys = 2'A
x+y=0..
Orciona x =1,y = — 1. ’
Hrak, npu a = | nauxas CHCTEMa ' HMeeT TOJ/ILKO ofiHo peuierue
=1, y =—1, u aa aroro pememm ycaosue x + y = 0 Bumnod-
HaeTCcA., -
¥.a=—1 I'lpn 3TOM 3HAYEHWH @ JAHHas cHcTeMa NpuHUMaeT
BHA: o o . .
‘ A 0'
—xy + xy

n uMeeT TONBLKO onno pelileHne x = 1/_ , Y= KOTOPOE YAOB-

1
_ Vs’
'Jlefl‘BOPﬂET yciaoBuio x +y = 0.

I/ITaK, BCE ‘3HAYEHHS a, ynoanersopmoume YCJIOBHIO sap,atm, TaKoO-
BH: @ = — 1 Ha=

Bapuanm 3

l O TBET o6pambu"1 I'IYTb 3aiss Gbl y TypHCTOB 16 Hacos, ecin
Gbl OHH BeCh STOT NyTh LM Ha Bec/aXx.
2‘ Pemenne:

s gher 52

l(3tgux)2 3l>2 3tgnx
- 92




" PaccuOTPM, ABA CAVHAN: . i, e et
CSSYE T

- (3™ _g.3¥™ _350, )
(3™ + 1)(3*™—3) >0,

’ 3tgnx>3, I R -
tgnx> 1. ‘ )
Orciona S
o | %+kn<nx§3§'+kn,
WM . - - B

NS
7 +hRL<x< 3 + &,
_Thie k TIpHHMMaeT BCe WeJbie SHAYEHHS.
L2 3<YE Toma

Y e g g
(3®™.43) (3% ™ — 1) <0,
e, , L
““Orciona LoAEmeSO
HaH : " '

— g Fh<x<k

rjie k npuHUMaeT Bce leJhbie SHAYEHH . i ,

. 3. Ilycre S — sepmnna panuo#i mupamuasi, ABC — ocHOBaHHe,
D, E, F —'coorBercTBeHHo, cepeuunl ¢ropon AC, ‘AB u BC. Ilnoc-
KocTh ABC nepecekaer HaHHHI IIap MO OKPYXKHOCTH, Kacalomefics
cropon AC, AB u BC coorBercTBeHHo B HX cepefunax D, E u F (puc. 7).
Tak kak BF = FC u BF = BE = EA, 10 BC = BA. Auajoruyso.
IoKaswbiBaercs, 4to BC = AC. Urak, AB = BC = CA, 1. e. Tpe-
yronpiuk ABC mipaBHJIbHBIH. 4

[Tycrs K — UeHTP OKpyMKHOCTH, BIHCAaHHOA B TpeyroabHuk ABC.
OGosnauum cepeminbl pebep SA, SB u SC cootBeTcTBeHHO uepes A,, B, - et
u C, (puc. 8). ITo ycaosuio Touku A;, By u C; NexaT Ha NOBEPXHOCTH
nauxoro mapa; AA;B;Cy npaBuiibHbIi, H €0 CTOPOHBI COOTBETCTBEHHO
napajnefbHel cropoHaM TpeyronbHnka ABC. CTopoHa TpeyrojibHHKA
A.B,C, paBHa TNOJIOBHHE CTOPOHH Tpeyrosbuuka ABC. Ilnockoctb
TpeyroiibiuKa A;B;C; nepecekaer AaHHHH IHap MO OKPYXXHOCTH,
OnmHcaHHOH BOKpYr TpeyronbHuKa A;B,C;. Ilyctb K; — ueHrp sToft
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‘okpyxHoctd; mpsaMas KK;- nepneézmxympua MJ0CKOCTAM:  0GOHX
rpeyroasuukos .ABC u A;B,C;. Tax kak K,Ay = %KA. KB, =

= %KB, K.C, = %KC,' TO TOYKH A,,' B,, C; mnpoekTHpylOTCA Ha

nnockocts ABC B cepeautsl A, By, C, otpeskos KA, KB u KC, 1. e.
B TOUKH MepeceueHHs OKPYKHOCTH, BNHCaHHOM B Tpeyroabuuk ABC,.
c orpeskamu KA, KB u KC. TaK KaK S — Touka Mepeceuenusr mps-
mbix AA; u BBy, Tompoekuusi TOuKH S Ha miockoctb ABC coBnajaer
¢ Toukoll nepeceuenns mpoexuuii AA, u BB, npambix AA, u BB, Ha
niockoerb ABC. TakuM o6pa3oM, MPOEKIHs TOYKH S Ha MJIOCKOCTb
ABC ectb Touka K, u, 3Hauut, nupamuna SABC npaBu/ibHas.

Pm:‘7.

Tlpoeknus WeHTpa [Iapa B MJOCKOCTb Ji06Oro €ro MjOoCKOoro ceye-
HHS COBNAJaeT C LEHTPOM STOTO CeueHHs, 3HAUHT, TOUKa K sBasiercs
TaKKe W mpoeKknuell neHtpa AaHHOro 1apa Ha miaockocts ABC. 3ua-
qur, neHTp O JaHHOTO wiapa JexHT Ha BhicoTe SK nupamups SABC.
TTpoBeneM elle ceueHHe MHPaMHABI H AAHHOrO Iapa MJOCKOCThIO ASK
(puc. 9). o

IMonoxum OA, = r. VimMeeM:

;= 0K 4 A, AK—Lap— 123

— a

5 V§
Ianee, Tak Kak A4, = A,K u AA; = A,S (A, — cepepHa oTpesKa
AS), 10 A,A, Il SK, 1 TaK KaK Touka O paBHOyJaJieHa OT TOYEK Ay n

A,, T0 O — cepenuna orpeska KK, rie Ky — mpoeKuus TouKH A, Ha
spicotry SK. Hrak,




‘rne:H = SK — BbICOTa Mupamufsl. Tenmepnb HaxoﬁﬂM‘i :
’ ' s=32%8F, SF=2
2 . 3a

H:=SK2=SP_ Kpt = 18 _ &

9a2 12’
H TIOTOMY : 4 ,
: N @ 168 5t
9.16. a® 12. 16 12 36 - 1622 '
OTKyJla .
_ V163 45a7

r 24a

4. Tlyctb X B y — ANMHBEL CTOPOH MPSIMOYTOJIbHHKA, JEXKAIIEro
OCHOBaHHM Mapa/ijieJlenunesa, a 2 — ero BbICOTa. :

Torza .
xy =1,
4x + 4y + 4z = 20,
i - -
’ oxy =1, .
=5—(x-+y.

" Inowanp nosepxXHOCTH MapajielieNHnesa paBHa:

0=2+4+2(x+y)z=2+10(x+y) —2(x+ )

Sra GyHKIHMsS JocTHraeT HauGoJbllero 3HaueHHs NPH

x+y=—:-.

Pemas cucreMy
5
xt+y= 50 ¥y = 1,
oty auMm:

x=2y= % (11 HaoGopor)

-H pajnee z = -:—.

5. [Ipexne Bcero saMeTHM, 4TO €C/IH (X, Yo, 2,) PElIEHHE NAHHOMH
CHCTEMBI, TO (— X, — Yo, 2;) TaKKe pelleHHE AAHHOH CHCTEMbI, H,
3HAuMT, 4JIsl TOro 4Tobbl CHCTEMa MMeJa TONbKO’OfHO pelieHHe, Heob-
x00umo (HO He JHOCTaTOuHO!), YTOGHI pelIeHHE CHCTEMbl HMEJO BHJ

(0, 0, 2). Ipu sToM yc0BHH HaHHAs cHcTeMa NpHUMeT BUJ;

2 =g,
z2=020,

f
22\ =

’ .




0 W ooTa cHcTeMa’ ﬁyner muex;b 'rom;x;o ,,o;mo peuieHHe;, coorse*rcmenao\
©,0, 2 0, 0, — 2), BAByX cilyudsnx: d=b=2na=>5==2
. Urak, 11s T0ro 4ToGH NAHHAS. CHCTEMa HMeJia TOJIBKO OJIHO pemle-

HHe, HeoOxo0uMmo, 9To0bl Wi @ = b =2, wm a = b = — 2.
1°. Iycrs @ = b = 2. CucréMa npuHUMAET BHAL T
. ;cyz + 2= 2 D
. xy2t 42 =
. xs + yz + 22 =

H HMeer GoJiee YeM OfHO pemerme* nonaraﬂ  HanpuMep, z=1, no.nyth'

’ y l e YT T
- x4+ y? o '
H TaKUM o6pasou Haxomm yerspe paanuqnmx pelueHus.
' 2° Ich'rb a —“b =- 2. Torza JanHas caCTeMa’ npuumaer BHA :
: xyz +2=2=9, L e
xyza+z_—2 S e . . N

R P A
' Pls nepsblx ABYX ypaBHemm CHCTeMBI naxonuM' :

‘Q:T;Kyna\!lw 2=
BHA: T
: .- 2xy 0 ' ' ;
4xy = 0 E o
x2 4y .
o'rxyna x =9y = 0 ¥ eMHCTBEHHOE neucmmeubaoe i }teaue CHCTEMbI
©,0 —2) Ec.:m z2=1, TO CHCTeMa MpUMeT BHI: ‘ :
' xy = — 3,
Xy =—3, : '
x4+ y” = 3

5

1 B

Orciona -
- x4 xy +y°
M TaK Kak X H Y RefCTBHTE/IbHbIE UHCAA, TO H3 nocnep,nero paBeHc'raa -
caenyer, uto x = y = 0. Onuaxo (0, 0, 1) He AB/AETCS pENICHHEM CH-

CTeMB. :
‘Wtak, TonbKO NpH @ = b = — 2 [aHHas CHCTeMa MMEET H IPHTOM ‘

TobKO ofHO peinenue x = 0, y = 0, z = — 2 (UpH yC/IOBKH, KOHEd-
Ho, uTO0 @, b, X, ¥, 2 — JJ,eﬁCTBPlTeJleble 'mc.na) ,

Bapuaum 4

1.O1BeT: AB—300rcM )
2. O6nacTh OmpefeneHns yHKIHH, on;mmux B JIEBYIO H npasyxo

uacta HepaseHctBa: 0 <sinx <<l. - . ) .
96 ‘ .
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 Tepennimen faHHOe HePABEHCTBO TaK:

(logsin £2P—2 10gsia 2—3< 0
u ~

(logsin x 2— 3) (IOgsin x 2+ 1) <0;

TaKk Kak 0 <sinx <1, To logg,,2<0
H, 3HauHT, logg, .2 —3 <0. Takum o6-
pasoM, HMeeM:

logsinx 2>—1= logsin x(sinx -1,
- Orciona

(sinx)"1>2, 0 <sinx < %

M, 3HAUWT,

2kn<x<£ + 2k,

2kn+ <x<(2k-|— 1) =,

rne k npuHuMaer Bce mesble 3HaYeHHs.

3. OGo3HauuM uepe3 D u E NpOeKHUHH TOUKH S Ha cropoust BC u
AC, auepes F u K — mpoeknuu Touku C Ha cropowst SB u SA
(puc 10). TIycte Oy 1 O, COOTBETCTBEHHO TOUKH MEPECEUEHHS BBICOT
tpeyronbankoB SBC u SAC. Torga COy = CO, v SO, = SO,, a noto- -
My ASCO, = ASC02 Us paBeHcTBa ASCO,= ASCO, cnenyer, uto

Hanee, Tpeyroabunku SCD u SCE npmoyro.nhnble uMeroT o0LLyIo
runorenysy SC u paBHeie yras: ZCSD = ZCSE. CaenoatefbHo,
ASCD = ASCE, a notomy £SCD = £SCE.

Hanee, ACSF = ASCK, Tak Kak 9TH TPEyroJbHHKH npSMOY oG-
Hble, HMeloT obuLyio runotenysy SCn LSCF = ZSCK.

O'rcxona caenyer, uyro- ZCSB = ZCSA. ’

"Teneps sicho, uto ASBC = ASAC (ctopota SC obwast # YIrisl,
npuJexamue K 3Toll CTopoHe B OZIHOM TPEYrOJIbHUKE, PABHEI COOTBET-
CTBYIOUMM yTJaM,Ipu/iexanuM K toii xe cropone SC B ,upyrom Tpe-
YTOJILHUKE). :

3nauut, SA =SB u éASC — /CSB. Auanornumo - noxasusae'r-
cs1, ut0 SA = SCu £LASB = £ BSC. Urax,

SA =SB = SC, " ‘\ -
/BSC = £ CSA = LASB,

a noromy nupamuga SABC npasuabpHas.
BoluncauM anuny b ee 6okosoro pebpa.

[Tnockuit yron npu BepmIMHE paBeH g Uyrateno mnpepiaraercss
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- IOKa3aTh CaMOCTOSITE/ILHO, WFOTHEHTp 'apa, 0" KOTOPOM FOBOPHTCA B,

YCJIOBHH 3ajiauH, JIEXHT HA BHICOTE MHPaMUK SABC, onymeuaoﬁ us -

" TouKH S Ha ocHoBaHHe ABC.
Hwmeem (puc. 10):

CD=bsin & SD=bcos%,
6 6

2CD = 2bsing, AD =BCYE =

oD=Ltap=_4
. 3 ; AD V3
W3 tpevronbuuka CSF umeeM: SF = b cos g Ua TpeyrosbHuKka

© O4SF nmeem:

S0, — -SF 3 -
° it
‘ cos 6 cos 6
Ila.nee AODS ~ A QSO; (Q — ueHTp jaHHOrO IIapa), caenosa-

) TeJIbHO, QO0, : SO, = OD : 0S, ¥ TaK Kak

0S=VYSD*—0D*=bp Vc052 € sm2 0(;

réos% o bV's‘—sin%

o — o
b cos by 3 |/ 2% _sin? &
cos 3 15 3 cos 6 \sm '3

Orciona -

rctg—- -
V 3cosz— —sm2 g =

COS -

. r‘ tg a tg a’ . a '
C - _— . cig —
.- . 6 2
: =—-6—‘/3—4sm22 = .
: g - 6 cos-Gi sin g
%3 - 3 6

a4, HYCTb X H y — Karerbl 'I’pCYl‘OJleHKa Jiexxaulero B OCHOBaRHI:

HpHSMbl Toma
xy =4,

',/ X2+ y2 = Z — BBhICOTA NPH3MBLI.




1Iee 3HaueHue 6y,u.e'r HMETb CyMMa

0BAS OBEPXHOCTb TIPH3MBL/PABHA! 1 & 1.

7 . T

o=+ y UFFT) = ey + VTR VAT
et YRrE) et
—(x 45+ V e+ =) V(x+2)—s

ST10 BhIpaxkeHHe 6y11€T HMEeTb HauMeHblllee 3HaueHue, €cJIH HaHMEHb-

—_— 2 -
- x—l-i:(l/x—-—%:)—l-i
x ) Vx/) '
Orcioga caeayer, 4to 0 Gyner UMeTb HaHMeHbllee 3HaUEHHE NPH
x = 2; npu 3TOM . .

S +V16—’8)1/16—8='8(V“§+41) w

BennunHa BTOPOTO KarteTa y=2; B OCHOBAHHH NPH3MbI C HAHMEHbIUEH .
GOKOBOH MOBEPXHOCTHIO JIEXKHT DABHOGEAPEHHBI  MpSMOYTOMbHBI
TPeyroNbHHK C KaTeTaMH, PaBHBIMH 2 M.. . o

5. [laHHasi CHCTeMa JOJXKHA MMeTb XOTsi Gbl OfHO pelleHue, HaTpH-
mep, npu b = 0. Ho npu b = 0 oHa npunuMaer BuS: . "

DI =1, a+ a2y = 1. .

Orciona qmbo x = 0, Torma a = 1, y — mo6oe uncno, 6o a = 0,
TOTJa €I X — JoGoe JefiCTBUTENbHOE YHCJIO, He DaBHOE HyJIO, TO
Y= & ) ‘

Urax, neo6xodumoe ycnoBue TOro, 4To JaHHAs CHCTEMA TPH JIOGOM
LeACTBUTEIHOM 3HaYeHuH b MMeeT XOTS Gbl OFHO pellienne, TakoBo:
WiH ¢ = 0, nau @ = 1. Oguako 370 yCJIOBHE MOXKET OKa3aThCsl Hejo-

cratounniM: [IpoBemem HccaenoBaniue.
[e] .
1°. a = 0. [JanHas ¢ucreMa NpUMET BHJ:

(b2 4+ 1) =1, dxy + =2y = 1.

Tak kak sgecs b — moGoe feficTBHTENBHOE YHCIO, TO H3 nepBoro ypas-
HeHus HafigeM: y = 0. Ho npu sToM 3HaueHHH y BTOpOE ypaBHeHHe
bxy + xy = | ‘me ynossrerBopsiercs. '

TaK, ecqi @ = 0, 10 He npu aobom 3Hauenuu b cucreMa umeem
Xorsl OBl OfHO pelieHMe. ' '

2°. a = |. Jlannas cucrema npuMer BUL:
' 2+ 1) =1,
bxy + x%y = 0.
Ora cucrema umeer pewenue x = 0, y =0 npu moGoM AeficTBHTENb-

- HOM 3Hauyenuu b.
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o Wtax, paHHas cHcTeMa npH MoGoM b uMeeT X0t Gbl ONHO pellleHue
o TOTJa H TOJIbKO TOTJA , KOrja a = 1. - ’

Bapuanm 5 o N

1.OTBet 3a 40 mun. . :
AR 2, [TpexJie Bcero saMeTuM, YTO AO/IKHBI GHITH BHITIONHEHb! HepaBeH-

N n
cTBa X 7%= km, x = 5 -+ kxm, rae k npHHEMaer BCE leJibie 3HAUEHHS.

Hanee,

© 2
tg?x

»

’tg2x<\1—

‘ . tgtx < |tg?x—2| .
Ecau tg2x > 2, 1o tgix — tg2x +2 <0 — HEpaBEHCTBO pellie-
Huil He umeer. Ecan xe tg2x << 2, TO HepaBEeHCTBO NMpHHUMAET BHA:
tgtx +tg2x—2<0

HJH
(tg?x +2) (tg2x—1) <0,
" OTKYZa . '
: o<tgrx<l,
HJu -
) 0<ltgx] <1,
HJIH

Tl <tgx<O, o<tgx <1,
M OKOHYATeJbHO ’

2

kn<x<%+kn,

—% Fhn < x<km,

e

* rfie k NpHHHUMaeT BCE UeJible 3HaUeHHs.
3. Tlyers O; ¥ O, — UEHTPBI OKPYXKHOCTE, ONMHCAHHBIX- BOKPYT -
rpaneit SBC u SAC. Tax Kak CO; = COy, SO; = S0,, To ASO,C =
= A S0,C u, suaunut, £CSO; = £CS0,. Ho no yciosuio ZCSA =
= £ CSB, sHauut, £0;SB = Z0,SA. :
OGosnaunM yepes D u E COOTBETCTBEHHO-CEPENUHBL pe6ep SB u SA.
Sicuo, uto O,D | SB u 0,E | SA. Ioaromy AOSD = AOLSE n
notomy SE = SD, 1. e. SA = SB. : :
AHasorHuHo noKasbiBaercs, uto SA = SC. Urak, SA =SB = SC.
Ho TaK Kak MJIOCKHe Yrbl MPH BepliHHe S paBHBEI Mexay cOGOi,
10 paBHOGexpenHbie Tpeyroabankd SAB, SBC u SCA TaKxke paBHBL -
Mexzy coboii, n noromy AB = BC = CA. Taxum o6pasoM JoKasaHoO,
yro nupamuza SABC mpasuibHas. . .

~
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,..JlokaxeM: Tenepb, 4T0 UeHTp. Q HaH-
HOro 1apa JIeXHT Ha .Bhicore SO mupa-
munpl SABC. LleHTp naHHOrO Iiapa .Je-
KHUT B JI000H MJIOCKOCTH, NEpIeHIUKY-
aspHoit rpanu SBC u mpoxoismedl uepes
touky O;. Tak Kak ASBC paBHoGenpeH-
Hbifl, T0 Touka O; JIEXXHT Ha €ro BLICOTe
SF (puc. 11). Tak xak SF u MeguaHa
rpeyronbiuka SBC, t10 AF — BhicOTa
tpeyronbuuka ABC. A

ITposenem Tenépnr depes mpsaMyio SF
MJIOCKOCTb,  MEPNeHFUKYJSPHYI0 TpaHd
SBC. Tak KaK 3Ta MJOCKOCTb MepreHju-
kynspia BC, To OHa mnepeceuer mJjoc-
kocTe ABC mo mpsiMoH, mepneHguKyJisp-
Holt K mpsiMoii BC, 1. e. no npsmoit AF.
TakuM 06pasoM, MJIOCKOCTb, NPOXOAsillasi Yepes SF mepneHAuKy.sap-
Ho rpanu SBC, ectb niockocts ASF u nentp Q paHHOro mapa JieKHT
B 3TOH MJIOCKOCTH. :

AHaZIOrHYHO NOKa3eIBAeTCs, TO LEHTP Q NAHHOTO WIAapa JIEXKHMT B-
nockoctd BKS. Ho atu siBe nockoctd ASF u BKS uMeror e ofimue
ToukH S ¥ 0, 3HAUUT, OHH MepeceKaloTCsi Mo npsmoit SO (BbicoTa nMpa-
maet SABC) 4 LeHTp Q ZaHHOrO 1Iapa JEXHT Ha STOH MpsMOii.

Teneps u3 Tpeyrosnbiuka CSF HaxoguM: ‘

-

SF = bcos 2, CF = bsin2,
.2 2

e

Hanee;

CF = %Bc, BC = 2bsin % ‘AF=1§§30= sz‘sin%, ,

b .a
OF_—V§ §1n2.

Hs tpeyronsuuka SO,D Haxomum: i’

’SO, _ SD — .b .
cos 2 2 cos g
2 2

Teneps u3 nogo6us Tﬁeyronbﬂhxoa OSF u QO:S Haxonum:

S0, _ o
0,Q oF’
— b . .
0S = y/ SFE_0F =7§V'3cos§%—sin2i‘2i N
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¥, 3HAUHT,

. be? sin %" o «
0Q=r= . b - — = ’
: 2 cos 503-—]/—§V3c052%—sin2(21 L
[ o a4/ e
btg = ¢ —V in &
: €5 big 2 .tgz sin 5

— =0
2 T

. . 0O ) . 3a . 3a
2]/3—451112.§ Csin .. V sin

si e )
, T
4. Tlycte X M y — JMUHBL  CTOPOH MPAMOYTOJNbHHKA, JIEXKALLEro
B OCHOBaHWM MapaJiesienunesa, a 2 — ero sricora. Toraa -
Xy =2,
2(x+y)z=18.
CymMMma niuH Bcex pefep paBHa -
g : 9
s=4x+y+)=4@x+y+ —)
x+y+2 (x+y+ +y) ‘

Bhipaxenue, 3ak/ioueHHOe B KPYrJblX cKoOKaX, HMeeT HaWMeHb- .
lee 3HaYeHHe MpPH yCaoBuH, 4To X + y = 3. Pemas cucreMy x+ y =
=3, xy =2, nonyuuM x = 2, y = 1 (unmm nHaoGopor). Ilpu atoM
.-z = 3. MunuMaJibHOe 3HaueHHe CyMMbl JUIMH BceX.pebep mnapasJjere-

+  nHUmega paBHO: ' . - ;
s=4(+2+3) =24 om. - A

5. TMonyuum 37ech, KaK H BBILE B aHAJOrHYHLIX 3aJauaX Npemniay- ..
1MX BapHaHTOB, CHauajia Heo6xo0umoe yciaoBhe. 3aMETHM,, UTO €C/H ‘
(x, y) — pellleHHe JaHHOH CHCTEeMbI, TO (—X, y) TaKke pellleHHe. laH-
1ol cucreMbl. ITo3TOMY ec/iu JaHHasi CHCTEMA HMeeT TOJIbKO OAHO peiue-
1iie, TO 3TO peieHne RoJKHO uMeTb BUZ (0, y).

TTonaras x =0, npuBegeM cHcCTeMy K BHIY:

y=1—a, y2=1.

.

' - Orciopanmma =0, umma = 2. i
Utag, neo6x00umoim YCIOBHEM TOrO, YTO JaHHAsi CHCTEMa HMeeT . j

TOMBKO OJHO pelleHHe, sBJAsSEeTCsl ycJoBHe: HIM a = 0, Ul a = 2.
HcciieryeM, 10CTaTOuHO JIH 3TO YCJOBHE. -
1°. @ = 0. Cucrema npuHHMaeT BUL:

’ y=2"+1ul—=[xD

T ‘ y2=1—x2% -

HUs mepBoro ypaBHéHuﬂ (u- Toro, uro |x| =V 1—y? <1 7
caelyer, 4Ytro y > 1; w3 Broporo: y < 1, npuueM B oﬁo.nx;.~
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R

- Takum ofpasoM, B ciayyae a = 0 cucre-
" Ma UMeeT H MPHTOM TOJBKO OXHO rel.ue- ;

pasﬂeanax y =1 TonBRG" npn x=0."

une (0,1).
© 2% a=2. Ilal-maa cHcTeMa npmmma-
eT BHA:
y=2"—2+x| (I —|x),
. xz + yz — 1
Ee pemeHHsIMH SIBJISIOTCS, HalpHMep,
(1,0) ® (=1, 0), T.e. mpn a=2
cucreMa uMeer OGoJjiee opnHoro peie-

HHS. o ,
OxoHyaTeJbHO: 4TOOBl JaHHas CH- Puc. 12 .
creMa HMeJia H MPHTOM- TOJBKO OAHO pe- R
meune, Heob6x00umo u docmamouro, YTOOH! BLIMOMHANOCH yc.nonﬂe

“aq=0.

Bapuarnm 6
1.0tBer: Ecmu ckopoctd v; u v, nonox pas.mtmu, TO MepBoOH
npujieT nepsas JOAKA .B clyyae A = 2 <1 Bcnyqae)\.> I—

14 85 U -
BTOpasi; B C/Iyyae 7» = l—ozmospemeﬂﬂo
2.0tser - + k< —l— k,

roe k- npmmmaer Bce 1eJibe 3Haqeuuﬂ

3. HYCTb K u K’ —r0uRy nepeceyeHrss GUCCEKTPHC (‘OOTBeTCTBeI-}-
Ho rpaneit SAB n SAC (puc. 12). Tak kak SK = SK’, AK AK',To
ASAK = ASAK’, caenoBaTelbHO,

ZASK = £ASK', ZSAK = /SAK',

. H ToTOMY

LASB = £ASC, /SAB = £SAC. =
Us nocnezmnx PaBeHCTB CJeAyer, YTo ASAB = ASAC wu, sHauuT,

-AB = AC, SB = SC. AHanoruqu JOKa3biBaercs, 4To AB BC u

SA = SC I/ITaK
B AB = BC = CA; SA =SB = SC,

T. €. nupamuga SABC . upaBuibHas.
Ilycrs AB = a. Toraa

¢ .m. ANABC =_2 if , .
I 2V3 _ ath h V30 4V 30
= 3 1 4V3' =T &
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~H H3: Tpeyronbnnxa SPE .. ... .
B . a2

, SE® = SP?
Us tpeyrobuuKa SQE HaXORHM:
) : : * QE=SEsin, .

H TaK Kak QE = %, O

a 482 . @
'4\—]/ +12 s Sy

Pemas sto YPaBHEHHE OTHOCHTeABHD 4, Hafizem:

3 48v sm —

a =
' l Sm V'/ sm3_“
3—451n2-—

ITepumerp ocHoBaHuS

3a = 6]/5111_ Vsm3—a°'

4. TTycth AMMHBI CTOPOH MpPAMOYroJbHHKA paBHH x M y. Toraa,
x? 4 y2 = 25.

Bec JamcTa haHephl BMeCTe ¢ BECOM NPOBOJIOKH;"KOTOPOH OKaHTOBa-
HO OTBEpCTHE, PaBeH

p=2-100—2xy +2 -7(x+ y.
Uz cootnomenus x + y* =25 uan ( x + y)? — 2xy = 25 Haxo-
M _ . -
2y = (x + y)* — 25

H, 3HAYHT, .
p=200—(x+y)?+25+ 14 (x+y) —225—
—[(x+y)2— 14 (x+y)+49—49] .
=274 — (x +y—D*. |
Qrciona scHo, 4t0 p Gyner WMerb HamGosbllee 3HaueHHe, paBHOE
274 rpaMMaM, eciH X + y— 7= 0. Pewas cucremy x +y —7 =0,
x% 4+ y% = 25, HaiigeM x = 3, y = 4 (unm HaoGopor).
5. CHCTeMa JOMKHA HMeTb pellleHHe, B YaCTHOCTH, mpH b = 0.
Ilpu b = 0 oHa npuHMMaeT BUA: :
1l =a?,
(@a—1) x®*+ y“ =
Orcomammia = 1, nmia = — 1.
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* WTaK, -#eo6x00uMbLM YCIOBHEM TOTO, UTO JAHHAS CHCTeMd MMeeT Xo-
751 OBl OZHO pellleHHe NpH JiroGoM NeHiCTBUTE/ILHOM 3HAUEHNH b, ABJiseTCS
ycioBue: ik @ = 1, uim @ = — 1, HccnenyeM AOCTaTOYHOCTH 9TOrO
yCJIOBHSI.

1°, a = 1. CucreMa npHHUMAaeT BHJI:

20 + 2by* =11, y® = 1.

Orciona y = 1. Onnaxo, HanpuMep, npu b = 1 nepsoe ypaBHeHHe
CHCTEMBI PellleHHH He UMeer. -

2°. a = — 1. CHcreMa nmpHHUMaeT BHJ:

. 20% = 1’ S
b 2x’3 + ys = lo . s

Ipu moGom b oHa mMeer peuienue (0,1). o

Wrtak, pias Toro 4ToGbl JaHHAsi CHCTeMa MMefla XOTsl Ob ONHO pe-
1IeHHe NpPH JIo00M 3HaueHHH b, neobxodumo u Oocmamouno, YTOOHI
BBINOJHSJIOCh PABEHCTBO @ == — |.

§ 22. dusnvecknii dakyanter, 1966 1.
o Bapuanr 1

1, JlaHHOe HepaBeHCTBO SKBHBA/IEHTHO CJEAYIOMEMY:
' (lg2x—3lgx+ 1) lgx>3,

HIu
(lgx—3) (lg2x+ 1)>0,
HIH
, g x >3,
OTKyZa . ~
' x > 1000.

2. Ilycrb z = x + iy, rme x u y—peficTBuTe/NbHbe Yncaa. Torja
JaHHOE ypaBHeHHe NpUMeT BHA:

4 x4yt — 2 (x + yi) + 2a + 2ai = 0;
orciona | -

2+ y?+ 2y + 22 = 0,
—2x+ 2a=0.
H, clieoBaTesbHO,
X = a,

. y*+ 2y + a*+ 2 = 0.
Tak KaK y — JIeHCTBUTENbHOE YHCJIO, TO JOJIKHO GbiTh
A=1—a?—22>0, -




LT @4 2—1<0, e
: _ —1—V2<a<sV2—1:
.Ho 1o ycrosuio a > 0, ciegoBarefibho, -
. 0<a<VZ-L
Urak, ecin 0<a<y'2 —1, 10 z=a+i(— U4y T—2a—a
1px @ > )/2 — | ypaBHeHHe pelleHnii He HMeeT. IR

2sin 3x cos 2x + sin 3x
. = 2tgx =0
2 cos 3x cos 2x + cos 3x T2t ’

siri 3x (2 cos 2x - 1) _
cos 3x (2 cos 2x + 1) +2ng30.

,Cﬁeaémsuem 3T0r_‘o'ypaBHeHHﬂ ABJIsIETCS cne;lyloin.ee ypapHeHHe:
tg 3x + 2tg x = 0, o )

3tgx—tgdx —0 .
1—3tg?x "fﬂg’f 0.

tgx =0, x=kn -

1 paJjee: o
' 3—tg?x -
—=— 34 2=0
1—3tg2x +2 ’
. 5—Ttg?x _ ‘ ,
1—3tgrx ’ s
s E

\ . ST o
- x = kn + arctg V—‘?— - an

rie % NpHHEMaeT Bce uesble sHauenus. Popmyaama (1) u (I1) matotest
BCe pellieHHsl JAHHOTO YpaBHeHHs, TaK KaK NPH 3THX 3HAUSHHAX X

cost;!:_—'-—IQ-, tg? x = % .
4, Tycts ABCD moka. npoM3BOJIbHEIA, MPAMOYrONbHHK, BIHCAH-
. Hpill B KPYroBO#l CEKTOp TaK, KaK 5TO yKasaHO B YCJIOBHH 3ajauH
(puc. 13). O6osnaunm uepes OS Guccexrpucy yraa AOB (S — TouKa,
Jexaimas Ha gyre cekropa). ITonoxum, £ AOS = x H BbIPasuM IJO- 3
manpb s cektopa yepes r, o 1 X. [Tycts P 0 Q COOTBETCTBEHHO CEPENHHBL
" cropou AB u CD npsiMoyroabhuka ABCD. Mmeem: ) , ¢

AP =rsinx, AB = 2rsinx. |

\

Haiee, . , .
0Q=QD ctg% = AP ctg % = rsinxctg %,

PQ = 0P —0Q = rcos x —rsinxctg g




H, 3HAUMT, o F e

s=2r2 'sinx(cos x—sinxctg%) =

=r? {lsin 2x —2sin2xctg%) =
\

=r? [si,n 2x — (1 —cos 2x) ctg g-] =

=r? (sin 2x + cos 2x ctg % —ctg g) =

Puc. 13
< - . - N
- sin 2x sin % + cos 2x cosg- T
=r —ctg2 | =
- sin = -2
. 2 ) ) )
© e - o N - .
= —r—[cos(Qx—-(i —cos | - )
sin 2 2 ..
2 N

Ws monyuenHoit GopMysbl cleAyeT, 4TO HauGoAblle SHAUEHHE S. -
a o
MoJIydaeT B TOM cJyuae, €caH COS (2x — 5) ofpamaerca B I, T. e, -

Qa J
mpH X = . B Takom cayuae

r2 o ) a
Smax = ———— (1 —cos — }.="r2tg —, P
= ( 2) g5
2

Hrak, 3apaua paspemnma-Toabko B ciydae: 4
to a
0<sgritg T . -

N - o - ) .-
Ecom s> r? tg 7’ Salaua He HMeeT pelleHus.

) Toctpoum rpadux dyuxuuH (1), cuuras x aprymentom, a s ¢pyHRuu-
& (7 1 o cunTaeM puKcHpoBaHHEMHU). [Ipex e Bcero 3aMmernM, 4vo s 06-

Pamaercs B HyJp npu x = O u npu x =~%’ YTO SICHO M T€OMEeTpPH -

YeCKH.
Ilepenumem ypasHenne (1) B Buze

[cos»2(x—%)_cos %] -

S =

. a
sm —
2 ) ’ ~

. Tpaduk ¢ynkuuu (2) naoépameﬁ Ha pﬁcynxe 14. Ha sTom me pu-
CyHke 14 noxasaHo, Kak OH CTPOMTCS: rpaduK (QYHKUMH S = cos 2x
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- TIOJTy4Yaercs cxxatieM K ocu Oy B nBa“ﬁésa rpéqua cpyHKuuirs = CO0s X;
rpagux fpyﬂminn § =cos 2 (x — %) noJiy4aercst nepeHocoM rpaduka
yHKIHH S = cos 2 B MOJIOXKHUTENbHOM HanpaB/eHun ocH Ox Ha Be- -
AUunRy, paBHYIO%; rpaduK ¢yHKuMH s = cos 2 (x — %) — cos %

TO/y4aeTCs IePeHOCOM rpapuka GyHKIHH S = cos 2 (x — %) B OTpH-
S

. a.
5-8/,7% ZZ‘OSZ(X" Z )-cos 'g]

\

S=cos 2(x- %)

S=cos2(x- L)-cos &

om

NIR

NS
xY

T~ x
e & 4
Puc. 14

a
OaTeJNIbHOM HamnpaBJ€eHHH OCH Oy Ha BeJMUYUHY COSE, H, HakoHel,

rpadHK GyHKIUH

2 * )

s=—"_lcos? (x— E‘-)—cos Ll
e 4 -2

S"! 2 ¢ -

noJy4aercst cxxaTHeM K ocu  Ox rpaduxa GpyHKUUH

s=cos2(x— 2 —6035, b
4 2

- . rz -
npuyeM KodhQHUHEHT CKATUS paBeH _ , (Ha pHc. 14 kospduuuent
sin—
2 N
C7KaTH# BROPaH GOJIBIIMM eNHHANBI, TOITOMY Jyyie G110 Gbi FOBOPHTE
O pacTsiKeHHH OT ocH Ox; OZHAKO TEPMHH «CXKATHE» NPUHAT H B TOM
ciyvae, Koria KospouuueHt cxaths Goapme 1). TakuM oGpasoM,

ecmn 0 < << r? tg %, TO MpsAMasi s = s, nepecekaer rpaguk B ABYX
TOUKAX; 3ajada HMeer 1Ba pewenusi. Ecan sy = r2 tg %, TO OAHO;
npH 3TOM (X = %) naomany s npﬂmoyrbnbnnxa umeer ‘HauboJbILee
3HaueHue. ' '
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- Ecnn, HakoHem, s>>r2tg %“—- sajaya He MMeeT DelleHHs.
7 1% Myems 0 << s < ritg %. R
Torza U3 ypaBHeHHs (OTHOCHTEJBHO )

[cos2(x—%)—cos‘%] ®3) |

S =

o
sin —
. 2

HaXoluM JBa pemeuuﬂ X H Xy OTHOCHTE/BHO X; om-to H3 HUX JIeXHT B
a
unrepsaJe (0, ), JApyroe— B HHTepBaJIe (—- > ):

0<x < 2 < %, < 5
I/lMeHHo. H3 ypaBHeHHUS (3) HaxoAuMm: ~
. a
. sesin—
cos (2x — %) = 4 cos g-o 4)

.

a
“Ecm 0< x, <\, » TO, TepenucHBas 3T0 ypabiieHue B Bufle

a
s+ sin —

' o 2 L a
052(4 ) < +cos 5

HaXOJUM;
, a .
1 s.sin — a .
a
Xy = — — —arccos{ ——= 4-cos — J* 5
174 e " + 2 ®)
A s xopus %<x2 <g- u3 ypaBHeHUs (4) Haxomum:
a
o ] s . sin— a
. Xy = — + —arccos\ ———— 4-cos— |- " (6
27 4 + 2 ” + 2 ©)

Teneps, nonaras AB =a, AD = b, HaxomuM:

N

\
§e8in —
P . o 1 a
a, = 2rsinx, = 2r sin 7 5 arecos T——l—cos—z—) =

. a
s - sin —

. a 1 a
=2r sin— cos | —arccos\ ——=— -+ cosZ J | —
4 2 r2 + 2
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N R
—9rcos Lsin| = arc cos —_— cos—— =
4 2 2 T 2
1 s-sin 2 )
v =2rsin — — |14+ cos = - —_ -
2 . o
L.

/ 1 S Slg;
—2rcosﬁi/ —\.1—cos = — =
4 2 &

a a

-—2rsm— V cos2 - Sifl — COS —(— —
4 4

d @ e _

—2r cos ]/s;m —— sin g cos ¢ =

’ ) tg s.ctg—
s tg — .
. Q . 4 - B 4 (M
L o=pr — _— . p— _ ]
sin 5 \1 + FE 1 P

Cropony AD = bi HalizeM, Hanpnmep, U3 COOTHOILEHHS

. s o
b:..—..——._ — —
al ° !

: o /- T a
. /. < tg — - ctg —
‘a s g4_ scg4
rsm2 1+—r2 ‘ l_—r?—

YHHQTQ}KGH HPppanHoHaJbHOCTL B 3HAMEHare/]le, MOJydHM:

- . - . [T .
. T s- tgg- s~ctg9~

r 4 4 |
Cb=1 E/ +—2 4 - ®)

r:

H3 coornomwennit (7) u (8) Jserko TPOBEPHTD, 4TO a1b, = 8.

Jl1s sHaueHus Xa TaKOI‘O, 4yTo

;<¥z<%,

M3 COOTHOIIEHHS (4) cpa3y Haxoaum: :

| s.osin —
X, = — + —arccos{ ———— CcOs —
2 t3 A T 2

>R

10

LA




U Zajiee aHANOTHUHBLIMHU BHIKJIANKAMH NOTYUHM:

—_— ~ —

. r e
/ _s.-tg% ' X s-cig%
. a ~
a, =rsin —\ . 1 l ——7/
2 sin 2 ] + r + r2

a - o

s.tgf- S-Ctg_‘

b= L +—2_V 1——2
2 ’ r? r2

a
2°. Ecnu s =r2tg 7 TO KMeeM OIHO pellleHHe, COOTBETCTBYIO-

llee HaHGOJIblIeMY 3HAUEHHIO S:

) .a r :
a=2rsin—-, b= ——7— <
2 ; -

‘a
2cos —
4

5. AB=a, AD = b, AA" =¢, 0'S:S0 = —; (puc. 15). TIpo-
BefeM uepes Touky S npsimeie FE u GH, COOTBETCTBEHHO NapaJijieibHble

Bl R A . gl

Puc. 15 ™

npsambiM AC’ u BD (touka F nexur Ha puaroHasu A’C’, touka E —
Ha pebpe AA’, Toukn G U H nexar cOOTBETCTBEHHO Ha peGpax BB’ u
DD’). Cexkymas NJOCKOCTb — 3TO INIOCKOCTb, NPOXOAAWIAS Yepes -
npsmuie EF u GH; ond nepecekaer rpasb A’B'C'D’ mno orpesky
RT || B'D’. Uckomoe ceuenne — nsiTdyronbBMk EGRTH. - -

Tpebyercs Haiith ero nuomanb. MMeeM:

GH = B'D' = BD = V' &% + b3,
700 =g, SO’=:§4-, O’Q=QQ=_;_’

= o tH




e

SQ=0Q—0'S = £, 0S=SQ=4E.
Hasnee, FO' = FC' (tak kak FS || QC' u 0'S = SQ);
RT = %B'D' = é]/au-bﬁ.

IIpoBegieM depes pebpo AA’ nuockocts P, nepnenmuxyaspHyio
naockocrd B'D DB, v nycTb 5Ta miiocKocTs nepeceuer BD, GH u B'D’
coorBeTcTBeHHO B Toukax K, M u K'. HUmeem:

ab 2 1 72 (4 ’

AK~= Vare KM= IKK= T AM' | EM,
MM = AE =L A& =%, KM’ = KK'—K'M —MM' = £,
EM = AM’ = V AR T K2 = Y@L 5 &+ %

eVaE+ 60

3ameruM, uro ES = AQ, FS = -IQ—QC' (xax cpenHss nuaﬁﬂ Tpe-
yroJbHHKa QO'C'), FS = %ES. :
Hs nonoﬁlnﬂ Tpeyronbrukos EMS w FNS (FN_LGH) uaxomum:
FIY=%EM= V(azjzt::i;‘m%z.

Tenepp HaxonuM mIOWlafb G CeUEHHs, KaK CYyMMy mJjoumajeii Tpe-
yroabauka EGH u tpaneuun GRTH:

1 —  V(a®F %) c® + 40262
0= — 2 2

Ve T
+y(vEFE s Lvay p) LEERaT R _

VAR
= LV@ F 0 ¢ T 4P,

Bapuanm 2

1. Us JAHHOTO ypaBﬁeHna HaxomuM: 12 =1 + V1T —a. Kop-

' HH JefiCTBHTEeNIbHBI TOTAA H TOJMBKO Torza, xorja a < 1. Ho Tak kak-

1241 > 1, 10 npu ycnoBuH a < 1 pewenne mact TONBKO ypaBHEHHe

12 =14+9Y1T—a a<]l,

. OTKYZAa

x= + log, (1 + VT —a).
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2. IMojoxum z = x + iy, rae x u y— lIeﬁCTBHTeanble 'mc.na._
JlaHHOE ypaBHEHHE npumer BHJ; '

x+yt+aV(x-l7 P Fy2+i=0,

oTKyIa
y+1=0,
x4 aV{x+ B +y* =0.
U3 srofi cucreMbl HaxoguM y = — 1 u, nanee,

xtaV EFIFFT =0. -

Tak kaK @ > 1, TO KOPHAMH 3TOrO YPaBHEHHS MOT'YT GbITb TOJbKO

. O‘rpnuarenbﬂme 3Haqe!-ma X.

Hwmeem: .
aV x+ 1P+ 1T =—x
@t (x* 42+ 2) = %2, x <Oy
(@* —1) x2 + 2a% + 20> =0, x <O.
Ecma=110xr=—luz=—1—i

- Ecau @ > 1, To KOpHH NOC/ELHEro ypaBHEHHs 6yny'r JieficTBHTE Ib-
Hbl TOT/a H TOJIBKO TOTAQ, KOTAa

A=a*—2a @ —1)=a22—a% >0
oTKyaa (a > 1)
I<a<V2
Ipu stom <

—a®+alV2—a

x= a?—1

—a?+ayY2—a
a?—1 .

Ecin a > )/2, 10 nauHoe ypaBHeHHe He MMeeT pelIeHHI.

3., OGnacrp ompegnenenns ¢yHKuuH )/ sin x 4 )/ cos x TaKoBa: '
sinx >0, cosx >0, 1. e.

2kn<x<2kn+’—‘.

Cz= —1. *

[Tpu x-2kn U npH x—2kn+ S cymma Vsinx Vcosx 06-

pamaercss B 1. Ecnu ke

2k << x << 2k < —’2‘—

‘13



Vsinx> sin’x,
) V cos x > cos? x ;
A D 3 - M, 3HaAuMrT, ‘ .o T
| Vsinx + ) cosx> 1.

' Hrak, Bce pelleHHs AaHHOTO He-

PaBeHCTBa COCTOAT H3 OeCKOHEYHOro

MHOXXECTBa HHTEepPBAJIOB:

b A B Phm < x<2%m+T
Puc. 16

s

IR

.

rle k TpHHHMaer Bce Uedble 3Haue- .
HHUS. , »
- 4. Mpednososcum, uto cyuecneyem tpeyronbuux ABC, yxosier-
BopsiloWAil ycnosuio 3afaun. Tak Kak pasHocts BC — AC pasHa
BbICOTE TPeyroJibHHKa (omymieHHofi u3 BepiuHHbl C Ha cropoHy AB),
10 BC > AC u, cnepoBatenbHo, A > B (B TpeyroJbHuKe NPOTHB
GosbLieli CTOPOHEI JIEXXHT GoJibliuii-yroa). W3 cooTHomeHHs
4 A —_— B = (P
Tenephb clemyeT, 4YTO - ' o
. I<o<nm.

_Hlyers D — npoexuus sepunnel C Ha npsimyio AB. Toraa (puc. 16)

HMeeM: .

"CD=asinB=a~—b,
CD = bsin A = bsin (B + o).

U3 3THX COOTHOLIEHHHE HAXONHM:- .
- b _sinB, %= 1 4 sin (B + ¢)
a
H, C/Ief0BATENbHO, )
(1 —sin B) {1 + sin (B + ¢)] = 1,
Han - p ' .
sin (B + ¢) — sin B = sin B sin (B + ¢),
o : : _ 4

.

% [cos ¢ — cos (2B + (?)} =

o P \ ‘P.__

2~sm—‘2 cps(B+2)—
2@ ‘2 @

= COs' 2—cos (B+2),

il



HIH ) :

=

i

_ cosz(B + -;3) + 2sin g cos (B + -(22) —cos*l-‘;i'= 0.

2

Tak xak 0 <@ <<m, T0 u3 AByx Kopue#i — sin 2 + | cleayer Bsij‘

TONBKO ‘
cos (B + %) =1—sin g.'
B rakoM cayuae: o

B = arc cos (l— sin % ) —

?

?

2 - . .
‘ A=arcc05'(.1——sin g)—l-g, -
C=n——2arccos(l.—sin%).

Takum 06pd30M, ecau CymecTByer TPEYTOJIbHUK, YIOBJIETBOPSIO-

v

(Ui yCJOBHIO 3aJ1a4H, M0 €ro YIibi BEPAMKAIOTCA COOTHOLICHH SIMH n,

npuyeM 0 << @ <m.

HoxkaxeM, uro M 06pamno: ecin () < ¢ << 7, TO COOTHOILEHHSIMH
(1) sapanbl yrael HexoToporo TpeyrombHuka ABC; NpHYEM 3TOT Tpe-
Yro/ibHHK yJOBJETBOPSET YCJOBHIO 3ajauH. ’

Mpexne Beero, ecan 0.< ¢ <7, TO 0<% < % H, 3HauMT,

o<t — sin% << L. Orciona cienyer, uto

0 << arc cos (1 — sin %) < {‘2—
H, 3HAYHT, ; ' i
- C=:ri—2arccos(1—sin %)}0,

- _sin 2) 1 ©
A—arccos(l sin 2)-l—2>0,

a, Kpome Ttoro, u3 cootHoweHud (1) cneayer, uto A + B+ C =m.

Joxkaxem, uto B > 0, 1. e. uro0

are cos (I — sin%)> %, 2
HJH
cos{arc co§ ( 1 —sin %)J<c‘os‘ (?2—,
WJIH
| A.l—sin%<co§%,
HJH

) ) - B
sin - +cos > 1, 3

us




Ed

-TIpu yenosan 0 << ¢ <7 310 cooTHOWEHHE BEPHO, a TaK KaK M3

. HepaBeHCTBa (3) C/leflyeT ¥ HEPAaBEHCTBO (2), TO H OHO BEPHO.

Urak, A>0,B>0,C>0,A+B+C =a, cJIeloBaTeNbHO,
CymiecTByeT TpeyroJbHHK ABC, yriiel KOTOPOTO BHIPaXKAIOTCS COOTHO-

wenusaMu (1). JlokaxeM, 4To 3TOT TPeyroAbHHK YZIOBJIETBOPSIET yCJIOBHIO
3ajaud. , ‘ ) ’

Jais sToro saMerHmM, 4to

CD = h = asinB,
. CD=h=0bsinA
H, SHAYHT,
4t _ sinB,
a
L sin A.
o b
Orciona .
a—b__ 1 1 _ sinAd—sinB_ - '
h sinB  sind sin A six}B
.. A—B A4{B
B 2sin 2 cos 2 B
1
Py [cos (A — B) — cos (A + B)}
A—B A4B
B 2sin 2 cos 9 B
A—B A+B
2 — cos? B
. cos 5 co >
_ 2sin %(l — sin -;2) B
cos? 2 —(l —s;ing)2 ’
2. 2
cJieioBare/ibHO, .
a—b=h.

5e ITycts A 1 B — cepeuHbl JBYX HECMEXKHBIX M HenapaJlenbHBIX
CTOPOH NMPABHJBHOI'O LIECTHYTOJIbHUKA, JIEXKAIIEro B OCHOBaHHH NHpa-
mupel. Ilycte MN — mpsamas, Jexainass B OJOCKOCTH OCHOBaHHS,
npoxopsilas yepes ueHTp O OCHOBaHHS (NPaBH/bHbIA IIECTHYTOJBHUK)
H nepneHuukyaapHas K AB. O6Go3HauuM uepes K CepeiHHY BhICOTHI
SO. Cekymas niockocts nepecekaer SN B Touke P, B KoTOpo#i npsmas
LK nepecekaer npsMyio SN (L — cepenuna AB).

ITposens uepes Touky K u P npsmble, napasnenstsie AB, a0 nepe-
ceyeHUs: ¢ GOKOBLIMH peGpaMH cooTBerTcrBeHHO B Toukax C, D, E, F,
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" noctpoin ceuenne ACEFDB." Ot cocrour ns ayx Tpanerid (puc. 17).
Hmeem: CER
| AB=%, cD=ga ‘
AOKL ~ AKPQ = ASPQ .~ A OMS (Q—-—ynboemma‘ P ua- SO);

0K=12, Sq—Ko-1

M

Ecau SN == 1 (amodeMa), T0 SP = %, sHauur, EF = %. -
S .
PLQ -
K

Tenepb HaXOJUM IVIOIAAb O CEYEHHS KaK CyMMy mJjomlauefi Tpa-
neuut ACDB u CEFD:

. 3a
-—4a a+t+ —

Anodemy [ nafizeM us tpeyronbHuka SOM:
S Y S (.
=)+ oLy T,
- Urax,
: 25 17T T as
= 2a) 4h® + 3a.
64 .
. Bapuanm 3
1. I[aHHoe HEPABEHCTBO KBUBAJIEHTHO CJIEAYIOIEMY:

1
oz % l+log (2+Iog2x)—1>0

(V2 —logan) (V2 + logs x)
logz x (1 + log, x),

c nuz. /

HITH

>0. .




Bce pewenus 3‘]‘01"6 mepaBenctBa: . . . T - ]
—V2<logx<—1, '
0-< logox < V2, T

1 ‘ = -
VI a<gy, I<x<2

2. HaxopuM QUCKpHMHHAHT: .

A=a® + a® —2 = 2 (a® — 1); - , i

A > 0 npu ycnosun, uro |a| > 1.
1°. Ecina > 1, To KOpHU ypaBHeHHS o

y:— 2y —a%+ 2 =0 - m

IefCTBATENbHE. Pelllenns JaHHOrO ypaBHEHHS AAafyT TOMBKO HEMOMO-

JKHTEJNbHbIE KODHH 3T0r0 ypaBHeHHs. CymMma KopHefl ypashenus (1)

paBHa 2a > 0, a UX NpOM3BE/ieHHe PaBHO.2 — a?; MOITOMY B CJIydae -
2'— a*® > 0 06a KOpHS MOJOKHTENbHH, a B clydae 2 — a? < 0, T. e,

'@ > /2, onun u3 KopHell ypaBHeHHs (1) NOJIOXKHTeNEH, a APYrol —
He MOJIOXKUTE/IeH. 3HauuT, B Ciydae a > 1/ 2
x = kst 4 (— )*arcsin 102~ V2@

rA€ k MPUHMMaeT BCe Liefible . 3HAYEHHSI.
2°. Ecni @ < — 1, T0 KopHH ypaBHenus (1) ZefiCTBHTENBHEHL.
. MIx cymma paBHa 2a <0, a npoussesenne paBHO 2 — a2.

Ecim 2 —a? >0, T.e. —yY2<a< —1, 10 06a Kopus He-
TOJIOKHTEJbHE H, 3HAYHT, L

o x =k + (— 1)*arcsin 10° * VZ@=D,
. rpe k MMPHHHMaET BCe Hefble 3Ha4YeHus.

Ecmn xe 2 —a® <0, 1. e. a<<—)/2, To kopuu ypasmenus (1)
PasHEIX 3HAKOB H MOTOMY i . )

x = ks + (— 1)Farcsin 107~ V2=,
TR k NPHHAMAET BCe Le/ble SHAYCHHS.
Hrak: 1°. Eco nn a<< — /2, i @ > V2, 10
x = kn 4+ (— ly*arcsin 10°~ Y#@=D
2°. Ecmn —2<a<—1,10 - )
x = kn + (— 1)* arcsin10® = YX@=D - .

3°. Ecmi — 1 < a < /2, 10 pewennii Her.
3. B cuny ycnosus sajaun: ctga 4+ ctgy = 2 ctg p.

18 -
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Tax Kax = .;3"_ '('a\_‘__. V), pgTon9nEY

. —_ — ctgadctgy __ T 2ctgP ’
- ctgB=tglaty) dgaclgy—1. clgactgy 1"
Ho ctg 8 > 0, nosromy ’ ‘

_ 2 ‘ . . -
" ctgactgy—1° oo ‘
OTKYyAa o -
’ ctg actgy = 3.
4. [1pednonoscum, umo 3adaua umeem pewenue v C — OKPYXKHOCTb, _
YHOBJIETBODSIIOWAs yC/IOBHIO 3ajauu. Ilycts S —ee mentp, x — pa-

miyc, PQ u P Q, — xopasi anuuoil 2a, .KOTOpbl€ OHa OTCEeKaeT Ha.
croponax OA u OB pauHoro yria (puc. 18). O6o3nauum yepes K u R

NPSIMOYTOJIbHBIE MPOEKIHH TOYKH S COOTBETCTBEHHO Ha croponst OA u
OB. Torpa ’ )

4803=430A=°%‘3-.

Ipeanonoxum, uto @ > B (B cayyae o < p OKOHYATe/bLHEIH pesyJbTar
HE U3MEHHTCS; He H3MEeHSIOTCS 110 CYIIEeCTBY H NPHBENEHHbBIE HHXKe pac-
CyxKIeHMs). ,

OGosnauum yepes L mpsMoyroabuyio NPoeKuHio ToUkd M Ha Jyd

Pl

Himeem; ) . .

£MoL=2tP g _a—B
: 2 2 -

H3




.

OuesnzHo, SP> PK ¥ T1aK Kak ‘SP =% PK=a, 10 x>a.
C npyroit croponrl, OL << OM = a, 3uaunt, OL < x. Orcioga cie-

AYyeT, UTO TOUKa L JISKHUT mMencdy TOUKaMU Ou S, a noromy

OL + LS = Os. a
Tak kax ) .
‘ SM=x'ML=asini=E
T0 '
LS= Vx’—azsinz—-a;ﬂ.
JHaanee, T
SK V i —a?
0S = =
. e+ P . a+p
sin 2 sin D)
Teneps u3 cootHowenus (1) caegyer: _ _
2 p2gin®— P _ _Vr—a® a—pB
Vx q sin 2 sma+6 ‘ acos 7 @) -

2

BosBoxst B KBajpar 0Ge 4acTH 3TOro paBeHCTBAa M coKpaulasi 06e
' UaCcTH MNOJYYeHHOro- ypaBHeHHss Ha }/x2 —a®~0 (x> a), GygeM

HMeETbh: ) .
 V'x*—a? cos? “——“'; P — 9asin a—';—f’ cos‘“—_—éﬂ.
Orciona
. _4sin? 2 +26 cos? _2
x=a 1+ : @)
cos4 + P )
o 2
3ameruM, 4TO - 6
aq —
os= Y= _ ﬁfl_?_ @
L a2+ B
sin 2 cos 5

Urax, ecau 3afada uMeer pelienue, To UeHTp OKPYKHOCTH C JIGXKHT

Ha Guccekrpuce OS yraa AOB Ha paccrosiunk OS OT BepIIHHBI yraa,

- onpenesieHHOM (opMyJioit (4), a nAMHA eé paaMyca paBHA UHCAY X, Ofl-
pezesisieMoMy COOTHOLIeHHeM (3):

4 sin?

[ ]
e
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. . 2 .
IoxaxeM, 4t0 ¥ o6paTHO: Takas OKpyxkHOcTb C* feficTBHTeNLHO

NPOXOAUT Yepe3 TOUuKy M M OTceKaer oT ¢ro

POH JAaHHOTO yrJia XOpABL

PQu P,Q,, anvuna Kaxaofi U3 KOTOPHIX paBHa 2a. Mmeem:

SM? = 08* + OM? — 20S - OM cos £SOM

HJIIH )
tlct’t::os‘f’a;rs 2acosa_2‘3
SM? = TP +a?2—2 — TP ‘acos2=8 _
cost cos?
2 2
‘IaZcos”amfs sinza—'-rs
e 2 2
- a + a ﬁ ?
» 4
cos 2
OTKYyJa
SM = x, .

a 370 o3Hauaer, UTO-OKpYKHOCTb C* mpoXozuT Yepes Touxky M.
- loraxkeM -Tenepb, 4To OKpy:KHOCTH C* Nepecekaer CTOPOHBI JaH-

Horo yraa. Ilyets K — npoexuust Touku S
yria; toraa S

2acosa—b

Ha cropoHy OA maHHOro

. a+p
sin ) o

sz<=os$in“+2'3= A 2

<X

cos?

o+ p
2

Kpowme Toro, OS > x u, 3nauur, OKpyXHocTh C* mepecekaer cmo-

Porer panHoro yrua. Ilyers P u Q — Touxk

"€ OKPYXKHOCTbIO C*.

Hmeem:

KQ=130—3Kt= ’

H mepecedeHus Jayda OA

ki 4a?sin? 2 -‘-26 cos? % _2ﬁ 4a?sin? q +2l3 cosz 2=
= a2 + E - —_
' o+ +8
- 1 4
cos ) cos 3

" H, sHauuT, PQ = 2a.

5. Ilycte ABCD — KBagpar, Jeamuii B OCHOBAHUH MPaBHJbHOM

Hpamuae! ¢ Bepuntolt E. Eciu K — cepenuna pebpa BE, 10 no ycno-

BHIo safaun na. ACK = s.



©owwanro . Tlyerh O — meHTp KBagpa-
) ta- ABCD. O6o3HauuM uepe3 F
u P cepenunnl peGep AD u DC
u nposefieM- uepe3 FP u cepe-
IuHY R .BeicoTH EO NI0OCKOCTb.
Ota MJIOCKOCTb Mepeceyer pes-
po BE B'touke H, B koTOpOit
BE nepecekaer TR (puc. 19,
- T —cepeauna FP), a rpanu
« EAD n EDC—rio otpeskaM FG -
" n PQ, napannenpHbiM peopy
M¢ DE. Ilatuyronvuuk GHQPF
H eCTb ceyeHHe, MJOIIaAL KOTO-
il /. poro Hajo HaHTH. - -
—- ' Tonoxum

AD =DC =CB = AB = q,
~ KO=h.

Hanee, HR | GQ no TeopeMe o Tpex NepneHAHKyJspax. Takum
o6pasom, HR — Bricora TpeyroipHnka GHQ, .a TR — Bbicora mpsi-
MmoyronbHMKa GQPF. HckoMass mjomiaap © paBHa CyMMme MJoOLIajgH
TpeyroabHAKa GH Q ¥ niowmazgu mpsMmoyroibHiaka GQPF, T. e.

o=%HR-GQ+RT- ‘GQ=GQ(§'HR+RT,)=

75 (5 HR +RT).

Tenepb HaxomuM: -

DE = 2KO = 2h (Eax_ kak KO — cpenusisl JHHHA TPeyTOMbHUKA
BED), : ‘
1

RT = 2 DE = h (kaK cpegusis Aunus TpeyroabHuka OED),
HR = ~21-K0 = g (ka}t cpenusis nuHHA Tpeyronbiuka KEO).
Urak, ’ 4 '

~ . a



" Bapuanm 4

1. Hepasencrso ’ I

2x—1

log,=— > 1 : o -
SKBHBAJIEHTHO CHCTEME ,uayxvnepaaeucm: . A |
L x>, ?:“>x (1)
‘ @
Bce'pewenus cucremst (1): ‘ - o
1<x <3+ V5 ~
Bce pemenus CHCTeMbI\(Q)
. V g <x< 1 _ p

*

2. Monaras 37'*=2 =y sakmouaeM, uro 0 <y < 1. [lan-
HOE ypaBHEHHe PHHHMAeT BHL:
y:— 4y —a=0. ~
Ero xopan: =~ - ‘

—2+V4+a

Kop}m ,ueﬁcmmenhﬂbl TOTJa H TOJBKO TOrAa, Koria a > — 4. Illpu

STOM ycnoBuH Y. = 2 + V4 + a> 1 1, 3Ha'm'r, pemerme JIaeT TOIbKO ™ ==
KOpeHb v

y=2—V4+a , -
H TOJIbKG NpH yciosuy, 410 0 << y < 1. Pewas HepaBeHc'rBa
0<2—V4+ta< -

nonyanm: — 3 < a < 0. I/ITaK, ectn —3 < a < 0, To jaHHOe ypaB-
HeHHe WMeer Ba KOpHs:

x=2im&@_va+@.
Ecin @ < — 3 uar a > 0 — ypasnenue Kopueﬁ He HMeer.
3. Tax Kaxxs—&kn—l-— , yaenn-l- 3 Z 7E=mn +— (B ypas- -

REHH S cHCTeMbl BXoAAT tg x, tg v, tg z) H COS. (x +yt+2a=—1£0,
TO A/IS1 JIIOBOTO peluenus x, y, 2 CHCTEMbI HMeeT MecTo (opMy.ia:
tgx+tgy +tgz—tgxtgytgz
tg(x 2) =
gx+y+2) 1—tgxtgy “tgytgz —tgatgx
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’

'B‘-;:cmy yc‘noauﬂ. %+ y 4+ z=gqumeem: o
i @@+y+@;0

H, cJiefoBaTesbHO, ' ,

tgx+tgy +tgz=tgxtgytga

Ucnonbsyst nepsbie ABa ypaBHEHHsST CHCTEMbI, OTCIONA MTOMYUHM:

tgx+tgy +tgz=231gy,
tgx+tgy+tgz==06tgux,

Uau . : g
tgx —2tgy +tgz=0, e

: Stgx —tgy —tgz =0, j
OTKyZa 3
tgy =2tgx, :

. tgz=31tgx, ;
a Terepb U3 ypaBHEHHUS y
tgytgz==6

HaXOmUM:
tg2x =1, Cy

Taxkum o6pasoM,
1°. tgx =1, torma tgy = 2,
X = kn + %,
: y = mxu + arctg 2, ' (1)
= :-341‘ —(k + m) x —arctg 2,

R A T S

b et e e Ty

‘Tae kum NPpHHUMAIOT BCE IeJibie 3HAYeHHd.

Tak Kak oTH 3HaueHHs AAA X, y, 2 MOJyuYeHbl KakK caedcmeue M3 A
yPaBHEHHH NAHHOH CHCTeMbl, TO HEOOXOAMMO IPOBEPHTb, BLINOJNHSAIT-
¢ JU Bce ypaBHeHHs cucreMbl. M3 ° cootHomenuii (1) caemyer, -
Y10 X + y + z-=m U, Janee, tgx =1, tgy =2, tgz = '

=tgn—x—y)—— grbiey  1+2 =
.tg(n x—y) e 3, Tak uro tgxtgz
=3, tgytgz=6. , ,
- .tgx = —1.Brakom cnyvaetgy = — 2 u
. x =hkn ——, ’

y = mn = arc tg 2, ]

z= ‘%‘_(k+m)n+arctg 2,;
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rie k v.m mpuHuMaloT Bee uenble sHauenns. [TpoBepkodi- yOexpaeMcsy:

uT0 POpMyJIaMH (2) MpH MOGHIX HEMbIX k- 11 JAIOTCS PElIEHHs JaHHOM
CHCTEMBI. . :

4. ra sajaua HauGoJiee npocTasi H3 BCeX 3ajay MO IJIAHHMETDHH,
npepiaraBimxcs B 1966 ropy Ha ¢usuueckoM dakyabTere. dto U ec-
TECTBEHHO: B Hell TpeboBajloch J0Ka3aTb MOAbLKO Heobx00umocmos TPH-
3HaKa MapajjiebHOCTH TIPSMOH, coeuHsiomell TOYKY IepeceyeHHs
MeJHaH TPEYroJibHHKA C LEHTPOM BNHCAHHOH B HEr0 OKPYMKHOCTH.

Ilycre AB = a, BC =a + d, CA = a 1+ .2d.

Torza pamuyc r oKpyxHOCTH, BnucaHHOH B TpeyroabHuk ABC,
yepes €ro mJomajb $ BbIPa¥KaeTcsi COOTHOIIEHHEM:

I"—‘—“———zs
3(@atd)

’

Paccrosinue ot TouKH nepeceuenus memuaH tpeyroibHuka ABC 1o -

cmpbﬂu BC pasHo %AH, rae H — npoekuust BepuidHbi- A Tpe-
yroJibHiKa Ha ero cropony BC. Tak Kak '

=%BC-AH,
TO .
g2 B
3 3BC 3(a+d)

5. Ilycto ABCDEF — mpaBr/IbHBI LIECTHYTOMBHUK, JEXalluii B
OCHOBAaHHH IMPaBHJbHOH WIECTHYTONbHOMN ‘NHPaMUJBl C BepiuHHOH S,

Ilyctb O — neHtp ocHoBannusi, SP u SQ — anogpeMsl rpaneli SAF
u SCD. ]Ins nocTpoeHHs! ceueHHs! MPOBELEM UEPe3 ceperHy R BBICO:
ol SO npsamylo, napajnenbuyo anopeme SP. IlycTs o1a npsAMas nepe-
ceser PQ u SQ B Toukax G (cepemuna OP) u H. ’

Yepes toukn G,” R u H nposexeM npsiMble, NapannenbHuie AF,
H TOYKW MX rlepecedeHHs] COOTBETCTBeHHO ¢ peGpamu AB u FE, SB u
"SE, SC u SD o6osuauum uepes Ku L, M u N, M, u N,. Illectnyronn-
HUK KLNN MM n ectb nckoMoe ceuenue (puc. 20). 10T 1ECTHYTO/b-
HHK COCTOMT HX ABYX Tpaneuuii KMNL u MM NN.

S M,




' "'(pldc 21). Tlonoxum AB=a,- SQ=h. Torna le___ﬁ

; N I/Ix BblCO‘l‘bl — COQTBCTC]:BeHHO GR H RH I'Iﬂosenem OQl ll PS ;
(KaK cpemusii

aumus  APSQ); RG =-’21 (kak cpemuss aunus A PSO), SQ, =

= QuQ = % RH = %O’QV:% (KaK CpepHsis JHHHS . Tpe- T

yronibiuka 0SQ,), SH = HQ, = %.
. Hanee, ' '
BE = 2a, KL ;‘% (AF + BE) = 35:

M3 noxoGHEIX TpeyrombsHukoB MSN u BSE HaXOfuM:

MN SR )
— = '—, orkyda MN =a.
. ’ BE N &
Us ﬂO,IlOﬁHbIX Tpeyronbx-mxon M,SN, u CSD unaxozum:
« MN, ~_ -SH a
——, otkyAa MN, = —.
cD SQ yaa My 4

HTaK, HcKoMas maowanp

0= Tpaneuun KMNL —|- IJ1. TpamnenuH MM NN =

i = 5 GR (KL + MN) + -2- RH (MN + M,N,) =

‘1 h (3 1 n a\ _ 9%
L N A I LY ah
2 2\(2'?' )+2 ‘4( +4) 32

«~ OKoHYaTeJbHO:
T ’ . 25
. o="=s.
. 16 -
Bapuanm 5

1. JlaHHOe HEPaBEHCTBO BLIIOJHSETCS B ABYX Clydasx:

1° 2 —Tx + 6> 1, §>1 HY., 0<2x—Tx+6<I1,

: 0<i <1

B cayuae 1° pelende cHCTeMBl HEPaBeHCTB HpPIBOllPIT K HEePaBEHCTBY

x> 3. B cayuae 2° — K HepaBeHcTBaM | <x< 2<x<E

2.z + @ eCTh UHCJIO NeHCTBHTEJBbHOE, 3Haqm, JJis1 TOro q'roﬁu E
BBITOJIHANOCH paBeHCTBO 2| 2| + az + i=0wmm 2 (| 2| +a) + i= 0, %
YHCJIO 2 JOMMKHO ObITh YHCTO MHUMBIM. l'chrb 2z = yi. Torna nonyan '

- ylyl+ay+ 1=




‘Ecin "y-}'of Mo y* o ay P 2407%6 Tak ‘Kak a-5°0; Y
+ay + 1>0. 3pauut, [KOMKHO 6biTb - BLINOJIHEHO - - HEPABEHCTBO - -
y << 0. Torna ypasuenne (1) NPHMET BHJ: ‘

- s —yi+ay +1=0,
. yi—ay—1=0. - ,
Kopnu atoro ypasnenns geiicreurensur u Pa3HbIX 3HAKOB. o
Crnenyer B3ATb TOABKO OTpHUATENBHBIH KODEHb: - -

a—Va®f4 :
y=_-——— 2 . .

Orser: .
- Y — 2
z=40"Fa+: Va't4 i
. 2 *
'3. U3 ypaBuenus

t

€OS (X —y — 2) = -;—
HaXomuM:

X—y—z=2n i%,

rre k NPAHHMAET BCE HeJible 3HauYeHHUs .

I x-—y—z=2kn—]——§,
; x+y+z=nm.
Orciona ' . A e
E . 2n ! ~ <
;c=l§n+§~, a1 .
ytz=—im 4+ @
2. ¥—y—z=2kn —%, .
.". ‘ x+y+z=m.
- Orcrona X .
‘ x=kn+ 7, ®)
B y+2z=—rknt gg : )
YpaBHeune ‘

g% ttgd _ctg? _

g5 tigg ctg= =0

roc/ie saMeHsl z = 1t — (x + y) npuMer Bug: v }

x B AN EANR A ’
teg e —tg(5+ L) =0, ®)
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’ 7

H, 3HAUHT, s M06Oro pelleHus x, y, 2 JAHHOM CHCTEMbI apryMeHTH c

x.

5 %;- u —’2‘- -l-iz’- BXONAT B 06JacTh OMpeneeHHs (GyHKUHH ig o,
. L

a, sHauuT, 111 tg (—;— + —"2-) MOXHO MPHMEHHTB (POPMYJIY:

. x- y

t —_— <.

X y ¢ 2 tie 2
tg( 2 + D) = _x—y_

)

I—tesy tey

YpasHenue (5) npnmmaer BHI;

t ._.

g2+%

I
e

tgs+tg
2 2 gl tg—

Takum obGpasom, aubo tg% +tg—2- =0, 6o tg %tgl2 = 0.

Ecmu tg f- tg l =0, To, 3aMeuasi, YTO tg—;i #0 (cM. dopmy-
- JIbl (1) " (3)), HOJIY'-XHM tg = =

H Mbl NPHXOAHUM K CJ'IeJIYKOH.lI/IM cucreMaM pememm
% = kn+ 2 > . kS

y=2nx, [ )
2= —kn—2nx + %;

x=kn+%, ]

y = 2nm, » a
‘=—wm—%u+?. '

Heo6xomuMo npoBepHTb, YTO MpPH JIOGHIX LENBIX 2 M N1 SHAUeHHS

HEHHSIM NaHHOM cHCTeMbl (poBepKa NpPefOCTaB/AseTCS YHTATENIO).
Ocraercs paccMOTpeTs cayuaii tg% + tg —g-= 0. Orctopa.caedyem,

- 4To
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X,'y, 2, sajauunole ¢opmyyamu (I) u (II), ynoBaerBopsoT BCeM ypaB- - :



“H<MBl IDHXOAMM elle K JBYM CHCTEMaM -~

peLleHui:
Cx=m4 T .
y = énu;kn_‘%“, o
T 2= —2nn+m ‘

x= ku+ %, )

y=2nn—ki~% 1 V)
2= —2nn + m.

H:;)oﬁepxa TOr0, YTO (OpMyJIaMH © Pue. 22 )

(III) m (IV) patorcs peienus chcreMsl
npH JIOOBIX HEJNbIX K H 1, MPEeNOCTABAAETCS UHTATENIO. '

4. TlpeanmosoxkuM, 4TO 3ajadya HMeer pemtenne . (puc. 22). Ilycrs
BP — cropona KBajpata, O KOTOPOM TOBOPHTCS B YCJOBHH sajiauu,’
(Touka P JIeXMT Ha MeHbluell OKDYXKHOCTH, a TO4Ka B — Ha 6osbLeit).
OGosHauuM depe3 Q BTOPYIO TOUKY mepeceueHHs npamoit BP ¢ MeHb-
weii OKpyxkHOCTbIO. [IponsBeseHue T

BP . BQ : ,

paBHO KBajpaty JVHHbI OTPE€3Ka KacaTesbHOH, MPOBEJEHHO! H3 TOYKH R
B x meHbledl okpyxkHoctH. C Apyrolfl cTOpoHBI, ‘AJIHHA OTpe3Ka 3Tol
KacarenbHoll paBHa ) R? — 7% u, cilefoBaTebHO,
., BP - BQ = R? — r2, )
OGo3naunm uepes C BTOPYIO TOYKY IlepecedeHHs npsmoii BP ¢

Goabiueit okpykHOCTbl0. [Tonaras BP = x, naxomum: BQ = BC — x
H, CNIefOBATENbHO, : , . .

x(BC—x) = R? — r2,

4\

‘OTKyJa
Bc=2tR=-"
. - x ) °
Tlycre BA — crapoHa KBagpata, nepneHpukyJspHast K BC; Torna
AC — puaMerp Goaplueit OKPYXKHOCTH H, C/IeJOBaTe/bHo,
‘ "AB? 4+ BC? = AC?,
T. €. -

*

R { .
‘ . @t R— i _
X+ T = AR
Ynpomas 910 ypasHenne, noayams: S
208 — 2 (R® + 1% 22 + (R* — r2)? = Q. 0]

5 I C. Monexos } . 129
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S A ; AT . AR vt P
-.;0003HaYas . KODHH - 9TOTE . YPABHEHHR* -+ (OTHOCHFENBHO -.17).: Hepes
xiuxin YUHTBHIBas, 4T0 X; M X; — ACHCTBUTEAbLHbIC NOJOXKATEIHEIC
uncha, OyneM HMeTsb: L -

s Sy Vé\
. Orciona (cuntaem, uto x, > x,) HMeeM:

Y+ X = VRF AT VT =,
" 4= =VRFP—VT R

H, CJeNOoBaTEeNLHO, T

a

5= VTPV = +V. R+ —yo R —r), @

= VR PV = — VR Fr—vT ® =) )

.; 0 . - S S .

" Utak, ecau sadaua umeem pewenue, o R* + r2 =Y 2(R*— 1% .> 0,.

r>W2—nR . T

Ipn sToM cropona KBanba'ra Bblpax(ae'rcs} an6o coomhomemaem (9,

Jn6o cooTHoweHHeM (3), aHGO HMEeTCs JBa pelueHusi, onpejessieMple :

COOTHoWeHHsMA (2) u (3). ) - :
Haxoren, ecan

i r<WI-bhR - @
TO 3ajaya riénmeer HH OJIHOTO pellleHHs!. quxax{elyt‘,""ﬁm‘n~o6pa1*ﬂo: <
1°. Eennr > (Y2 —1) R, 10'345aua nmeer xpa ElLIeHNs], IPHYEM
CTOPOHBI KBaJPaTOB BHIPAMKAIOTCS *COOTHOIIEHHIMH (2) u (3).
2°. Ecin r = (/2 — 1) R, 10 3ajaua- umeer OZHO _pellienHe, npu
ueM CTOPOHa KBagpata BbIPAIKACTCSA COOTHOLIGHHEM . -
o x=RV2ZVa -

. B camom gene, nyers

4

r > (V2=
* 3peck naetcs OnMH H3 CROCOGOB pemenus GHKBaNPaTHOTO  ypaBHeHHS, KO -

TOPHIi YEOGHO NPHMEHHTB B PAAe CAIy4aeB, B YaCTHOCTH NPH PelleHHH 9TOH 3aA2UH .
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’i"i;i*né XU Xy, BEparKaeMile opmynam (2) u?(S). CTBHTE
tm-tméua;uﬁynewéévsﬂaq‘am“w{éﬁ:‘%gqémaix;-.iflyx‘ogn BOPHET'y

-~Hetmo: (1) Dro YaBHEHUE MOKHO NepenHcaTs 8 BHAE

R W.sz;.___ygz. ) - B)

Orciona cnenyer, uto x << 2R, T. e. Eymecmyer xopaa AB Gosb-
el OKPYKHOCTH, AJIHHA KOTOpO#i paBHa x. IIpoBesem yepes Touky B -
npAMYIo, NIEpNenuKyAsapHyio” AB; 'nyctb C — Bropas ‘TOYKa ~ nepe- -
CEUCHHs1 3TOrO MepreHANKYIsipa ¢ Gonblieli OKPYKHOCTHIO, TOrLa E
‘ . ] BC? 4 x* =4R%, = ; -(6)
s cootHomenwit (5).u (6) cenyer, uto i
, xa-_i_Ra_,s:'BC

X

HJIH o o .
‘ x(BC—x) = R*—r. ‘
. Orciona. cnenyer, .uto x_<_BC&.< OrioxumM ot Toukn B B HanmpasJe-
HuH oT B Kk C orpesok BP, anuna KOTOpOro paBHa X. I
B cuny coorHowenus x << BC touka P — BHYTDEHHS TOUKA
orpegka BC. Ilpumenss x rpeyronsuuky.OBC u K Touke P TeopeMy
Crioapra* u yuuthBasf, yro P — BHYTPEHH:A ToYKa oTpeska BC,
GyxeM umerb:- - ' ) : :
.
_OP? . BC = R*: + R® (BC — x) — xBC (BC — %)
' OP*. BC'= BC -R* — BC (R* — r?, . A
OTKyJa o ’ o S -
OP =r , -
H, 3HAUHT, TOYKA P JIeXXHT HA MeHbluefl oK-
pyxHoctH. Takum o6pasom,AB u 'BP—pse
B3aUMHO TepreHAHKYIAPHbIE CTOPOHN KBaj- -
patd, nphieM sepmHHsl A B B Jexar Ha
Goabluet OKPYXHOCTH, a P — Ha MeHblmelt.
Hposenem uepes rouky P npamyio, napaa-
aenbiyio AB. Eciin R— Touka mepeceuenus -
STOM NPSIMOH ¢ MeHbillel OKPYKHOCTBIO, TO-
ABPR — kBappar, YROBJETBOPSAOMLH yc-
JIOBHIO 3afauH.’ :

5. Tlycts B octoBaHuH mupamugs DABC
JIEXUT PABHOCTOPOHHHI .Tpeyrosphux ABC-

.. % MoxHo o6ofiTHChb- . Ge3 TeopeMut Crioapra. :

~ . <



HbIM _ TpeyrosnbHukoM (DC = DB) u .maockoctn DBC u

npHYeM rpaHb -DBC ﬁBnaeTca 'DéBHo6e‘1.lE'eH-.ff

BC .
~ B3aUMHO nepneHEMKYJApHbl (puc. 23). Tak kak DA_L BC (mo Teo-; '
peme o Tpex mepmeHAMKYJIsApax), TO IJOCKOCTb, Napajnenshast DA u

"BC, nepecekaiollasi MHpPaMHIy, MepeceyeT ee MO MNPSAMOYTONBHHKY

EHGF(EH || GF || AD, HG || EF || CB). Tpebyerca HaiiTu

‘To- - 3

Iajs 5TOTO ceueHHst MpH_ycnosud, urto EHGF — xsanpar. Iycrs

EF = x. Torma AM =gk (M — cepepuia HG); OM =VT3~(a—x) . 4

(O — cepemuna BC),
— a2 ) a
DO . Vbz_T’ DA'-—— Vb2 + 3

U3 nopo6us tpeyronsuukos OAD 1 OMN (N — cepémma EF)

“MN oM’
a? '
Vbz-i--i _ a
. x a—x
OTCloJa ’ .
. a l/ b’-}-%2 ) )
~ X =

2 a*
’ a+l’.b+'§ B
M, 3HAUHT, IVIOMAfh CeUeHH s .

' . o= _ adErta)
. : @2 + v 26* + o)

- - Bapuanm 6

1. TlepénnmeM naHHOEe HEPABEHCTBO B BHJE:

1—tg2t tgx : N
1+t§3x +2 1+gtgax —1gx>0,
HIH .
tg3x+2tgx—tgxr—2<0,
HaH :

(tgx—1) (tgx + 1) (tg x + 2) <O.
Bee pewemns ZaHHOTO HePABEHCTBA HAXOAATCS H3 HEPABEHCTB
| lgx<—2  —l<tgx<l,
132 ' :




T.6. - A
" _ﬁ-l-kn <x<<—arctg2 4+ En,.

__+kn<x< +kﬂ, :

rae k IpUHHMaeT Bce uesHe 3aaqe}mx .
2. Eciiu a = 0, TO ypaBHeHHe npnnnmaer»an,u.: .

. 2lz|+1 = -
YTO HE HMEET MECTa HH NPH OXHOM 3HAYEHHH 2.
[yctb a > 0. INonaras z = = X + yi, rRexuy — neﬁcmmenbl{ue
yHcna, OyaeM HMeTb:
2Vx2+y -l-l—4ax-l—uz(l-—4y)—0' ‘ .
OTKyZa .
2Vx2+y2+1"—4ax=0,} . (l) A
1—4y=0 . .

- l .
H, CJIeJOBaTeJIbHO, y == e Ilepsoe ypaBHenue cucreMsr (1) NpHHAMa-
‘T BHL: - o
= . . ' .
2) x 16 =dax — 1. (2)
310 ypaaﬂeﬂne MOXKeT HMeThb TONILKO KOpHH, ynosue'raopmomue ye-
JIOBHIO: ; :

‘ x>—->0.

~

t TakuM o6pasom, ypaBHeHHe (2) sxauaaneawo crenyolesl cMellaH-
HOH cHCTeMe: '

) LI . 2,2 _
\ 42+ 1) = 16at 8ar + 1,
x>L>0
4a
811 ’
4(4a2—l)x2—8ax-l- == -

~ > 0 @
X 4—a> -

l : -
Ec.rma=—2—, TO x=-?’-< ,anomxuo GHITh x>—,3ﬂaqm‘,
npH @ = — ypasﬂenue HEe HMeeT pemenuﬁ Byxem npennonara'rb, q'ro

aﬁe—

.133' .



: Il,ncupnmnnam ypannenna (3) nouommeaeﬂ'
LT A= 16a3—3(4a3— 1) = 4a® +3.

C.nenonaTeJleo, ‘KOPHH ypaBHeHH (3) nenc'mmenbnm " pa:-mntmu.
Tepenuwem ypaBRenue (3) B BHJE:

L 3 ol
) = x2 — — =
[ =x 14a=—1.’c+ 16 (a2 —1) 0.

1° 0<a< % Haxomum*:

v

N__t 2 1, 3 =4_.¢;=+1f
'( )“'/ 1642 40® — 1 4a+ 16 (402 — 1) 16a3(4a?—1)>0..

»

2 1 % 1
2% — 2 = — = 0,
( )"=‘z'a 2 da*—1 2a(4a’—- 1) =G

o6a KOpHﬂ MeHbllle, 4eM Zl- — pelueHuii Her.
a

2°. a>— B stomM cnyqaef( )<0 T. e’ qncno;]— .nexm'r

MeX Iy KOpHﬂMH ypaBHeHHs (3). l'Ioa'romy KopHeM CHCTEMEI (3) AB-
J5IeTCs TObKO GOJBIIMA KOpeHb: ;

404+ Vi 3 ’A
¥ ="TaE=1)

Hrax, eem 0 <a < —2—, T0 JaHHOE 'YpaBHeHHe He HMeer Kopneﬁ'

,Ech a > , TO ,uarmoe ypaBnelme maeer TOJIbKO o,nmi KopeHb -

o _datrVi@Es
o z—ﬁ'(T'az——T"'tt

- Ecsm X, y — pellieHAe JAHHO! CHCTEME], TO

x+y>0,
‘x—y>0

TIK KaK xy = 3, To x >0, 0 < y < x. Janee, x u y TONOKHTENbHEL

uxy = 3 3HQUUT, ONHO 3 WHCE] X HIH y 6oablie 1, H, sHAYHUT, ¥ +

+ * ciienosatesbHo, log, (x + y) > 0.
a}myxo CHCTEMY MOMHO MepenucaTh Tak:

logs (x + y) +3|log2 (x—9=3,
TR Xy
1°. Ec.nnx—y>1 Tologz(x’—yz)—S xy—3re.

* Cw. sameuanue Ha c'rp 21 22
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L oxy = 3! :’"!.ﬁ': "a,;;:..:_x;.,;:ﬁ (1) B ey o
oTKya S e BT ¢ -
ST g =13,y = 1 N Koo\l :

. H " Mg D 1
(apyrux pelueHHH CHCTEMBI (1), ans
KoTOpHIX x >0, y > 0, Her). 0N E/ -
2°. Ec.vm0<x~—y<‘l Tonau- D 7%+ B

HaA CHCTeMa NMPHHUMAET BHA:

logz(x+y)—logz(x—y)—3 K
: )’- B
ity _g : I
x—y -
e Xy =3,
OTKYZa

3. _1/7 I
- = 3 V v Y2 T :
chomm X2>0,0<y, <X, 0<x2—0y2 < 1 BumonHeHsl.
" WiraK, cucreMa mueer ZiBa pemeuua ' 4,:‘;\

@ 1 n»(s 2, ]/g)

4. Llentp S McKOMOM OKPYKHOCTH NOJIKEH JIeKaTh Ha [PsMOi, mpo-
xXopsimedi yepes Touky C nepnenmukynspro Kk OA, U Ha npaMoit, nep-
neHMHKyJIApHO! K orpesKy DC, mpoXonsmielf qepes ero.cepejny.

Sru npsAMEie MepeceKaioTcs B OJHOM TOUKe §, U MOTOMY CyUIECTBYeT
H NPHTOM TOJILKO OfiHAa OKPYMKHOCTb, YJOB/ETBOPSiOMAs YCJOBHIO 3a-
Raun (puc. 24). Ilocie 3TOro pacCyKA€HHsi, B.OTIHYHE OT pellieHHs .
3ajay Ne 4 Jpyrux BapHaHTOB (JaHHBIX Ha (H3HYECKOM (aKyJjbrere

- B 1965 r.), 10CTaTOYHO NMPOBECTH JMIIL YacTh 'PACCYKAECHHH, OTHOCH- -

myXcs K BBHIYHCJIEHHIO Pajiyca OKPYKHOCTH H NIMHH Xopaw DE.
3nech ecrecTBeHHO H36paTh HMEHHO 3TOT NMYTh, TAK KaK. Cyuqecmso-

. 8aHue u eOUHCMBEHHOCHb OKPYKHOCTH, O KOTOpOﬁ FOBOPHTCA B YCJO-

BHH 3ajJauH, -yxe n,oxasaﬂa -(cuHTETHUECKH) M JIOKasaTeJIbCTBO 3TO
BecbMa fpocroe. .. - R

Hrak, nycts L — OKPY}KHOCTB, ynoanemopmomas ycnoamo 3a-
JauH, .
Mycts D' — npsaMoyronbHas upoexuua Toukn D Ha npsmylo 04,
K — npsmMoyronbHas npoekuus Touku D na npsamyio SC, a C' — T04-
Ka, IMaMeTpajibHO MPOTHBONIOJIOXKHAS To'me C

Toma : : :

CD* = CK - CC' = DD’ - o= 2 rb sin q,




H Tak KaK . .
CD? = a’ + b2 — 2ab cos a,
TO
a? + b2 — 2ab cos o
2bsina

r =

Hns naxoxpeuus x = DE npen-
NONOKUM CHauasa, uto OD < OE
(xaxk Ha puc. 24). Torma

b (b+ x) = a?
OTKYJa

a® — b2
X = - .
b2

) Eciu OD > OE (touku D wE -

v C/lefilyeT Ha PHC. 24 NOMEeHATb Mecra- 2
" MHH coome'rcraeuuo H3MEHHTDb MOCTPOEHHE), TO '
' b(b—1x) =a?

OTKyZa

Hrak, Bo Bcex cayuasx :
, 1a®— b?|
x T e

a

5. Ilycts MM’ — anocbema GOKOBO!t I'DaHH JaHHOH nnpamnnm
(puc. 25).

Ilo YCJI0BHIO MN' = b IIposeneM CEUCHHE YEepe3  CepeNHHBI
M,N, M’ wN' pe6ep AF, CD, A'F’ u C’'D’ (puc. 26). Tak kak MN =.
='3M ‘N’, T0 npsMas MN Toukoi K ne.nu'r Bricoty O°0 nupamujisl B
ormomemm 1:3; MK = —. KN’ =":

H3 0ceBOro ceueHH, npoxo,mmero '
uepes Toukd B u E, momyumum: :

BE = 6a, B'E' = 2a, PQ = 3a.

, Takum oGpasoM, PQ = AF . u ue-
TblpeXyPOJIbHHK APQF aBJmeTca npsMo-
YroJILHHKOM. ’

Inomany o ceuenus APC’'D’'QF
(puc. 27) papHa cyMMe MJIOMAAH 3TOrO
npSMOYTONbHHKA M IVIOMAJH Tparneuyy
PC'D'Q:
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§ 23. XHMH'lCCKﬂH d)axyalb'rer, 1966 r.

Bapuaum 1-

[sv — t(v2 — v,vz)]

010y ) A M F
n kn xm -
L kAt —, = — = Puc. 27
2 knk S, T— :
3.%5-113 (

4.'—3<x<l,3<{c<4.
Bapuanm 2
512 e Y e (f —
l.m[m (t—t)—(¢ t‘)l',.

kx 1
2. 5 + 3 arctg 2.

ombs -
3a(b—a)

4, 1< x<VIB—T
2

Bapuanm 3
1. L(sz — 4sd + 27).

9, & (2k+l), kn—2, opm. .
3. a(142V1 —)
, ( + V +V§' \
. ' 8 5
4. —§<x<—2-,;<x\<3,_3<x<.-‘-.-2.

Bapuanm 4
L, bt (m—1)¢ - '
1.m m—m—2

T 0 kn
T2(2k+ 1), e
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W w
T3 avee .
4. —l%’<x<-;-»‘g<x<l.

§ 24. Teonoruueckuit. paxyanter, 1966 r

Bapuanm | .
1. 300 xm. .
2. 4 log, 2.
< “' —
3o k{t i‘-s't H
. 4.1,6cm2,
' Bapuanm 2
1.34,64 24, )
- 2-X1=9, xz=’;—. R S N
ku‘ ?_kit N it_ . - - . -
& 3 3 T %
4. 0;4- P
: ’ Bapuanm 3 ~
1. 12%, 24%, 48%. : S
2.x=12 T .
- 3. km + arctg %, kn —arctg —;- - S

] %-ocm’\ - ) 4 | | . ‘ )
- A N Bianii 4 .
1. 60 £mla, 80 xmla. e,

~

2 x=1liogs. . L

) 3. kn, kn + (_. l)k arc sii Vﬁl‘—- 1

_ 4.%/,.Yxa3aune: TpeyroibHHK PQR roMoTeTHdeH TPeyros- -
- HEKY KLM (nun. AKLM = 1/4), npuueM 1eHTpOM rOMOTeTHH ABJSeT-
Csl TOUKa mepeceyeHHs MeAHaH TpeyroabHuka ABC, a Koa(puuueHT

- TOMOTETHH paBeH °/,. '

§ 25. Feorpaduueckuii paxyabrer, 1966 I,

Bapuanm'1 o ~

1. 30 Tpanmefi.
138 -
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2. —l<x<0 2<x<3

3. —(a—b)’sma L ERT Ty
k_n 4k+l Vooae :
4 3 6 3
C Bapudnm 2 N .
1.10 4, 15 4. ;
2 —-T<x<l
@a—b*
3 b + eosia 4cos’a .
‘4.;(2]3—[— 1), ~-§ (4k+ 1).
| Bapuanm 3
' 1. 400 neraseii. | T
2. —3 <x. < L.
3L =gl
R fg sin 2a.
4 "y -”f.
3 7 9 -
Bapuanm_ 4
1. 16 xmlu. - T
2. —Il<x<4.
3. — 2. cos”»acos2a ' o N
4. kﬂ_'_ n . T . oo SR &
4 12
§ 26. Bnomro;nqhngunl,_lﬁ q)éxynue'r, 1966. 1. S
Bapuanm 1 e B
1. 180 xkm.” ' ' - S
9, Zkm ' Z%km | 2m ' ‘ : :
5 5 T 05 T

a%sin a | cos 20|
’ 4cosa(l +2cosa)

4_-‘x- Pasmadi® 4

‘Bapudsm 2°° . - R
; 1. B 4 pasa C
2 Em + z

2n : -
3 pund "9“5.-: B R I R .-
3. b’sma(Ssm B4 3 cos B tg a).
16 sin (a4 B)

12-V3<x<l, 3<x<2+V3 T

g E




" 1.36 .KM/Q./ o
2. g(2k+ 1), kn—’i—.

" Bapuanm 3" -

-

9 a7

3. Etgactgﬁ"’ 2° .
10 4 ' )

4. —3 <k << —" 3" . ‘
Bapuanm 4
1. B nonropa pasa.
g, R __m km 1
2. S o 3 ’-’1- 3 arctg 3.

& cos? B sin 2a
2 cos (a—B) cos (@+P)
4 —4<x<—3,5<x<6.

L ‘ Bapuanm 5
= 1.52u 20 e | ,
T o km 7 T
2. = — — —arcsin—.
2 + 8 42R2 5 &2
~ . 8. 'OcuoBanue: V_R._r; GokoBas CTOpOHa: —TR_r' i—i%
4. x = 2.

; - - § 27. IkoHomuyeckuil (akyabTeT (OTHeNeHHe SKOHOMHYECKOI
e T o " KuGepHeTuku), 1966 r. :

AN

Bapuanm 1 ‘

1. TIycts x, y, 2, 4 — COOTBETCTBEHHO KOJHUECTBO «ABOEKY, KTPOEKY

«4ETBEPOK» U «nsgTepok». Torga mo ycnoBHio 3ajauu: ,

x+y+z+u=230, (1)

2x 4+ 3y + 4z + 5u = 93, . @

‘ u<<y<zg - . ,

npuyeM u fenurcs Ha 2, arz — Ha 10. OyeBuano, cornacwo yenosmo, -

"Heab3st B3ATh 2 =0, Tak Kak npu z = 0 yc/ioBHe y<< z He Moxer -

- ObiTh BeIMONHEHO. Hanee, u3 ypaBnenuii (1) u (2) caepyer:

. . y + 2z -l- 3u = 33, A 3).

a orciofia ciefyer, urto 2 7= 20.- Takum o6pasoM, z = 10 — Komiue-”

CTBO «UYETBEPOK», MOJYYeHHBIX Ha 3K3aMeHe, paBHo 10, ’
Teneps ypasHeHue (3) npHHHMaer BHUZ:

. y = 13 — 3u.
. 140 ’




Hcxons u3 ycnoBus 3ajaud, u 5= 0, TaK KaK ecld 4 = 0, To-y =
= 13 > 2, 4T0 MPOTUBOpEUHT yCJIOBHIO. TaK Kak u yeTHoe, TO MOXHO
'B3ATH U = 2, TOTMa y = 7 (echu e B3ATh 4 = 4, 0 y = 1 < u, ut0
NPOTHBOPEYHT YCJIOBHIO "3aJayH). L ,

HTaK, KONHUECTBO «TPOEK», MOJYYEeHHHX Ha SK3aMeHe, PaBHO 7, a
KOJIHYECTBO «NATepPoK» paBHO 2. TakuM 06pasoM, KOJHUECTBO «IBOEKY,
nosiyueHHBIX Ha 3K3aMeHe, paBHO 11. _

2, CreficTBHEM JAHHOTO ypaBHEHHs SBJSAIOTCS CHEAYIOUIHE YpaB-
HEHUS:

Igsi??x = 1 4cos2x

sinx cos x

HIH ' ’ . . ‘ . -

sin x cosx
2cos? x = 4 cos 2x.
1+ cos 2x = 4 cos 2x,

sin 2x 4 cos 2x

_1 l :
. _cos2x—3. ' (1)

- O6wwii HauMeHbUIMEA NOJIOMKHTENbHBIH NepHOX GYHKuMEt Cos x,
sin-x, cos 2, sin 2x pasen 2n. M3 coorHowenus (1) HaXoauM KOpHH
Takue, 910 0 < x < 2m: : :

% =Larccost, x =n+larccos-l- %3 =21t — L arccos 1.
179" 3’ " 2 3’3 2 3

Taxk xaK cos x, << 0, sin x; << 0, T0 X, U X, He KODHH JAHHOTO ypasB-
HeHHd; cos x, >0, sin x;, > 0, ’

s ) : . ) Y
cos 2xy > 0, sin 2x; > 0; x, — KOpeHb JAHHOTO ypaBHeHHsA. Bce

KOpHH: X = 2km -+ % arc cos %,

rIe k npHHUMaer Bce LEJIbe 3HAYEHHS. o
3. dra sanaua pemeHa BO BBefieHHH (cM. cTp. 10—12).  ~ )
4. Ec/in nJI0CKOCTh MPOEKLMH PACHO/IONKEHa TaK, YTO OfHA H3 Bep-
IIMH JAHHOTO TETPasfpa MPOEKTHPYETCA B TOUKY, JIEKAILyl BHYTPH
HJM Ha rpaHHIle TPeyroAbHWUKa,  0GPa3OBaHHOrO NPOEKUMSMH Tpex
APYTHX BepUIMH AAaHHOTO TeTpasApa, TO INIOWaNb NPOEKUHH He TpeBoc-
"XOIMT NJIOWANY ONHOH W3 TpaHeli TeTpasApa, T. €. HE NPEBOCXOJHT

" BEJIMYMHEI .‘i{i , T7ie @ — pebpo faHHOTrO Terpaszpa. Ecin xe nmpoek-
IMH BEPIUNH JAHHOTO TeTPasfpa 00pasyioT BHIMYK/bI YeThipexyrodpb-
HEK P, 10 BeIMuHHA ero MIomaju (110Waab NPOEKIHH) paBHa:

§= -%dd’ sina,

-
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.- TAe~dH d’'~- guaroHaNy - YeTHpexyronsHuKa P, a. g -

**_HuMH. Tak Kak ‘d u d BMecTe ¢ TeM IHHEI TPOEK K ABYX CKPeIHBaIo-
muxca peéep Terpasapa, To's 6yfer HMeTs MaKCHMAJbHYIO BEJHUHHY,
€C/U 3TH CKpelnpBatomuecs pedpa GyayT NPOEKTHPOBATECA B HATY paslb: -
HYIO BeIH4KHY. B camom z(e.ne, B STOM c.nyqae a = 90° u

2

-

rjie a — ajuuHa pebpa Te'rpaanpa.' B 31OM: cilyyae - II0CKOCTb MPOEKIlHH - -
fapaJjuiesibHa AByM cerm.nBaxom,mwca pebpaM gaHHoro terpasgpa. Oc-

2
TaeTCs 3AMETHTS, UTO 5 az>4 V3

5. U3 paHo#t cucreMEl c.uenyer "ut0
¥ =] —w, -
2] - | w¥] =1

S 2P = lef?,
~ . IZP Iw!ll =1,
Orciona -

Z.
3
2l = | w]

4, SHAuMT, -
- % 68
: o] Jot=1|w]’=1 L

M Tak Kak || > 0, TO 43 NOC/EQHETO COOTHOIUGHHS CAEAYeT, 4TO

- e le = 1’
HO 'i‘orna H - ' .
T Hd=1L ;
Tang o6pa30M peLIeHH MY - JAaHHOH CHCTEMEl- MOTYT Gmb ‘rom;xo‘
_ TaKkHe l'lapbl (2, @), naa xoropuix || = || = 1. Tlonoxum,

z—cosq>~l-tsmq>,
w =.cos O + i sin 0.

Torga us ypaBHe:ul - o

: B ) . 23 — __.w7’

Pwt=1

CIleRyeT, uto

argz® = arg (— @) + 2k,
, arg?® + arg. (w')= 2sm,
rae k # s — moGele nebie YHCHa; WK




O 5 = ﬁ""‘ 2kn
S 5k 118 = 2:sm,0 .
‘ 3p+70=@2k +H=x, . T
5¢ + 110= 2. = - -
~ Orciona - ’. ,
. L 1

o=—a@e+ 1+ s,
=T @kt —3s

— i

g 3nauut, 2= €os ¢ -} i'sin ¢ = cos [-.‘— %‘ n2k+1) +7s:n] +
- L!—isin’[k—g;‘t(?k + 1) F 7sn ]:i i
_Ecmi z = i, 10 U3 KauHoM cHCTeMH HaXOAHM:

_—ifl-w’=0, A o : |
iw'! =1 . : o

Han

oW =i
, ot = — |, . \
otkyra w''= 1, w? = + |, w=41, w=+inapu z = i, w= +.1 ne
00pasyioT peuieHHst NaHHOH CHCTeMbl; 2 = i, W = i— pellleHHe JaH-
HOWl' CHCTeMbl; 2 = i, W = — i{'=- He peuienne. Ecoi-z = — i, 10
i+w=0, —iw!=1 wmw=—1i ! =i oTKyma w'w? =1, .
T. e. w*=1, 3HauuT, W=+1, a w=x1 uam w=i. [Tapu z=—i, W=
=+ 1 Heo0pasyior pelennsl; z==—i, w=i TaKxe He pemenne; 2z =
= —i, w="—i — pewmenne. lrax, faHHas cucTeMa HMeeT AiBa pe.ueHus:
MNe=i,w=4d, 2)2=—i w= —i.- S

- PP - . . f-

3 . Bapuanm 2 - -

.

1. Tak KaK cyMMa ueH ‘KyIVIeHHbIX H3jenuil pasHa 21, T0 203MOX-
Hbl JMlIb JBa ‘ciyuasi:’ o :
1) 6ol KynUIeHH! TONBKO MHPOXKH, GyGMUKH M KOPMKHKH;
2) Gb KynuIeHsl TOJILKO GYGaHKH, GYJKH U CJIOAKH. ] - |
OGosHauas KONMYECTBO KyNJICHHBIX H3NeMHH COOTBETCTBEHHO Yepes -
' X% ¥,2 4, v(BTOM NOPAAKE, KAK OHH NEPEYHC/IEHH B YCJAOBHH 3a1aun),
‘ HMeeM: o : Lk ’

Aty tv=14, } (1y wm: Y +z4 ‘{'.?::1-4’ 3 } (2)
" 5x 4 6y 4+ 100 =100 - 6y + 7z + 8u = 100.




Uccnenyem cucremy (l) ‘Haxomum:
y = 30— 50. |

Tak kak KOJIH'-leCTBO KYMJIEHHBIX H3/Ie/IHi KaXA0r0 HaHMeHOBaHH A Kyn-
~JIeHO He GoJsiee yeM 7, TO AJI1 U BO3MOXKHO TOJILKO OXHO 3HaueHHe: v =
=5, HO Torja U y = 5, uT0 npormaopeqm YCJIOBHIO 3ajiauH.
I/Icq.ne,uyeM cucremy (2). M3 aToii cHcTEMBI HAXORHUM:

z =16 — 2u,
y=14—z—u

. B COOTBETCTBHH C YCJ/IOBHEM 3ajiai MOKHO B3fiTb TOJNBKO, 4 =5
uiM u = 7 (npu u = 6 OyAeM uMeth 2 = y = 4).
- Eém u=5102=6 y=
Ecin u =17, 102 = 2, y.=5.

3ajaua uUMeer jgBa pelleHHs:

1) 6b10 Kymiteno 3 6y6uauka, 6 6y.nox 5 cioek;

2) 6but0 KymieHo 5 6y6aukoB, 2 GYJKH U 7 C/I0€K.
2. Credcmeuem ypasreHus . ’

I

. X . .
lg sin 5= lg (cos x — sin x)+ 1g (cos x + sin x) !
o x :
‘ABJAETCA YpaBHeHHe sin - = cos 2x.
Ilocnepanee ypaBHEHHE SKBUBAJEHTHO TAKOMY:

11 X
cos{—= — =) = cos 2x,
.(2 - 2) ”

OTKyJa

rae k MPHHHMaeT Bce lieJible 3HAueHHs.
U3 focsienHero ypaBHEHHSI HaXORUM:
‘.

'_‘_.i —it. ' ’

_ x aku 3’ . 1
=4 . ) C
x_»skn'—l-‘s. ‘ 2

Tak KaK o6iuit mepuox pyHKnu# sin % ¥ cos 2x paBeH 47, TO JOCTAaTOY-

HO npoaepmb, YIOBJETBOPSIOT /I JAHHOMY YDABHEHHIO SHAUEHHS X,
nexampe Ha cerMente [0, 4n]. M3 coorHowenus (1) Gepem cieayiomue
SHaYeHHs X:
7
X ==, = —J-‘-‘ N X = ﬂ
] 3

~ — HH OfHO H3 3THX YHCE] He SB/AETCA KOPHEM NAHHOTO yPaBHEHHs.
144 B




]

mor

3 coorHomeHuS (2) 6epewcnenyxonme SHAUeHHS X: -

x—.—’f,x—n,x—g’-‘, —13“,x-_ﬁ‘ C
st T 5 5 5 ‘
,IIaHHomy ypaBHeHmo ynosnewopmor TOJIbKO X =g4 HX= 95—“';"
Bce KopHu. o '
. =2t thn, x="4 4k,
5 5 .
rjie k NpUHUMaeT Bce [eibie 3HaUeHHd.
3. Obaactb onpezeneHus GyHKUHH
) V8—x2—]/25.—x2
" TaKoBa: ) .
_ —2V2<x<2V2. R ’
IlepenuineM janHOE HEPABEHCTBO Tak: .
| VESFsa+VB—E

Ecmu —2)/2<x<2)/2, 70 npaBas yacTh 5TOrO HEPAaBEHCTBA MO-

noxuTeNbHa. B caMoM fesie, mpu yeaosun —2)/ 2 < x<2)/2 HanMeHb-
Hiee ee 3HaYeHHe paBHO:

—2V2+VYB—8=Y17T—2V2>0..

3Hauut, HepaBeHcTBO (1) 3KBUBAJIEHTHO CJEAYIOLLEH CHCTEME:

8 —x2>x%42x V. 25 — x? 4 25 — x?,

—2Y2<x<2V2
HIH ’
’ 174+ 22 < 2):[/25—:52
—2V2<x<2V2 "

Cpenn smavennuit 0 < x < ‘2V2— HeT pellleHWii 3TOro HepaBeHCTBA.
IMosTomy, mpeanosaras, 4To — 2)/2< x << 0, 3akmouaeM, MTO moC-

JIejiHiee. HEPABEHCTBO, a BMECTE C TeM H JaHHOe, SKBHBAJICHTHO CHCTEME:
289 + 34x% + x* < 4x% (256 — x?),

- =2V 2<x<0
18174 . ' .
5x*— 66x2 + 289 < 0,
—2VY2<x<0,

HO s'ra CHCTEMA HEPaBEHCTB pememm HE nmee'r 3Ha'-XI/IT, JaHHOE He-
paaencmo He HM2eT pememm.
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' 4, He napymas'o6uisoc-
TR, MOXHO  CYMTaTb, "YTO
" "oIHa M3 BEPWMH JAHHOTO
NPaBHJIBHOIO TPEYroJbHHKa .
_JIEKUT Ha JUHUH | mepece-
uenus maockocred P u Q.
3amernM, 4TO BCAKHH OTpe-
30K d, NepneHmuKyJAspHbI -
K- JIMHHY TiepeceuyeHHs Ioc-
Kocrell P'H Qv nexampii Ha
miockoctH P, mpoextupyer- °
cs Ha WIockocTh Q B oTpe-
o : 30K, AJIHHA KOTOPOLO ‘paBHa
Puc. - 28. dcosa (cuntaeM 0 <o <

1

‘

Bseznem Ha niiockocTH. Q IEKapTOBY cHCTEMy KOODAHHAT, TIpHHHMa
BepuuHy O JaHHOrO. TPEYroJibHHKA 32 HAuallo KOODAMHAT, a MPAMYIO
_ 1 — sa oce Ox. IToBepneM miockocts P BOKpYr ocH Ox, H NycTb ABe -3
Zpyrye . BEpIIMHLI. JAaHHOTO. TPEYrOJNbHHKA' COBMECTATCA 'C TOUKAMH . - 3
A u B nnockoctu Q (pHc. 28). Tlyctb M u N — npoeKuHH TOYeK = 3
AuBnuaocs Ox, a A" u B’ — mpoekusy Ha MI0CKOCTs Q IBYX Bep~'~
WHH JaHHOrO TPEYTOo/bHHKA, OTIHYHLIX oT ToukH O (puc. 28). Torma ..

maA’ 0S o NB’

H,.3HauHT, TO4Ka A’ HMeeT KOOpAUHATHI

’ s cos @, sin @ cos o, '

a Touka” B’ — Koop:quﬂam,'gds (q%—l— -;3), sin (cp + g-)cos @,rie g— -
~yroa or ocu Ox po aysa OA. OraokuM or Touka O - Hampas-

JieHHble o1~pe3xpi~5b 74 513', COOTBETCTBEHHO paBHblE®: Hanpaaileﬂnum

OTpe3KaM AB n-A'B’. Tax kax yroa or Ox fo OD papeit —“;ﬁ ‘""%1:'?=
' = cos @ (R — TouKa nepeceyennss DD’ ¢ Ox; DD’ | Ox), 10 Koop,upi-

HaTbl'TO4KH D’ TaxoBbl: COS (q> + 2%) ,~ sin ((p -+ 2—;—‘) cosa.

. Tengpb nmeem: i

s=0A"+ 0B+ A'B"= 0A"4 0B 4 OD"* = cos’q + -
- "+ sin%p cos?a -+ cos? (qi+ %) + sin? (q) + %) cos?o | cos? (cp + 2—;‘) F

* HBa nanpaanex}nux orpégxa naéuualoﬁ:a pa;auun,.ecan paBHH HX AJH-
HEH, €CJIH OHK JeXaT Ha NapalielbHLIX NPAMBIX HAW HA OXHOM U TOR Xe npiMoi
H eCJlH OHH HanpabJleHH B OAHY CTOPOHY.
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+ sl cosa = | —sin%psina + 1=—sin* (@ + %) sin®a

. _l_‘gl}f (lp;l" f)

. ’ o - >1f;z =N | —. cos.(‘2q}+ y) 1 — cos (’2@4— 4—“)‘ N x

B ’ <+ —— e 3 + e - 'is .]‘. ’ ,’:7".-‘:»

HO: . PR F ) i o ‘. L ’,““" ’ ._:\ L
gos2q> + cds'(2q> +2—:) + cos (2q) “'}%‘) =:2CQS‘.\2_; cos (2q> + 2—;’-‘) 4+

eos (2 +5) = —cos (29 ) - cos (294 ) =0

e CrenoBatensHo, .. .. T ‘ .
. ~ 3 . '
. § = 3 — = sin%.
) 2
. Taxkum 06pasoM, nojiyuyeHHble 3HAYEHHS JJIS: CYMMbI KBaZpaToB AJIHH.
NPOEKIHH CTOPOH JAHHOTO TPeyroJbHHKA HE 3aBHCAT OT .
. .5« Kak o B pewennn 3afiausr Ne 5 npefsiaymero BapHaHTa, HaxoqaM
4TO eCNH 2, W — pellleHHe JAHHOH CHCTEMbI, TO o

2= |w] =1, By
5¢ + 70 = 2kx,
29 + 30 = 2¢m,

rie k u s — uenwie uucia, a @ H 6— COOTBETCTBEHHO apryMeHTH 2
n w. Haxogum: ‘ '

H 4TO

@ = 6k — 14sm,
6 = — 4kn + 10 ox,
a, sHaumt, - . - o i
z=cos@+ising =1, w=cos®+isin®=1. _
Tposepkoit yGexiaeMes, 410 z = 1, @ = | — peluenne sauHof cHC-

-
- ~

Bapucinn{ 3

1. Tlycrs mKoMLHUK HMeeT x Moner 1o 1 Kom., y MoHeT mo 2 kom., -
2 MoHer o 3.KOf.,; .4 MOHeT no 5 Kon. ¥ v Mouer no 10 Kon. CorJacHo g
yeloBHIO 3ajaud : . . :
‘ - V—X—y—2z2—u==4,
x + 2y + 3z + 5u + 10v = 100. ‘
Hanee, us ycoBus 3ajadu Cllefiyer, YTO HMEET MECTO OfHH H3 caydaeB:
. ' ST T g



RN

. ]6. x _-;:0' u = 0; ) o , . RS . .

-2 x=y=2=0. -

B cnygae 1° nmeeM cucremy: - -
V—y—2z=4
2y + 3z 4100 = 100.
Orciona ' o
z = 108 — 120,
Ly =v—2z—4,

1

Ecan B3sitb v =9, 102 =0, y =5 — 370 He pemenne 3ajaud, TaK

KaK M3 yCJIOBHs 3ajiau ciefyer, uTo 2 = 0. Ecau B3ath v = 8, 10O
z =12 u nonyunrcs, uro y < 0. Takxe Gyaem uMets y << 0, ecan v
meHpllle 8. Mrak, B npennojoxeHuu 1° 3ajaua He MMeeT pelleHHs.
2°, Ec.rm x =y =2=0, TO NONYy4HM CHCTEMY:
v—u =4, '
,bu + 10v = 100, , -
HIH ‘
. v—u=4
OTKYZa “u+ 2v = 20,
. v=2_8, u=4.

I/l'raK, y HKOAbHHKA ObIO 4 MOHETH AOCTOMHCTBOM 5 gomn. H 8 Mo-
Her no 10 xom.
2 C/zeacmeue.u JaHHOTO YDaBReHHs fABJsETCS cneﬂ.ylomee.

: sin x - _

~

cos x (1 — tg2x)
OTKyZAa - |
' 2Hgtx+tgx—2 =0, tgx— =12V, .
, ‘ ,
 Buavenue tgx = -——l':i, He JiaeT pellleHuil JaHHOTO ypaBHEHHS,

TaK KaK ecau tg x << 0, To wum sin x << 0 uam cos x << 0.
Ecin - .
tgx V17 17— =1

K4

T0 Ha noayunTepaie 0 < x << 2% HMeeTcs TOJLKO OJHH KOPEHb JaH-

HOFO yPaBHEHHsi:

Vii—1
§

: , x = arctg

a Bce KOpHH (21 — mepHoz):

.

]




r

, x‘—‘2kn+arctg V” IR

3' IlaHHOE Hepa‘BeHCTBO SKBHBaJIeHIHO cnenyxomemy

HAH ClIefyoulell cucreMe:

, x—5>1o_x+2V9;‘x,}

5<x<9

W —15> 2V9—-x}
5<x<9

Ecnu 5 x ,To 2x—15<2l/ x

1103TOMY hOCJIGI(HHﬁ cncreMa SKBHBAaJICHTHaA TaKOﬁi

2x—15>2Y9—x,-

§<x<a
MM TaKoK T - o .
R 44® — 60 + 225 >4 9 —x),
' -~ 1§<x<9) -
2 g
WM

4x? —56x + 189 > 0,
-—<x <9.

KopHu ypaBHeHﬂﬂ 4x* — 56x 4 189 = 0 TakoBH:

14;|:V7
2
Tak kak :
— = 15

’ s

TO BCE elUeHHS JaHHOrO HepaquCTBa: .
.‘ﬁﬂ? <x<09.
4. He napymas oﬁm.Hocm pelleHHs], MOXKHO MpPeANOoNOKHTb, YTO Off-

Ha U3 BeplukH O KBajipaTa JeXHT Ha npsmou l, no Ko'ropoﬁ nepecexam-
¢ magckoctd P u Q (cuuTaeM I<<a < —
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“'"BBenieM B niiockocru O chcre: .
MYy KOODAWHAT, NpHHHMasi TOuKy O
3d Haa/I0 KOOPAMHAT, a npsMylo |
'8a ocb -Ox (pHc.- 29). Tlosepnem
miockocte P Bokpyr ocu ! Tak, -
YTOGH! BEpIUMHH KBajpata A, u By, .
. CocepnHe ¢ BepmHHOA O, nonaju -
- - Ha IVIOCKOCTb Q  (COOTBETCTBEHHO
X Toukn A u B na puc. 29). Ilycrs -
M n N—rnpoexuun Touek A n Bna_
- Pme. 29 " ocb Ox u A’ u B'—T10uKH OTpesKoB
o ‘ - AM u BN rakue, uto
- A'M B'N -
T = 0% B, = cosa.

Torna Touku A’ u B’ MoxHO paccMaTpuBaTh KaK IPOEKIHH Touek A, u B,

Ha nnockocts Q. IMonoBuHa p pauHL NepHUMeTpa NpPOEKIHH AAHHOTO
KBajipaTa Ha MJIOCKOCTb Q paBHa: -

p=0A4"+0B".
Tak-:xal_( TO4YKa A’ HMeer KoopaMHATHI

- . .

.

, , cos @, sin @ cosa,’
a'touka B’ uMeer koopmumatei = < | -
cos ((p + 12‘), sin (q) + %)‘cos o - -

w0

—sing, cosgcosa,

T0 -

*p =V cos’p + sin’p cos’x + V/sinp & cos’pcosty -
(@ — yron or oc Ox zo yua OA). .

Bemuuuna p Gynmer HaHO6oMbIIeH, ecan Hau6oJbliel GyeT BeJHUYMHA -
pE: . .

p* =1 + cos’a - 21/ {cos?p + sing cds”a) (sin’p + cos’pcosa) .
HJM €ClH HAHGOMIbUIHM GYJeT BHpaMeHHe - - \ ; _
. (cos’ - sing cos?a,) (sin® @ 4 cos*pcos’a) = . -
= (1—sin® a sin? ) (1—sin® o cos? g) = 1 —sin? a-+ % sin*asin?2g.

910 BhlpakeHHe MMeer HaHGolIEllee SHaueHMe, ecay sin 2¢ = 1,'r. e,

-"¢= 45°, npu stoM zuaronans A,B; KBajpara napannencta npsiMoit /. -
5 Kak u° B gByX npenﬁlymxlax" BapHaHTaxX, MNOKa3EIBaeTcs, 4To

. Pl=lw=1. e
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" Bargs —Sarg (v =5 g +m) + 20,
2‘"33"'43"3‘”"'2al'g2—4argw+2su /

e

N "3(P""59=(2k+1‘)“4;
: : ‘ 2(p.'—46=2s;n: - B -
OTC!OJ.la ~ . . . . .'Et
o _f q>—2n(2k+l):-53n
H, 3Haqﬂ'r. cosp="*1,sin9g=0, T.e. 2=+ 1. Eemz.=1,
TO JAHHAsI CHCTeMa npuﬂumaeT BU: . '

Citw=0 .
@=L L

HJIH B R | - :
14wt =0, w=1. ‘

Orciona w = — | u, sHaunt, w = — 1. [Tapauncen z = 1, w.=

= — 1 oOpasyer pewenue fnauHo#i cucremet. Ecnu z = —1,
10 — 1 + ©* =0, ©»* = 1. Otciona w = 1. Tlapa uncen 2 = — 1,
w = 1 obpasyer pewreHue NAHHOH CHCTEMBI.

Bapgtanm 4

‘ 1. Tlycts KommuectBo mopuwiii 3a 7, 9, 11,13 u 15 kon. coorser-
r CTBEHHO PaBHH X, ¥, 2, 4, v. Ilo ycJoBUIO 3aauu:

x4+ y+z+u+ v=180,
7x-l-9y+llz+l3u+150 .1840,
: ‘x+y—z+u+v -
-y =2,
p y>u.
Orciona- HaXORUM: - - ‘ oo
' x =90 — 2o,
y- = 2v, ST e
Tz2=3v—20, .
= 110 — 4v. o,

Taxk Kak u's 0 10 v<1719—275 T e 027 Cnpyroﬁ
CTOPOHE!, y > @, 3Hatm'r, 6v > 110, u moromy v > 19. Ho COTJIacHO
YCJI0BHIO 38MaYH U NO/IKHO JAeauTscs Ha 10, noa'romy v.= 20; Toraa .
x =150, y =40, z =140, 4 =.30..

2. C.ue)xcmnem JAHHOTO ypaaﬂeﬂns ABJSIETCS cleRylomee: ypam{e—
HHe: ,

1]



~

cos 2x = 2 sin x cos x

tg 2x?l._
Orcioza : . : IR

R ow
x= =473,
2 + 8 -

- Kopmu, sakmouennsie Ha nonynnsepsate [0, 2m):
FLg

FL ST 4 k14 n |\ &
j 8’« 2 2+8’ 3 + 8! 4 2+8c

Tak Kak cosx; <0, cosx; <0, sinx, <O0,-10 X,, X3 X, — He
kKopHH. Tak Kak cos x; >0, sinx, >0, cos2x, >0, 10 X, — KO-
peHb. Bce xophuu: . ’

\ N ' . = 9] . ﬁ.‘ ~ ) 4
| R x = 2kn -+ 5
- 8. 1% 0<<a< I Torma maHHOe HepaBEHCTBO SKBHBAJEHTHO Ta-
KOMy: ) . :
O<VB—-x—1<|x|+1

o . .
\ VB—2>1, VB—2<|*|+2

a 3Ta CHCTEMa HEPaBeHCTB SKBHBAJICHTHA CJeLylomeii:

S xI<<2VE, |
25— |x|®<|x* +4[x]+4

wan .
2|xP+4]x]—21 >0, } -
x| <2V6. (1
Orciona . ‘ , o -
h ] ..VLg‘:_gglx|<2V§; S
vHaye ‘

—2Y6<x< 2_2'/46, - V462"2~<x<2v 6.

2°. a> 1. B atoM ciiyuyae BMECTO CHCTEMbI {l) HOJTyqHM:
2|xP+41x|—21 <0,
A - o o o ' .
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4. ByjeM cunTaTh, 4TO ojiHa H3 BepuuH O Ky6a JISKHT Ha IVIOCKOCTH p
npoekuud, a OA, OB u OC — tpu pebpa Ky6a, BuIxoasmue 3 rouky O.
Jauna npoekunn OA’ peGpa OA Ha IIIOCKOCTB p paBHa. ;

OA cosa = 0Asina’ =sina’,

rae a — yroi pe6pa -OA ¢ NNIOCKOCTHIO MPOEKUHH, 4 &' — YroJ Mex-
ny pe6pom OA u nepnenpukyaspoM OO’ K nIOCKOCTH NMpoeKuHH. AHa-
JIOTUYHO HAXOXUM BEJIHUHMHBI MpPoeKuu#

sinp’ u siny’

pe6epOBHOC B uny —yr.nu OBuOCc OO)
- Tenepp Haxomum:

o=sin%a’ + sin?p’ + sin?y’ =3 — (cos"a cos?p’ -+ cos?y’).

" Ho cosa’, cos B’, cos y/ — BeauuuHs npoexunﬁ Ha peGpa 04,
OB, OC panHoro Ky6a ompeska 00’ = 1, npsmof, npoxo,uam,eﬁ uepes
Onepneﬂzmxynapﬁo IJIOCKOCTH NPOEKIUHH, HHaue roBops, cos a’, cos B ,

cos y' — 3Tto KOODJMHATH TOUKH Q. Tak kak 00’ =1, 10 cos2 "+
+ coszﬁ +cos®y’ =1 wu, sHaumr,

=3 —1=2
Jlns Toro uToGH! TOJIYUTD BEJIWYHHY CYMMBI KBaJpaToB MPOEKUHH
Bcex 12 peGep xy6a, Hajo ator pesyabTaT yMHOXHTD Ha 4; TOr'Aa Noay-

yhTcsa’ 8.
5. U3 Broporo ypaBHeHHs cucTeMsl ciefyer, 4ro

- _ L - »

a Temepb U3 ITOTO YPaBHEHHS M NMEPBOTO YPaBHEHHS CHCTEMHI CJEAYET,
yTo . -

22w =1,
a TaK Kak : ' , -
24w =—2 *
0 -
C 22 = — 1, vw = - l

H, 3HAUMT, Hajo (mpoBepKoiil) ycwénoamb, KaKasi. U3 nap
(l i)v (—ia {)’ (l’ ""l)'(—i9 -{)
ofpasyer pelleHHE CHCTEMEI.

TTpoBepKoil ycTaHaBJHBaeM, 4T0 G, ) — pemexme, (—1i i) —ne
petnenwe, (i, — i) — He pemende, (— i, — i)— pelleHAE.
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- Hrak,

IR

§ 28. anomuqeclmﬁ q)axyauer (oThesenHe NOMHTHUECKO#H

Tt iy

JaHHas cHCTeMa umeer 2Ba pememm.
z”":, w. iz, = i ) =

=i PR
—_— 1.

axouomm), ‘1966 r.

4.)61—2 x2=5

5\.

x =2, x=—5, x=4kn +

i " Bapuanr 1 )
1. 1,1 H'mepa. .
2 x=8—5.
. .4 :
L3 A0 = —F—— um —
(n—a)sin; \‘ (4o sin-2-
) 4 X1 = 2 xz = - l N
5. x, = 4-1/10 dy= 4+ VT0,. 5= an
. o 4 )
.x,, = arctg~-:-3-Z x§i= 3'24, Xg = 2n —arctg ra
‘ - Bapuanm 2
1. Ha 300. .% - ,
2.x =2
3. CB— 2asinaéos(ﬂ—-a)' -
N sin
4 x1~1x2—4 5‘
- ]
5. f‘.ﬂ =1 2%=10, x =4_’..‘;" %% =3
x'5=2u—'2arcsin%. . o .
: ) Bapuanm 3 -
1. Ha 14 nopuwuii. : -
2. x'= 14. -
3. bsin7 (Va’ bzsm2 - -l— bcos —)

%ﬂ » TMle k—moGoe ueloe UYHCIO;

= 4@7%’-‘, ’m‘xe k moGoe 1esioe YHCio, Kpome k=0; -

x;= 4@ + 2arc cos (V— — %),

rie k—JmoGoe Meoe YHCIO; |



x =4kn—2arccos (V3 — 3} e h—moboe nemce wmce

ne passoe 0. ;
' . Bapuaum 4

1. 130 nopuuii no 20 Kon., 23 nopuuu no 13 xon. :
2. x =—25." ) et

3. §V9+ Scigha. - -

4x,=6’x2=3

§. x=— +2kn C } k—-.moﬁge nenoe tmcno, KpO-
T M L .
x—2kn + 2arctg (V7 —-2) Ae ! '
x = 2kn —arctg 3, ' k. — mo6Goe nenoe -mcao, Kpome
x—2kn-—-2arctg(l/7+2) 1u2 ,

.  x=6xY. .

'§ 29. ®Pnnoaornueckmii cpaxyab're'r (ome.nenne CTPYKTYpHO#H M
. MPHKAAAHOH JHHTBHCTHKH), 1966 T

/_Bapuauml

1. AB = 30 kmlu; v, = 30 xkmlu, vy = 20 xmlu. o :
+ 2. Ws. mepBoro ypaBHeHHs CHCTeMH Haxomum x¥ = 1. 01‘010113‘
x=1( # 0, TaK KaK BO BTOpPOE ypaBHEHHE onnm logz y). Tenepb
u3 nepBoro YPaBHEHHS] HAXOMUM y = 2. .
3. JdaHHOe HepaBEHCTBO SKBHBaJIEHTHO cosoxynﬂoc'm xnyx cucreM

. (=1 —logtgx(tgx)‘l O<tgx 1) -
1o tgx>1, 0< '\/\sm v — 12 <dtgx™ o

2°. 4)<tgx<l "/sm”x —i2 >(tgx‘l R :

W ' L

1°. tgx>l sin’x—is- <-—l—, sin’x'—§>0;

tg?x 12
2°, 0<tgx<l sxn’x——5-> -

12 tg?x
o for>T T costy : T cos? .
‘I“. tgx>1, m cosgc< tg“‘x’ 5 cos~ x> 0; ‘
g AR NP ' o
v igx>1, 127 14tg@x tgx <0’ l+tg3x>0'

e

- .
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H KO3(pHIMEHTOM TOMOTETHH, PaBHBLIM 1P Toraa Touka, P mepeiizer

156 -

%x>Ld§£+$y@x—&éwdéua%
'Dra cUCTeMa HepABEHCTB SKBHBA/EHTHA cleyiomed:
I<tgx<V¥3.

1l

Orciona \
THE<s<ZTdem

rae k npuHUMaeT BCe Lesble SHAYEHHUS.
] . 5 1

22.0<<tgx <1, sin?x — = :

<fkgr<l 2" s

0 <tg}c <l {é—‘-cosﬁx>

1

‘ tgzx’

o<tgx<l, L ——L L <o
27 1+tgx 1@«

0<tgr<], fg2x>3.
Ora cucTeMa HepaBEHCTB He HMEET pelleHHi.

4a). Paccrosinue or uéﬂ-rpa wapa T o BepiuuHH Ky6a péaﬂo 01/'2—3-

Tposenem muaronass ky6a. Ilycts P 1 -Q — ToukH ee nepecedyeHus ¢
IapoM, a A — OIMH M3 KOHIIOB AuaroHaei.
. Torma

aV3 , 8 an_aV3_8
AP ==% +2.AQ . 5

Ilpoussenem mpeoGpasoBanue romoretn (mopobus) ¢ ueHtpoM A

B TOUKy Q, a wap T nepefiger B map T, Kacaiomufics nepsoro mapa -
B TOYKe Q ¥ Kacalomuficsi BceX rpaHeil Ky6a, CXOASIMXCS B TOuKe A.
Tak Kak Kosduument nogobus k& pasen: - .

.

4Q _VF—1 _ (Y5—1p |
. AP Vit+1 2 V-
TO paguyc mapa 7' paBeH:

%(2 —V3).

46). BoaMOXXHBI JIHIIb CJEAYIOLIHE TPU CIyYas: -

1°. Byksa A Bxomut ABa pasa, 6yksa B- = Tpu pasa. -

2°. Byksa b Bxomut omuH pas, 6yKBa A .— omuH pas; 6ykBa B.—
TPH pasa. . e .

3°. Byksa b Bxomur omuH pas, GykBa A — 1Ba pasa, GykBa A
B — npa pasa. . s A



= 120.
3HauHT, COEAHHEHHIl THna 1° 6y11e'r

l-IncJIo nepec*rauoaox U3 TATH salememoa pasﬂo l 9 3 4 5 =

120 : v
—— = 10.
- - 23!
CoeJmHeHnn tHma 2° 6yne1‘
- ==20.
. 3|
Coenmvinennit Tvna 3° 6yzer:
- 120 _
e

Hroro, Bcex coepuHeHuil paccMarpuBaeMoro tHma Gyjer 60.

~

Bapuanm 2

1. AB = 360 &m, v = 120 xm/u. , ‘

2. YuutniBasi, uT0 y > Q u pemasi BTopoe ypaBHeHHE JaHHOH CH-
CTEMbl OTHOCHTEJIBHO Yy, Han,neM y = 3*7%. Teneps nepsoe ypasHeHue
MPHMET BUA: ' ;

Vy=y+3,
WIH. o o
‘ ., y—4/y+3=0.
~ Orciona
y=2+1.
CrezioBaTeNbHO, o

v=1Lx=1y,=09, x, =3.
'3. HepaBencrBo '

14sinx
R gy

<l
axsasaneﬁmo JABYM cHcTeMaM O<ctgxs# 1, 1= logegx ctg %):
I°. ctgr>1, 0< ““s‘“"<ctgx,

1—|—smx

2° 0<ctgx<l >ctgx ( .

1°. ctgx >1 (cuenosa'renbﬂo, cosx=~1), 0<<lsinx <ctgx —
—COos X ctg x. Ycaosue sinx> — 1 caepyer us HepaBeHCTBa cig x > I
HepaBeHCTBO | 4 sinx <<ctgx —cosx ctgx npeoﬁpasye‘rca K BH- )

l—cosx 1—cosx .

Jy———— << — 1. TaK KaK x = 2k%, TO

- = tg 2 u, sHauuT,
sinx

. \ 157




] c.uyttae;l° nonyqaem ctgx> l tg— <

- LT ameciya
Ly . PR REYS 5 K T cer A

I/Is HepaBeHcTBa tg < — l Haxomm

——-I-kn< <——-l—km . 1
"—n+2kn<x<——+2kn -

¥ TaK Kak ctgx >1;, 170 - E ' - .

o _n+2ku<x<'4-“ + 2hn.

2, o<ctgx<1, tg ﬁ>—1.
. Us HepaBeHcTBa tg > —1 HaXOZHM: _
—= +k < <= +Im : _ -

L

o S —24 2kn<x <m -t 2%, L

Ho Tax KaK IOJDKHO 6blTb 0< ctg < I, 0o CaT

= +2kn<x< +2kn

4a. Tlycts ABCD — ceueHHe Konycoa
. TIIOCKOCTBIO, npoxopsielt yepes HX ooy
OCh (pHc. 30) Iyers x — pamuyc chepot x,
/0 KOTOPOHl TOBODHTCS B YCJIOBHH 3ajiaud,
a S —ee ceuenne miockocteio ABCD
CpaBHnBaa IJIOMAaAb  YeTHPEXYTOJBLHAKA
ABCD, Bb_mncneﬂﬂyro JlByMﬂ cnocoéaMH,\
HaXOLHM: : L

R(h +h)—xVR2+hf+xVR2+h%. ‘
'o'rKyna -
y=— R +hy )
.VTe*+h%+VR=+ha

. HYCTB 00— ueH'rp oxpyxmocmS I/Is 'rpee‘
yronbHuKka OPB

P A



naxoaum: OB '———7%'—,¢::_i',ue 0= _ OBP. Tak kax tgo==R 30
sin@ : - . T by

sin 6 = W_RT—W- H, snaunt, OB = .’.‘_V_R;‘*'_"? OGosnaunm uepes M.
n N Toukn nepecedennss BD ¢ okpyxHOCTBIO S. .
Ilponseenem TOMOTETIHIO C NeHTPOM B u kospuunenToM -roMorernn
_BN _ BO—x _VRTH—R ‘

BM.  BO+x YRITARI4+R . .

Ilpu stoi roMoreTHs cdepa X nepeiizer é}gcxomylo, a ee paauyc Gyxer,
cJlel0BaTeNLHO, paBeH:

b= RUy+h) . VRTR—R
VRTH +VRTH VR +h+R

46. Pycckuii andaBuT cogepxut 33 6KBHI (B HX UHC/IO ‘BKJIIOYEHBI
W3HakKH bH b): a, 0, B, T, 1, €, & X, 3, 1, #, K, 1, M, H, o,np,¢T,
Y, &, X, 1, 4, W, W, b, I, b, 9,10, . - - Lot

Hapum TouHOE OmMpejeNieHHe JIEKCHKOrpadHUECKOTO (cmoBapHoro) .
Pacno/iokeHHs YNOPANOYEHHBIX COBOKyNHOcTel GyxB. Bynem cunrars, ”
UTO YMOPSNOYEHHAS] COBOKYNHOCTb XiX»...X, “(4€pe3s x; 0GO3HaueHH'
GyKBBI PYCCKOro ajihaBHTa) MPENUIECTBYET: YNIOPSAOIEHHOMN: COBOKYII-
HOCTH y1¥5... Y,-(¥; — TaKke GYKBHI pyccKoro ancdasHuTa), ecan 6yK- -
Ba X, MpENeCTByeT B Mopsiake aigasuta Gykse y,. Eciu xe x; u
¥1 — OfiHa U Ta xe GykBa, TO GyAeM CUHTATb, YTO X1Xy...%, TIpeAIlecT-
BYET Yiy2...Y5, €C/M GYKBa X; MpEIECTBYeT B TIOPsAKe. aidaBHTa
OykBe y, u T. i. KpoMe Toro, ycioBuMcs B TOM, 410 X1X3...%, nIpefe-
CTBYET X3X3...XpXp44...X,. Tenepn mepefineMm K “peilieHnjo..3ajaun. 3a -
C/IOBOM «9K3aMEH» TepBas NOCJELOBATENbHOCTb, HMeomas IHHY 1,
ectb GykBa «io». Bce-nocsienosarensHocTH, JUIMHA-KOTOPLIX paBHA 2 M
KOTOpbIe CNIERYIOT 3a GYKBOH «0» (C/e0BATENLHO, M 3a 'CJIOBOM ¢9K3a-
MeH»), TaKOBBI: ° ‘ o T 00

T 102, 100, 10B, ....,.I0b, I0H, I0b, 103, 100, 10F; . 7 (1)
ux seero 33. TlocsnenosatenbHOCTH, JIMHA KOTOPHIX paBHA 3 H KOTOpLIE -. .
CJIEAYIOT 32 NOC/IENOBATE/IbHOCTBIO 10a», TAKOBbL: - =~ - - B

' '10aa, 1040, ..., 10al0; 0ad, N
106a, 1066, ..., 10610, 1001,

. . . . .

1of1a, 1046, ..., 101110,.1055;

. v

N

ux Bcero 332. , _ -

TaK Kak 1o yc/I0BHIO 3alaun C/IeRyeT OrpaHHYHTLCS TOMABKO Toce- - -
AOBaTeJILHOCTSIMH, 'COCTOSMMY He GoJsiee ueM u3 Tpex GYKB, TO RaJee
PaccMOTPHM IOCJIENIOBATEILHOCTD U3 OAHON GYKBHI «s1», CJIeAYIOHIYIO 33
CJIOBOM «9K3aMEH», 3aTeM — MOCJIELOBATENLHOCTH H3 ABYX OYKB, CJIeyIO-
e za OykBoll «a» (ux 33), wu, HaKoHell, NOC/eAOBATEIbHOCTH
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U3 Tpex 6yKB, caenyiomue 3a nocne,uosarenbﬂocruo «siay - (ux 33%)
OGlee 9nciio pacCMOTPEHHBIX NOC/ENOBaTe/bHOCTER OYKB, cofepxKa-
mux He 6onee  Tpex OyKB U CJENYIOWHX 32 C/IOBOM «9K3aMeH», TAKOBO: ~ -

2(1 +33 + 33%) = 2246.
OmemM €llle MOC/IEA0BATENIbHOCTH U3 JIBYX GYKB:

© 941, 3M, ..., 393, 310, 31,
cne;lylom.ﬂe 3a CJIOBOM «3K3aMeH» (ux Bcero 21), moc/jienoBatenbHOCTH
JnuHol 3:

SKH, 3KH, KK, ..., 9KIO, 9K,

- CJAEAYIOIIHE 3a CJIOBOM «9K3aMeH» (MX BCero 24), u, HaKOHel, MOCJENO-
BaTeJLHOCTH JUIMHOM 3, CllefyIolIHe 3a CJOBOM «9K3aMeH»:

’ ana, 316, ..., 3713, 3710, 344,
: ama, aM6, ..., 3M3, 3MIO, M4, -

9sa, 350, see s 9919, 24110, 39I5L; >

ux Bcero 21 - 33 = 693. . i\
* _TakuM 06pasoM, BCEro MOC/ENOBATENBHOCTEH, CONEpKAMUX He-
Gonee TPex GYKB W CENyIONUX 3a CIOBOM «9K3aMeH», GyJeT

12246 4 21 + 24 4+ 693 = 2984.

Bapuanm 3

1. Cropocts «IToGenpi». 80 KM/4, CKOpOCTb «Mocxsma» 60 xkmlu,
CKOPOCTb Motonukia 40 km/4. -
- 2. INepenuuiem nepsoe ypasnenue B Bm(e'

} ’ . ) i 'xl.\Xl ='yolly|. - N
BTOpoe YPaBHEHHE IIPUMET BHI: : ) : R

.2 is :
Iyl 4 2]y|¥'—3 =0,
Orcioza . ' ' : : 4 3

S 1
' |y|f*7‘=1
1

W, sHauur, Iyl = 1. OTcxona cliefyer, 4To x' =-1 m, cllefioBaTelb-
Ho, | x| = 1. Takum oGpasoM, JiaHHas CHCTeMa HMERT YeThipe pelneHus: '
(=1, + 1) (naGop sHaKoB — moGoiil).

3. 9ra 3agaua peleHa Bo BBefeHuH (cM. cTp. 12, 13).

4a). Ecau cdepa paauyca x kacaercs rpaueil AsyrpaHHOro yria se--
JIMUMHOA @, TO paccTosiHue d OT uempa cthepsl 0 peGpa ABYrpaHHOrO -
yria paBHO (puc. 31)
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Ml P

. IB
¢
S
/_X_
sin g
" .
B
A D c
Puc. 32

X

d=

. 2' /
sin 5

Ilycre ABC — cedenne KoHyca u cdepbi MIOCKOCTHIO, npoxonsinen

€pes BLICOTY KOHyca M LEeHTpP cdeprl (puc. 32). i
Ilycts D — Touka npukocHoBeHHs AC K OKPYKHOCTA S cedeHHS

ceprr. Torma .
= n__ 3\ LTI )
AD xc’tg(4 2) xtg(4 + 2).

Teneps umeem:

‘ t (f L ¥ X _ —csinv,
e 4 * 2) * sin ® v
2

OTKYyJa
» c:-simpsinép

*= L
H‘SWE tg (‘; + 5‘)

46). B narusHauHoe uncNO | MM He BXOZUT coBCEM (B KauecTBe

UHGPBI) HIH BXOAHT TO
qucsia MOryT ObiTh: *
5!

2,2 2 3,3 —rakux uncen — = 10;
3121

2, 2, 3, 3, 3 — takux uncen takxe 10;
2,3, 3, 3,3 — Takux uncen 5;
3, 3, 3, 3, 3 — Takux uucesn 1.

6 II. C. Moaenos 161

JIbKO OZUH pa3s. Ecin oHa He BXOAUT, TO HUppHl



Ecin 1-pXomur (onmm pas), To widhph Mncad-wory# Gims: 7
1, 2, 3,3, 3—Téknxtmcen 5 = 20; 1,'8; 3 3 3—mnxqucea~5,

/

HUrak, Bcero nmee'rca 51 yucao, cymma :mcpp xamoro u3 Koropux
He MeHee ueMm 12. . . . :

Bapuanm 4 -

1. AB = 1008 xm.
2. Paspewas BTOpoe ypaBHeHHE OTHOCHTENILHO Y H YYHTHLIBaS, UTO 3
B CHJIy DIEPBOTo ypaBHeHHs y = 0, nonyynm y= 2*'!, Teneps nepaoe 4
ypaBHerue npnmer BHI: S

x”—l+6(x+l)log4

HJIH

4 x¥—3x—4=0,
OTKyJa .
x; =4, y,—32 Xp ="—1, yp, = 1.
-3. Hepasencrso ‘ :

]0g2 sinx Vm < i . :

smauaa.neﬂ'mo llByM CHeAYIOMUM CHCTeMaM (5 = logy,, (2 sin x)
0<2 sin x5 1)

1°. 2smx>l O<Vl+2cos2x<(2smx) ;
2, 0<<2sinx <1, Vl-l-2cos2x>(2smx)

1°. 2smx>l O<3——4sm%c<2smx*
20 0<2smx<l 3 — 4sm2x>2 sin x.

1°, sin x > ,sm’x<-— 4sm’x+2smx-—-3>0
smx<V3 (sxnx+1+V13)(3mx Vl?;"l,)>0.

Orciona : ' -
14 1‘3-—1 . V3

<< sinx <T,
H, 3HAYHT, -
JAE 13 :
2kn+ aresin —,— <x<2kn-|— 3

2

2kn 4+ 7 <x<2kn+n — arcsin V'34_1,
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' ‘frne k nanuMae'r BCE. uem,:e 3uaqetmx -

o -'. . -
2% 0<2smx<1 4sm’x+2 sinx— _.r ‘
L —3<0 A

0<smx< g smx<Vl3 R

S
i o AR D
O<<sink<<_—, .- S e
e S
OTKYyAa ’ _ . R R
2kn < x <2m+ 3,
5i‘+ 2kn<x<(2k + ),
rae k npuHUMaer BCe HeJble 3HAYeHHs. .

4a). Tlycets ABCD ceueHune yCeUEHHOro KOHyca IJIOCKOCTBIO, MpO-
Xonsimell yepes ero Bhbicoty. B ceuenuu cepnl moayuaeM Gosbiuoft
kpyr. S. Ilycrs O — ero nentp. Paguyc oxpymiocm S HaxomuM H3
Tpeyronbnuxa OAB (puc. 33):
x = VRr.

Oﬁosaaun TOUKH nepeceqeﬂua 'BO ¢ oxpy}xﬂocrmo S qepee P‘
uQ (BP > BQ). Toraa-

y

—VRT A
BQ=VRr+rr—VRr,
—VRF P+ VR
IMponsBeneM roMOTeTHIO C UEHTPOM B u Koaq;q)miueamm roMoTeTHH, .
PaBHEIM ’ i ) ’

_B8Q _VR¥r—VR
BT YRTI+VR

Tpu 5Toit roMoTeTHH cepa, BIUCAHHAs B KOHYC, Mepefifier B HCKO-
Myio, paguyc Kotopodl Gyner, cilefoBaTelbHO, PaBeH:

M = E]/ —V R
VR+r+VRVRr -‘/ VR+r—VR

- 46). Byksa <a» mpeauecTByeT CJIOBY «6oﬁ» Bce nocienosareis-
HOCTH JMHHOM 2 cnenyomye 3a GYKBOH «a», TaKOBBI:

) -aa, a0, -aB, ..., a0, as
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— HX Bcero 33. Bcee nocnenoBatenpHOCTH anvHOH 3 M crepyiomue 3a. -3
NOCJIEAOBATENLHOCTBIO €aa» TAKOBHI:

aaa, aa6, aas, ..., aaio, aa, .
a6a, a66, a6s, ..., -abio, abs,
asa, as6, aBB, ..., ado, assd;

HX Bcero 332, AHa/IOrMUHO ycTaHAB/IMBaeM, U4TO MMeeTcs Bcero 332 no-
¢JIENIOBATE/IbHOCTH M3 YeThipeX OYKB, CJEAYIOWHX 33 MOC/AENOBATENb- -
HOCTBIO «aaa». Tak Kak 1o yc/I0BHIO 3aJiayl Hafi0- OFPAHHUHTECS MOCJe-
AOBATE/ILHOCTSIMU, COAEPKALUMH He Gosiee ueTbipex GYKB, TO NMEPEXo-
JUM K NOC/EN0BATeNIbHOCTH, COCTOAMmell H3 OXHON OyKBBI «G», 3aTeM K
NI0CJIEROBATENLHOCTSIM: : .

6a, 66, ..., 6H, 60

— HX Bcero 16, nanHo#t 2 u mpepuecTBYOMHUX CIOBY «GOi», 3aTeM K
TIOC/IENOBATENILHOCTAM o
6aa, Gas, ..., 6a3, 6aio, Gas, ©
66a, 666, ..., 662, 6610, 661, o

® & 6 4 o 4 6 e s s s e e

6Ha, GHO, ..., 6ud, GHIO, GHs,

— HX Bcero 15 - 33, crliefyiomux 3a MoC/Ae0BATENBHOCTBIO «6a», HO -
NpejiecTBYIONUX cJIOBY «Goii», M, HakoHel, K NOC/IeJ0BATENLHOCTAM -
«Gaaa», ... ux Bcero 15 - 332, cnemyiomux 3a MOCAEAOBATENHHOCTHIO
«6aa», HO MPEIECTBYIOWKX CIOBY «Goii». OTMETHM, HAKOHE, 4TO cl10-
By «Goii» NpeAlIecTByeT NOC/eL0BaTebHOCT «60» (04HA) U ee '

Goa, 606, ..., Gon (10 mocnenoBatenbHOCTEI).

K xaxnoft nocnegoBarenbHocTH «60a», «606», ..., «GOM» MOMKHO g |
NPUCTaBAATE CIpaBa Kax/aylo U3 OYKB pycckoro ajidasuta. Tak nogay-
ylM eme 330 MOC/IELOBATENILHOCTE! W3 YeThpeX GYKB, MPEANIeCTBYIO-
IUX /0By «Goil». Hrtak, ofimee unca0 mocienoBaTenbHOCTed, cofep-
Kamux He GoJiee 4eM 4 GYKBbI H NIPEAIECTBYIOMHX CNOBY «60ii», paBHO: |

1 +33+3324332 +1 + 16 +-15-33 + 15332 + 1 +
+ 10 + 330 = 54 248. : )

§ 30. ®akyabter ncuxosoruu, 1966 r.

Bapuanm 1
1. 40 m.
b\2
20 (a + E) .
3. @+ hm Qe+ 1T, 21,

roe k NPpHHHMAET BCe UEAbIe 3Ha4cHu4.
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y= 22.9/nx 1+sinX
/[

y=zsinx x

0 7 / 2\ g2 145X
/ y:_21+sinx‘

Puc. 34

y=1-2 1+Sinfx+1)

4. BHe OKPYXHOCTH C uempéMAB touke (1, 0) u paguycom 10 ujiu
BHYTPH OKDYXKHOCTH C LEeHTpOM B ToH ke Touke (1, 0) m pagnycom,

PaBHBIM —.

- 5. [paduk noctpoex Ha puc. 34.

" Bapuanm 2
Vab. .
Y3 Yokiga,

cos a

3. kn i'-;— arc cos% , The k TpHHHMAeT BCe UENbie 3HAUSHHS.

4, BHe oxpymaocm C LeHTPOM B Hauajle KOOPAMHAT H pajHycoM ‘

. V21+1

5. I'pagpux mocrpoen Ha puc. 35.
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 Bopuam$

L]
1. He xsatur.  ~ °

x :
2, kn + 5 ° Fae k npuHUMaer Bce leJble 3HaUeHHS.

3. B TOli MOAYNIOCKOCTH OT NPAMOi X = 1, TAg JIeXHT TO4Ka 2, 0).
4. 'padux nocrpoed Ha puc. 36.

‘ Bapuanm 4
e
V2 6/
2. %"i%, rae k TpHAMMaeT Bee LeJble SHAUEHHS.

3. Bayrpn okpyxcuoc'rb paguyca 5 ¢ 1eHTpoM B HauaJjie KOOpJAHHAT.
4. TpaduK noCTpOeH Ha puc. 37. '




R

-Jlnst 3TOrO 3aMETHM, YTO. M3 ypaBHEHHs (1) -cnemyer ypaBnenue (2).
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TJTABA IV E
OTBETBI, PEWIEHUS U YKA3AHHS K 3ANAYAM, 1967 r. = .

§ 31. Mexanuko-maremamqecxuii tdakyabter, 1967 r.

Pewewnns.
Bapuanm 1
1. O6nacts D’ onipenen ennst byHRIHHT _ .
¢ =2|lg(ax)|log, 10 — (4 lga—3)log,,10 + % lg x

ABYX apryMeHTOB X M @ TakoBa:
0<<xs1, a>0.

Ilpoussenem Hap nammbM ypaBHeHueM C/eflylolHe SKBHBAJIEHT- -3
Hele npeoGpasoBaHus:

2\lg@x)| _4lga—3 1 . o
S lgx 2lgx 5 8% : a ;;
C4|lg(ax)| =41ga—3 —Igtx. : ©

YpasHene. (1), OueBHAHO, SKBHBANEHTHO NAHHOMY, TaK KaK IpH- |

* ycnosuu 0 <x% 1, a> 0, oHo credyem u3 panuoro. C Apyroit cropo- -}
. Hbl, 06/1aCThb Onpese/ieHus: GpyHKIHH :

p = 2llg@x)| _ 4lga—3
lg x 21gx

—I—%lgx

coBmajaer ¢ objactsio D H, KpoMe TOro, U3 ypasHenus (1) caenyer
JaHHoe. e :

Hoxkaxem, uto ypaBHenus (1) u (2) SKBHBaJEHTHLI.
Hanee, o6nacrs-D, onpenenenus (GyHKUHH
x=4|lg@ar)|—4lga+3+ Ig*x
TaKoBa:
x>0,a>0,
M, TaKHM 06pasoM, S5KBHBAJIEHTHOCTS ypaBHenuii (1) u (2) Gyzer noka - .

8aHa, ecnu GyJeT AOKa3aHO, YTO X = ] He SIB/SETCS KOPHeM ypaBHe-
HHUA (2), T. €. YTO PaBEHCTBO : -

4|lgal =4lga—3 - 3 .



HE BHIMIOJIHSAETCSl HU NPH KakoM @ = 0. Ilencmwrenbﬂo, ecnu 0 < a<
<1, 10 Ig a << 0 u coorHowenue (3) NPUHUMAET BHA,
—4lga= - 4 Iga—3,
3 .
orkyna a = 108, a aro npomsopetm'r npennonomeumo 0 < a<l,
Ecau xe a > 1, To paBeHcTBO (3) MpHHAMAaeT BHA:

4lga=41ga—3
H, 3HAUHT, HE BHINOJHSAETCA H pH @ > 1.
HUraxk, ypaBHeHHe (2) 5KBUBA/E€HTHO JAHHOMY.

Cayuafil. ax > 1.
YpaBHenue (2) npuHHMaeT BH:

, 4lgat+4lgx=41ga—3 —Ig*x
e ~

lg?x 44 lgx+3.‘= 0,
OTKyAa ‘

Yenoeue ax>1 npu x= l NpUHUMAET BHA: 3 >1, omyra a>

i

1
>-10, a mpu x = Joo0 Meen: m>l orxy,ua a > 1000.

Hrak, ecnn a > 1000, 10 ypaBHeHHe HMeer KOpHH x = 1_16 "

x=ﬁ; ecJH 10 <a<< 1000 TO JaHHOE ypaBHeHHe HMeeT KOpeHb

x = 1—0 Ecau, Haxoueu, 0 < a << 10, To TaKHX KOpHeil, A.rm KOTO-

pHIX ax > 1, JaHHOe ypaBHeHHE He HMeer.
‘ Cnyqanll ax <<1 (m, KOHetmo,ax>O)
YpaBHeune (2) npnmmaer BHA:

—4lga—4lgx'—41ga—3—lg’x
HIH ‘ '
1g”x—~4lgx—8!ga—|—‘3=0 @)

* PaccMatphBas 310 ypaBHeHHE KaK KBaJpaTHOE OTHOCHTENLHO lg X
HaXOMHM €ro AMCKPUMHHAHT:

A=1+8lga.

Heoﬁxommoe M JIOCTATOUHOE YCJIOBHE AEHCTBHTENBHOCTH Kopueﬁ
ypaBHenus (4) TakoBo:

1+8lga>0,
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: ‘oi‘ky'na’, ' Tt : ' ' ‘ oy
lga>——.
ga>——+

Ecmnlga = — %, T.€.a= 7‘,71—1—6’ TO H3 ypaBHeHHs (4) HaxomuM: -

Tgx =2 x =100,

100 1 -

H TaK KaK ax = 77 >1, 0o npua= a0 AaHHOE ypaBHEHHE He

HMeeT KOpHell ¥ Takux, 4ro ax << 1. . _ '
Bynem npexnonarars, uro 1g a > — —;-’

Tak kak B paccmarpuBaémoM caydaé ax < 1, 1o Ig (ax) < 0 (u-o6par-
HO) UM Ig x << — Ig a. TakuM 06pa3oM, BONPOC CBOEHTCA K HAXOX-
AEHHIO TeX 3HAaYeHHHA @, NMpH KOTOPHLIX ypaBHeHHE (4) OTHOCHTENBHO
Ig x umMeer onun MaM nBa AEACTBHUTENBHBIX KOPHS, MEHBLIHX, 4eM
'—Ilg a. Ypapuenne (4) umeer peficTBHTENbHLIE KOPHH, OJHH H3 KOTO-
psix Gonblue — lg @, a Apyroi MeHplie, yeM — lg @, TOrZa H TOABKO
TOria, Korja : :

J§a+4@ﬁ;8@a+3<0

HJIH
’ lg%a —41ga + 3'<0,
T. e. A
10 < a << 1000.
" ‘Hrak, ecan ' ‘ .
10 < @ << 1000,
TO JaHHOE YPABHEHHE HMEET OfIMH KOPEHb:
x= 102" VW’,

} ynosneTBopa}oxﬁuﬁ yenosuio ax < 1. Ecan a = 10, to ypasuenne (4)
NpHHHMaeT BHJ! '

lg?x —41gx—5 =0;

" €ro KOpHH:

o x=-L1, x=100000.
10

Onnako ycnoue ax << 1 He BhimoaHsiercst npd @ = 10 n npu x ==. "
= llo nin x = 100 000. 3uauut, npu a = 10 gaHHOe ypaBHeHHE HE

' ‘MMeeT KOpHell x Takux, 4ro ax.<< 1. .. ST
Ecnu a = 1000, To ypaBHeHne (4) nmpuHUMaeT BUA:

ig?x —4lgx — 21 = ();



" erp KophH

=1 %=10000000 X
1 000 . )

He YJOBAETBOPSIOT HepaseHCcTRY ax << 1. L SR
Hakonen, ypasnenue (4) umeer 06a KopHsi, MeHbmHe — Ig @, Torza .
- ¥ TOJNBKO TOrAa, KOrjia ‘ .

1
lga>~— g‘,

lg?a—4lga+3>0;, - B
—2lga—4>0 S

— 9Ta CHCTEMa HEPaBEHCTB He HMeeT PelleHHil.

OxonuarebHbe pesynbTaThi AaHbl B TaGaHue:

0<a<10 o Kopheii ner )
2 ‘l
=10 -—
e *=To
) o v o2 ViFiiga
10<a< 1000 x=l—6, x =10 €
éxooo . —l x'—‘ ! ~
@ *=1 *~ To00

. ' 100
2. Tlycte v — oGbeM ofHOH KoaGHl B JHTpaX; TOTAA - = n—

KOJHYeCTBO K0JI6. OGO3HAuUHM uepes X MOBEPXHOCTb KOJOB, 00BEM
KOTOPOH paBeH v, a uepes X, — MOBEPXHOCTb KOJAOH OOBEMOM B
I aurp. OGosnauuM uepes r paguyc KoaGbl, 0GBEM KOTOpOil paBeH U,
a yepes r, paauyc Kojabul o6seMoM B 1 2 (v, = 1). Tak Kak _

. v & X 2
—_—=—, =g U= 1,
Y Ty %o 7o
TO
»»
= 3
OTKyZa ‘
“ —? . J . ’
. .2 E
ov=-2__, . : () '
3
, 2.
Xo

CrouMocTb onHOR KONGbI 06beMOM B 1 4 paBHa (B py6iaax):

s
il 2 2

= , wm



NpHYeM MO YCNOBHIO 3afauH px3 = —‘-;’omyna gx, =1 u,"'«cdréinoba-

TEJIbHO,
1
: p = —3 q = e—
4x X0
CrouMocTb BCex KOM6:

3
. 2 >
=(px2+qx)%=( : +—’5)¥’x3=

100Vx,,(V" W)

Tak xak v = 13—0, T0 M3 ypaBHewHs (1) maxopum:

r=x (%)’

ol

n

. H-TIOTOMY
1

(%)
T =100} %|~2L_ 4 1 -
4V —_— Cmf -
Xo
- . A
o -_-100('/100 . A )
. : 4y n ¥
ByaeM cunrath, 4TO n IpHHHMAET B ¢ € neﬁcrsmenbubre nonomienb-
Hole 3Hauenus. Torpa yHrumsa. - .

T=100(——VW° + V7)=

4y n Y100
6 6
=1oo(“‘f —/n )+100
\2yn VIO
NpHHUMaeT HauMeHbillee sHauende (T, = 100) mpu
yio  Yn

’

2yn Y100
QTKyZa
- 100
n=-—=125.
. 8 ‘ 5
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Tenepb 3aMeTiM, 4TO (yHKIHS T= T (n) B nonyuntepsae (0,,#2;5‘/—
yObiBaiomas, - a B MOJYHHTEPBale [2-25, + ) — Béapacralomaw.‘
B camoM géne, nojaraa 0 < ny << n,,. Haxonnw
3
—T, = 100 +'l/nz . 100 /m)=
e (4%/:?, Yo  4Yn, ,/100
=100 [%;_ Vi _ Y05 Vi) ] -
v 4Vmm

= 100 (/i — /) =V 100,
4/ 100mn
Ecou 0 < n,<n,< g—;’, TO Ny, <‘2%g = 12—0- H, 3HAuHAT, 41/ n,n2< :

<V 1007, . e T,—T,<<0uma T, <T, L
Ecnn xe -5 < ny < ny, To.41/n1nz > y/100° u, snaunr,

Ty —T:>0, 1. e To>Ty Ho TaK Kak 2 — 4HCJAO HATypanbHOE,
to T npUHHMaeT HaUMeHblee SHaUeHHe WJH NPH n = 12, WAH 1npH

n =13. FHmeem: T(13) —T(12) =

4312 .13 — ¥/ 1008 _
100(1/13 1/12) 4m

3 3/9984 — ¥/ 10000
= 100(/ T8 —7 19 "
4y 12.13.7100
BHaqm, T (13) < T (12) u HaumeHbliee sHaueHue T TpUHIMaer
npu uuciae Koab, pasHoM 13. O6weM Kampok KOGHI -ll%o JuTpa, a

T, =100 $/100 + ¥ ) -
i" ( 413 3/100
OrMeruM, uto pa3HOCTb CTOMMOCTH IMPOU3BOACTBA 12 13 Ko.nG ‘
paBHa npnﬁnnsmenbno (B Komefikax):
- T(12)—T(13) =

) 3 3
— 10000 (/T3 — / 13) V10000 — V9984 _ 47 ko,
. 4 /15600

3. IpeoGpasyem Bblpé}l(eaue

p=1cos2(t+ x)+ 2sin(t + x) coSy——;-(coéy-— 1 —sinx —%
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"cneu.ytomvm o6pa30M- : S

Ce=1—2sin?(t + x) +2sm(t+x)cosy —-—cos’ -I—cosy—smx—- .

5

‘

-

_1=—-2[sm(t+x)—?cos y] + cosy —sin x.

‘Kakosp! 661 HM ObiIM X My, BCerfia MOXHO HallTh Takoe f, mpH

" KotopoM sin (¢ + %) ‘—-% cosy = 0, wHanpuMép ¢ = — x +

—l— arcsm( 9 cos y) a Tak Kak 0o ycnosmo 3ajjau¥l JOJIKHO 6biTh BHI-

NMOJIHEHO @ < 0 npu’ Bcex SHAYCHHAX t "To 3TO BOSMO}KHO TOrjga #

- TOJIbKO TOTAa, KOTfa cos y — sin x << 0.

TakuM o6Gpa3oM,-Hamo HaHTH Ha Koopnnﬂa'rﬂoﬁ NJI0CKOCTH MHOMKe-

CTBO BCEX TOYEK (¥, y), A KOTOPBHIX BHIIOJIHEHO HEPaBEHCTBO

‘cosy —sinx<<0. . ()

‘Beegem HOBYIO cHcTeMy KoopauHat x'0’y’, mosyueHHyo U3 3ajan-
Hoii xOy mepeHocoM Taxum, 4TO HOBOE Hayalsio Koopmmar O’ umeer B
cucreMe xOy Koopzmﬂam , 0; Torma x'= x + Xz 5 y=y’ U HepaBeH-

crBo (1) mpunumaer Buz:
cosy’ —cosx’ <O
28 :
¥EY gin XY 0.

2sin
2 2

Hccrenyem snak ymkuwmd sin i'—“zll,- ‘Ouesuzo, 4TO
sin -x'—';l'—> 0
TOT/Ia H TONBKO TOrJa, KOrAa
den<x' 4y’ <4kn+2u, @

' TAe k npuHHMaeT BCe uesible 3HAUEHHA, H

sin £1¥_ o
2 )

TOrZIa H TONbKO TOTAa, KOrAa :
. —2n+ dnn <x' + y’ < d4nn, @)
TAS n TIPHHUMaET BCE leJble 3HaUeHH. "

Ipu KaxaoM sHaueHun B U n HepaBeHCTBa (2) " 3) onpenenﬂm
MHOECTBO BCeX TOYEK, JIeKallUX MeXAY ABYMs! apa/IebHEIMH “TPs-
MBIMH:

Xy =4kn, x4y =4kn 42w

ViTa



AN HepaBeHCTB (2) W
x' +y' = —2n+ 4nx,
Jas HepaBeHcTB (3). S
Ananornuso uccenyercst sHak dyHknuu sin

' +y' =dnn

X —y
2

‘4mn<x' —y' <4mn 4 2n, TO Sin .’"—;L>,O,

aecmu ‘ : ]

—2n —l-'4s_n<x' —"y'<4sﬁ, Tosm—xi;—’i< 0;

m 4 S IPHHHMAIOT BCe lle/ble 3HadeHns (puc. 38).

HacTb IJOCKOCTH COCTOMT M3 BCeX BHYTPEHHHX foqex KBanpa'ros.

Koopauuarsl Bepuis OZIHOTO W3 HHX: 0 ( ,0), A (

)» B (_’_9 “)r

C , 2n). Bee ‘OCTa/IbHBIE KBa,upam nonyqaxo‘rca BCEMH nepeﬂocamn

Kaanpa'ra O’'ACB, onpezleJmeMmMH COOTHOLUEHHSIMHU:
. X =x +2lu,y =y’ +2pn
rae lup DIPHHUMAIOT BCE LeJble 3HAYCHNS. '



Moxgﬂo 3aMHCaTh U ypaBHEHHsI CTOPOH MOGOrO M3 TAKHUX KBajpaTos:

X 4y = 4kn, .
x4y = 4kn + 2n,
x —y’ = —2n -+ 453'[,

X —y =d4sn

H .

X 4y =—21+ 4nn,

' +y' = 4nn, ;

X —y' =4mn,

X' —y' = —2n + 4mn,

e k, m, n, s NPHHEMAIOT BCE [e/ble 3HAYCHHS,

3ameuanne. Yurareno, AOCTaTOYHO 3HAKOMOMY C aHaJHTH-
YeCKOi reoMeTpHell, yKaxeM eie Ha OfUH Meroj periennsi, [Iponssenem
npeobpasoBaHue JEKapTOBOH CHCTEMH KOOpAMHAT, IpUHUMasi 3a HO-

BOE Haua/io KOOPAHHAT TOUKY o'( % , 0), a 3a HOBBle MaciTaGHbIE BEK-
TOpHI - o .
0= e = {a, n}, 0B = e, ={—m, n};
- bopMyJIsl npeobpasoBanus: »
x =naX —aY + % ,

y=nX+4+aY;
HepaseHcTBO (1) nmpumer Buz: .
cos(nX 4 nY) — sin (g— +aX — nY) <0

"WIH

cosnX cosnY — sinnX sinwY — cosnX cos ny —
—sinaX sinnY <0 :
HIH

sinnX sinay > 0.

Hepasencrso sin nX > 0 BrmoneHo TOrZa 1 TOMBKO TOTHA, KOTka
<X <2 +1,

a HepaBeHCTBO sinX << 0  BHIIOMHEHO TOrZa M TOJBKO TOFAa, KOrAa
n—1<<X<n,

k B n — mo6pie uenble 9ucaa,
Anajioruuno,

3
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‘sin'nY>0, ecmn 2m <Y < 2m + 1;
sinny <0, ecau 2s—l<Y<2s;

m ¥ s — jo0ble esible YHea.

Hanpumep, npu k& = m =0 noayyaem xpagpar 0 << X << 1,
0 <Y <1 —o3r0 keagpar Q'ACB. Bce pewenus Hepasencrsa (1)
ABASIIOTCSA KOOPAHHATaMH JI000i BHyTPEHHell TOYKHM JII0GOro Kajpara,

noJyyeHsoro u3 ksajapara Q’ACB nepeHocamu:
‘ X =x+4+1 y =y +p, ,
rie | u p — moGrle nesble yHcaa, npuueM | /| u | p| ofHHAKOBOH yeTHO-

CTH.
YpaBHeHHS CTOPOH 3TUX KBaJpPATOB:

X=2%0X=2+1,Y=2mY =2m+1

X=2n—1, X =2, Y=2s—1,Y =25

rue k, m, n, s — moGrie nenbie uucaa. Hanpumep, npu k£ = m = 0
no/y4aeM ypaBHeHHs! CTOPOH KBajpaTa Q"ACB (s cucreme X0'Y): -

X=0,X=1,Y=0,Y=1.

~4. TlpesiBapuTeNbHO PEIIMM CAEAYIOMYIO 3aiauy: B LEHTpe cepr
paguyca R HAXOAMTCS BEpUIMHA TPEXFPAHHOTO YrJa, BHYTPEHHHE
ABYTpaHHble YIiibl KoToporo pasHbl A, B u C. PeGpa atoro Tpexrpas-
HOTO yriia MepeceKaloT 3Ty Cpepy B TOYKAX, KOTOPHIE MH 0603HAUYMM
COOTBETCTBEHHO TeMH ke GykBamu A, B°um C (A — BHyTpeHHuil ABY-
TPaHHbIH YroJi TPEXrpaHHoro yria ¢ pe6pom OA, rae O — ueHTp cde-
PH H T. 1.). Fpaﬂg PaccMaTpHBaeMOro TpPeXrpaHHOrO yriia NepeceKaroT

cepy no nyram AB, BC u 5:4, ABJISIOMUMCS AyraMu GOJIbIINX  Kpy-

S~——"
rop cepel. M Ayru obpasyior coepuueckuii TpeyroirHHk ABC.
Bripasum ero miomann S uepes Benuununt A, B, C BHYTPEHHHX IBY-
FpaHHBIX YIVIOB JAHHOrO TPEXTPAHHOTO yrJiia W pajuyc R paccMaTph-
BaeMo#l cdepsl.

CHayana saMeTHM, 4TO MJIOWAAb YacTH cepHl; SAKMIOUEHHOM BHYT-
PH IBYTPaHHOTO yr/ia BEJHYHHOH a, peGPOM KOTOPOro SIBJSETCS AHa-
Metp cepel, paBHa 20R? (puc. 39).
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_ Paccuorpnm Tenepb cQ)epuqecxuﬁ 'rpeyro.nbuuk ABC (pue..
: ‘Oﬁosuaquu uepes Ay, By, C; TOUKH, ' CUMMETPUYHLIE ‘COOTBETCTBEH
-~T0uKaM A, -B u C ortHocuTeNbHO nentpa 0. .cheprr. Tonycdepa, pacno

JI0XKEHHAs MO Ty CTOPOHY OT mtockoctd OAB, rae pacnomoxena Tou

Ka C, nyramn AB BCuCA nenurcs Ha 4 c(‘pepuqecxnx TPEeYroJbHAKA:

S——
ABC A,BC B, AC B A,C. O6o3Hauasi TIOWAAK STHX. chepryecknx -
TPEYTroNIbHHKOB coorrBeTcheHHo uepes S, S, Sy, S, (3aMerum, 910

NJOWajab TPEYTroJbHHKA. B,A +C paBHa mjomazn 'rpeyronbnnxa C,AB),

6ynem HMeTb:
S-I-S; +8; +S; = 2aR?,
S + 8; = 24R?,
i "S + S; = 2BR?,
S+S8;+= 2CR2
Orcioa : : 4
A+B+C—u+— . ('1)’

Tenepp nepeiineM K peleH IO JaHHOH 3a11a'm (puc. 41). Tak Kax
Bce JABYrpaHHble YIJbl HAaHHOH MHPaMUAB paBHB Mexay coGoi, 1'0, -
nonaras R = 1, u3 QJopmy.nu (1) nonyuum: :

‘ 34 =n +8.
- U Tak xak npu ycaosuud R = 1 TOBEPXHOCTH cqaepsx pasna 4z, a S no
YCAOBHIO COCTaBJsieT ilf) sroﬂ Be.mmunm, TO :

‘ A== + 2 ]0,
OTKyZa ~
e _

15
— TaKOBa BeJIMYWHA BHYTDEHHEro ABYTpaHHOro yria A, peGpom KO-
TOPOro sBJsieTcsi GOKOBOe pebpo NMHPaMHIHL.

TpoBesiem uepes npsMyio P Q miockocTb, NEpHeHAUKYAPHYIO OR
(310 BO3MOXHO, TaK Kak PQ _L OR). Ilycts 3Ta miockocts nepece- :
der pe6po OR B Touxe N. ITycts M — cepeauna orpeska P Q.

Torga MN = & — xpatuaiimee pacc'roanne Mmexay PQ n OR
Us Tpeyronbnuxa MNQ HaXOZUM (puc. 42)

8 == —ctg-—-

O6veM nupammu:x OPQR paBeﬂ, c o;moﬁ CTOPOHH, = lTals V3

ApYrofi CTOpOHBI, — a16 sin90° = — lctg — (l = OR).
INpupaBruBas a'm BLIDAXKEHHS, ﬂonyqnm '
1=V3 tg =




33
&
£
#

QJI‘eue ’ B ) ;i:rpeyronbunxa
OTR (T—npoexuua O:na_ qjoc-’

KOCTb PQR oT = 1, ZOTR= "

._90°) Haxomm (TR_,‘ VS)

1+— —-3tgz‘4

. orxyna

3(3tg’—-—- 1)=
=3f3 (I—chsA)z _ 1}
sin? A
6 1 —2cos A
l+cosA

M, 3HAUHT, . o6bveM V, nnpamunbx
OPQR pases a: V3 1 V3 re

Vo= V3 1—2cosA‘
2 14 cosAd
O6bem mapa pasen:
4

Vm = -3—3'[,
Puc. 42
CJ1eJ10BaTe/LHO,
o ' SRR PP proe .2
Vo _3V3 1-—2csA._3V3 15
- 8" - N - .. 7
Vo . & l-|-‘cosA 8n 1 +cos __l_s_st_

8n 8n 7 7

] l-cos—l—s— . l—cos(-g--i— 5)

‘ ol V41 _ VT Vi2V3
_3V3 ]“"2‘(2 4 P 4

Vio—2vs

8n l_%V'§+l'+V§.

4

2

4

=

. 8x n n
3‘/§ 1 +2cos — T 3]/— l+2cos(3 + 5.) _

)

=




R S -

_3V3 1042V —2¥V3 VI0—2 §; .,
% 1 ¥VE4yIVIo—2v5
_3V3 (104 2V5‘-2V§V10—2V?)(7—V§—VW10—2V§)

8 _ 8(3—v5)
_3V3 15—-V5E —3V3V10—2V5 _ 3V3 (x5
= 7% = (15 V5

—3V3V10—2V5) @ +V5) =2L310 + 125 —
—3V3@B+V5)V10—2V5].
8 3ameuanuel. [pu pewennn -
G aT0ff 3a5auM GhlIa HCIOMB30OBAaHA CJle-
- nyomas ¢opMmyJa Jasi 06beMa MpoHus-

ﬂ BOJIbHOH YE€ThIPeXrPaHHOH ITHpPaMUABL:
A D

V= El abe sin ¢,

8, rme am b — pauHbl ABYX (MoGHIX) ee .
CKpeluBauxcs pedep, ¢ U ¢ — co-

OTBETCTBEHHO, KpaTuaiilee pac-

CTOSIHHE H  Yrol MeXAy  HHMH.

A, D BuiBecTH 3Ty (OpMysNy  MOXHO,
Prc. 43 Hampumep, TakK: nyctb ABu CD — -

ABa CKpelluBaloLiiXcs  pebpa MHpa-

mugst ABCD  (AB.=a, CD = b).
HNoctpoum orpesok AyB;, paBHbit U napa/neabHuI orpesky AB, -ce-
PEMHA KOTOPOro cOBMajaer ¢ cepenuHoit orpeska CD. IMoctpoum or- -
pesok CiDy, paBHbifi H NMapa/nenbHbll oTpeaky CD, cepenuHa KOTOpO- -
ro coBnanaer ¢ cepepuHoil orpeska AB (puc. 43). ITapaanenorpamm -
ACyBD, nonyuaercs nepeHocoM mapasnenorpamma A,CB,D. dtu nsa (

' mapajijiefiorpaMMa  CJIy:aT OCHOBaHHSIMH napasJienenunesa; pebpa . -
ZaHHOH MHPaMHUME! ABJIAIOTCS NUATOHAJIAMH rpaHell 5TOro napasnJene- g‘i
nunesa (Takod mapajiesienune]l HA3HIBAIOT MHOMKA OMHCAHHBIM OKOJIO
JAHHOH THpPaMHIbI). . ’ .

OGbem napaJienennnesa, ONHCAHHOTO OKOAO AAHHOM nHpaMHUibl,
paBeH: .

1 .
Eabsmq)-c,

TaK KakK 2 ab sin ¢ ects moWwags ero ocuosanus A,CB,D, a ¢ — BH-.-

C€OTa, ABJISIOMASCS B TO XK€ BPeMsl KpaTyailiuM PacCTOSHHEM Mexay
ABu CD. .
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I[al-maa nnpamma nonyqae'rca PIS OMHCAaHHOrO OKOJIO Hee napaa-
,nenennne,ua, €cJI -OT Hero-orceus 4 nupamunm .

ALACD, B,BCD CiCABnu D,DAB
061.eM KaXIO M3 5THX NMHPaMHA paBeH % o6beMa  OMHCAHHOTO
napajjiesienunesa, sHauuT, ooneM nupamuisl ABCD pasen 5 obbeMa
OIMHCaHHOTO MapaJuie/ienunesna, T. e
l’ abc sin .

KoHeyHo, MOXHO OBIIO o6oﬁ'mcx: H 6e3 310H (YOPMyJIBl, YCTAHOBHB,
HanpuMep, CBSA3b MKy A u o (ueprT. 42):

@_Q_ sin e - .
sini = MQ =, o = 2 = ! N
2 QN Qv sina 9 a
. OQ . . cos 2
| S :
3Has cos % = [ MOXHO BbIPasHTb CTOPOHY a = PQ Ttpe-
2 sin 5 - '
yronbnuxka P QR uepes A, Haiitu 1. APQR u T. 1. .

BaMevanue 2. l'Ipn BHIYAC/IEHHH cos A 6blIa HCMOMb30BAaHA
thopmyuia:
V541
; 4
BuiBectn ee MOxHO, HampuMmep, Tak: N

cos?»cosz—“;—l sinZeosF= -

€05 36° = cos % =

cos & — cos n_ =2sin 2 sms"
5 5 10 10

1 3 1 L 1
= sm—sm——--—-— COS — —CO0S — | = —
n 5 10 ( 10 ) 2’

cos— 2 co sE
10 . 10

"o . :
8HAYHT, COS —5- 4 —C0s 7~ ABASIOTCS KOPHAMH KBaJPATHOTO yPaBHEHHS:

2 . 4
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uaM -
.\4x’ _2x _‘1( —_ 0“. e

npn 9TOM €08 — ~— llOJlO)l(Wl‘e.'!bem Kopenb '9T0T0  ypaBHenns, ‘a

a

5

-

2n
. = COS ? — orrpnnarenbnuﬁ

cos X =._§.'_"_ , E
5 4
;| _yF i
-‘COS 5 _T' . R

3ameTuM, 4TO TaK' Kak = = 36°,. a 251‘ = 72°u cos 72°.= sin 18%

TO

cla

sin 18° = V5-' | ‘

c0s 36° = V_i‘l_‘l

WUnu- nnaye:

sin (2 - 18°) = cos (3 - 189),
2 sin 18° cos 18° = 4 cos® 18° — 3 cos 18°,
2 sin 18° = 4 cos? 18° <= 3,
2 sin 18° = 1 — 4 sin? 18°,
4 sin?18 + 2 sin18°—1 =0,
M TaK Kak sin 18° > 0, 10

sin 18° = Vs_l
" Orciona . .
- y e 3  —
- C0536° = 1 — 2 sin? 18> = 1—2(V5 4-‘) =YE+1,
Bapuanm 2

1. 06Jlac1‘b oupene.uenun GbynKuHH

logy;a l log, = 1 log,, 2 log,; a® + log, Vi

' takoma:

I<x#1,0<<as1l.

‘BeinonnnM, cuutas, ut0 0 << a £ 1 u 0 << x 5= 1, SKBUBaJICHTHEIE
npeo6pa3oBaHus NAHHOTO yPaBHEHHS:

log, alog,~ ,log‘, I-—-log 2+ log,x =0,



[P s A T S R

. logix }log‘a-‘; -"_Eﬂ"/—_‘x-*é:lég;x_—.q,*
xo:;x' log; 5| — 162;; + 5 o8, % =0, ‘
lQ:ax lqga‘;‘ . W———z@"l‘»l logax—O o H
4 loga— -—4loga2+logax-—0 N
log§x+4|logax—-loga2| 4log,2=0. (15 ‘

" 1% log; x<Clog,2: Toria ypasienne (1) mpumer Bup:. . .

log2x —4log, x =0,

otkyzna (log, x 5 0): . -

log,x=4, 1. e. x=20a"

Hepasencreo log, x <<log,2 npuuuMaer Bua;
log, a4 <log, 2.

Ecnu @> 1, T0 OHO BhIMOMHSETCS TOJILKO MPH YCJAOBHH o <2
T. €. X = a* — KopeHs, el 1 <a <<y 2.

Ecmn k¢ 0 <a<<l1, 10 @*>2 — 9Ta CUCTEMa HEPaBEHCTB Mpo-
THBOpPEUHBA. : ~

2. log, x >log, 2. -
YpaBHelme (1) npunumMaer Bup; )
log,2x + 4 log, x - 8 log, 2 = O, o 2
ero Mcxpnmnﬂam' '
A'=4+ 8log, 2,
Hs ycuoauﬂ A > 0 Haxomum:
2 S , oL
log, a , -
2 + logga > 0

logga .

-

1
T. e Wi log, a < — 2 unu log; a > 0, 3Hatmr, um 0 < a\ "y

W a > 1. : o~ -
Ecmn a = —i—, ) log,x =—2, log,2 = ———;— H  ycJoBHE

log, x > log,2 ne Bumoausercs. Byaem MOTOMY CYHTATh, YTO HJIH
O<a<%, u a > 1.
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' YpaBHense (2) nmeer 'Kopém; log, x = log, 2 .TOMBKO TOTAA; KOTA -

log,2 2 + 4 log, 2 — 8 log, 2 =0,

. e npu log, 2 = 4, otkyma a = 7/ 2.
Ilpu aTom 3HaueHHH a ypaBHeHHE (2) OpHMeT B

log‘{/.;x-l-ﬂogi/?_ x—32=0,

log, ~ x =4, logvz_x = —8§,
x=2 x= L
. 4 .
HepasenctBo ]obv_ Iogv_2 BEIMO/IHSIETCS M3 3THX 3Haqe1-mﬁ b

TOJbKO MJIfi X = 2.

YpaBHeHue (2) umeer o6a kopHa log, x, GosbIINX loga 2, TOJIbKO
TOrza, Korza

logdzz + 4 log,2 —810g,2>0, .
C21log,2 +4<<0;
orciofa '

- log, 2 <—2 —loga -2

Ecan 0 <a < -, T a3 2, a> —-——nouyqaen HECOBMECT- - E

Ve

HYIO CHCTeMy Hepaaeacrs.
" Ecmxea>1,10a2>2 0a<<-—>= —o0nath HeCOBMeCTHAs CH-~

- <y

CcTéMa HEPaBEHCTB.

YpaBHeHue (2) uMeer oguH KopeHs Goabumi log, 2, a Apyl’oﬁ —‘";‘ B

MeHblIHi log, 2, mpH yCIOBHHU:
log?, 2 — 4 log, 2 < 0,
0<<log,2< 4

Hepaneﬂc'rso log, 2>0 Brnoasexo, eciy a. > 1, 1 He BHINOJIHEHO,

e 0<a < —~ . Hepasencrso log,2 << 4 = log, a* npu ycioBEE -

a>1 axanaanemﬂo TakoMy: a* > 2, 1. e. a > V2. Urak, npu yc-

noBHH a > 7/ 2 ypaBHenue (2) B ciydae 2° IMeeT TONbKO OJHH KOPEHb:
a—2+2 V T+ 2log,2 .

“.}}i{‘x:‘ Gdiees i e




l<e< V2|

a=y2

a>y?2

xX=a

—-2+42ViF2 logazl

Eciu 0 < a < 1, 10 ypaBHEHHE He HMEET KOpHEH. )
" 2. CHayana KOJIMYECTBO NAacCaXMpOB GyheT yOHBaTh: MocJe nepsoft
OCTaHOBKH Ha 45 uenoBek, noc/e Bropoil Ha 35 4e/0BeK, nocie Tpernei
Ha 25 yeJioBeK, mocJsie YerBepToil Ha 15 yesioBeK, mocse msaroil Ha 5 ye-
JioBeK. TakuMm o6pasoM, mocile msTH OCTaHOBOK B moesje Gymer 462 —
—125 = 337 uenosek. IToc/e wectoii 0CTaHOBKH KOJMYECTBO NACCANKH-
POB yBeJHYMTCS Ha 5 uesioBeK, moc/ie cefpMOd — Ha 15 W T. 4., TaK
© 4TO MHHHMMAJIbHOE YHCJO TNAaCCaXHPOB, KOTOPOE MOMXKET MPUOHITH B
NyHKT B, paBHo 337 — H 970 B TOM Clydae, eciu mexcdy A u B umeercst

5 ocTaHOBOK.

. ' 3. TlpeoGpasyem maunoe BHIPaXKEHHE CJIELYIOMHM 06pasoM:
 @=sin?¢+ %) +sin(t+y) +sin(t +2x —y) + % =

= sin® (£ + x) + 2sin (¢ -+ x) cos (x —y) +

\,hl_.

= [sin (¢ 4 x) + cos (x — y)I* + —;- —cos? (x —y).

KaxkoBsl Gbl HH GbliH X H y, Bceria HaiieTcss 3HaueHue f, MpH KOTo-

pom

sin(f +x) +cos(x—y) =0,

Hanpumep npu ¢ = 32—“ — 9.

3uauut, ¢ > 0 (Ipyu BceX 3HAaYeHHsX f) MPH TeX U TOJNLKO TNPH TeX -
SHaYeHHAX X U Y, NPH KOTOPHIX

%—cosz(x—y)>0,

cos*(x —y) < -;-.

WU

1 1
— 5 <cosx—y) <,



. Puac.

1
oTKyZa o .
kn+-’§-<x/—y,<kn+2—g,

rie k npuHUMaeT BCe eJibie 3HAYEHHS.. :

'~ Ha KOoOpAMHATHOM NJIOCKOCTH MHOXECTBO BCEX TOUeK (X, y), Koop-
- JMHATBI KOTOPHIX YHAOBJETBOPAIOT 3THM HEPAaBEHCTBAM, COCTOMT H3
BCeX TOUEK, JeKallMX BHYTPH Jio6OH moiochi, 06pa3soBaHHO# ABYMSA
napaJjiie/IbHBIMH  IPAMBIMH: . :

x—y=hnt+Z,
x—y =k

k — moboe uenoe uucao (puc. 44). :
4. Tlycr O — Bepuuna, a ABCD — ocHoBaHWe JauHOf NMHpaMHu-
I, M3 ycnoBusi 3ajaqd HaxXOAUM anogeMmy Gokoso#l rpann: OM =

= —‘;—u aaaHy GokoBoro pebpa: OD = K;Q Flposenem uepes npsaMyIo

AC naockocTb, mepneHauKyJsipuyio pebpy OD. (310 BO3MOXKHO, TaK .
kak AC L OD), u nycTb 3Ta MJI0CKOCTb nepeceder pe6po OD B Touke -
K (puc. 45). '

4t
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IMonaras KC-= x, Haxogum:

X yio _3 1 -
2 T 27 - ) )
OTKYZa ST -
3 .
C=x= v
K Vo
Hanee naxonum (TC = —':-2_-)
9 1 2
100 2 Vio
H, nonaras £ AKC = vy, umeem:
| -2 '
cos? = VIO _2
23 T3
10
CJIel0BaTeNLHO, ,
cosy=2cbs”1——l =% _ 1= S
2 9 9

‘Tenepp Hafizem Bny-rpeuﬁae' AByrpaHHple yrae o = f§ nupaMuas ‘

OACD c pe6pamu-OC 1 OA. Umeem:

]

1
QV o.i/—_2.

J1

-

1
cos o = cosp = 1 A 0CT _ 2 2,
. . ‘na. & 0CD 3

M|

T
2

" OGosHaunM uepe3 S, MJIOMAAb YaCTH JAAHHON cdepwl, BbIpe3aeMoft’
H3 Hee YeThHIPEXTpaHHBIM .yrioM.c pe6pamu OA, OB, OC, OD. Tlono-
BHHA 5TOH IVIOWajH paBHA MJAOMANH ChepHUIECKOro TPEyroJbHHKa,
BbIDE32€MOr0 H3 JAHHOR cePHl TPEeXIPaHHHLIM yrioM ¢ pebpamn OA,
OC, OD. Ha ocHoBaHHU (opMyJibi LSt Miomany chepHIecKoro Tpe-
yroibHHKa (cM. peuiesue 3agaun Ne 4 sapuanta 1, crp. 178) umeeM:.

5. _ 9 arccos 2 + arccos -—-l—)—:i.
B 2 R 9). o
Ho - . . . . ‘
' 2 2\2 1 .
arccos — = arccos'}2(=) —1|.= arccos [— —},
Zarccos & = arccos [2(3) ] (=)

arccos {— — |} = Jt — arccos —,
ecos () = o arecos 5




CJesoBaTeNbHO,
So
2

. = ;L — arccos (— ®) = arccos -
81 81
H, 3HAUHT,

-7
o = 2 arccos B,
81

20 =g -2 arccosl=u—arocos(2- L=
9 81
M

. OﬁoanarmM qepe3 S MOBEPXHOCTh narmoﬁ cdeprl, yepes v, 06bEM HACTH
chepbl, Haxomsielics BHYTpH nannon NUpaMHJEl, a depe3 v o6beM

. JauHoro mapa. Torga - \
, P
— T
v
H TaK Kak '’
s=4n, v= —m,
TO
T
v, =2 =2 arccos 2
3 3 81
O6beM AaaHHON MHpaMHAL pPaBeH
V=12,

' 3HAQYMT, HCKOMOE OTHOLIEHHE PaBHO:
C V—u, 1% 1

=—-—1=

- lc
— 79
% % V' 2 arccos a1

Bapuaum 3
1 IepenHineM JaHHOE ypaBHEHHe B BHAE:

= logyeo ¥* — log,+ 10 (

ﬁ):o.

(M

O6aacrs D onpeneinenis q)ym(uuu @ OT ABYX apryMeHTOB a H X Ta-’

KOBa:
a>0,0<<xs%=1. °
YpaBHenune (1) 3KBUBaJNIEHTHO CJIEAYIOHIEMY:
g 1 . x|\
1g 100 1 (l+lga llga‘)
E lg x .
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Ham- . - -
‘ = 2 EA NP
¢_gx—wx( a) 0. o

YmMHoxas JeBylo yacTh ypaBHewus (2) ma 1g x, momyunm ypaBHeHHe:
: ‘¢=gu—4@+g i):aA @)
. a

O6unactb Dy onpefienieHHs pyHKIMHA P TaKoBa:
x>0,a>0.
flcro, 4TO BCE KODHH ypapHerust 9= 0 sBJSIOTCS TaKXKe H KOPHA-
MH ypaBHeHUs P=0.
Ypasrenue 9= 0 caenyer us ypaBHeHus P = 0, ecid x = | He

ABJNAETCs KOpHeM ypasHenusp = 0. IMoxcraBnsis B JeByl0 4actb
ypaanemm () x = 1, nonyunm:

1+ lga—1|liga =0.

Eciv a > 1, T0 370 coOTHOLIeHHE He BLINOJHSETCH; €CIIM  Ke
0<a < 1, TO OHO NPHHHMAET BUX:

. 2lga+1=0,
OTKyJa '

Q
I
-J‘

Hrak, wpy a = ;7'1:0 ypaBHeHHue (3) uMeer KopeHb x= 1, He ABJAIO-
L4iica KOPHEM JNaHHONO ypaBHEHMs.
Hpaa = Vll ypapsenue (3) IpUHHMaeT BHI:

2y _ofl | 1N=

1g%x 2(2 Ilgx+2|)
HWIN :
lgzx—l+2llgx+—;-|_=0. @
Ecnhlgx>—%,Tolg2x+2lgx=O;

orciola Igx =0, x =1 — He KOpeHb JAHHOTO ypaBHeHHUs1, HIH
Ig x = — 2, a0 He yaOBNETBOpSET YCMIOBHIO Ig ¥ > — -; .

Eciu xe lg x << — %, ‘TO ypaBHeHHe (4) npUHUMAaer BHI:

lg2x —2lgx —2 =0,
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: fOTKYJla; ‘ o . ' :“‘f“; : G g oaiet »‘z‘
@r—iiVi ' :

nTaKKaKTonbxol—V_<—-2—,‘ o x=1

0T £ gopeHb JaH-

'HOTO yPaBHeHHs NPH @ = ——
YP: p Vlo

1 e
Hrak, Cle'-laPI a= Vo Hcces0BaH. Bynem c'-m'raﬂ:. yro 0 < a -,&

VlO' x>0, 4 B 3THX NPEANONOKEHHAX peman ypaBHerme (3)

Cayua¥ l. x >aum-lgx>Iga; Torna ypaBﬂertue (3) npu-
MeT BUL:

‘ lg’x—-2—2lga+2lgx-—21ga—0
HIH

f@@ 1gx+2@x—2—4@a—o “ffay
- JIMCKPHMHHAHT 5TOTO yPaBHEHHS ' '
A=3+41ga.
Yenosue A > 0 efiCTBHTE/ILHOCTH KOPHE# faer:
' lga>—=
- Ecma lga = —%,w A=0n >lgx = —1; ycnosue lgx > E

~ > lg a He BumoaHsETCA. ITostomy Gyznem cuuraTh, 4T0 lga>— 1

TIpu 5TOM ycNOBHHM KOpHM ypaBHeHHs (5) oTHocuTenbHO g x AeficTBH-
ge/bHbl M pas/iuuHel; 1g x = Ig a sBJISETCA KOpHEM YpaBHEHH: (5)
_ TOrfa M TONLKO TOrAa, Korja -

1g? a——2lga—2—0

, lga=1 +V3
l'Ipﬂ lg a = 1 — V3 ypasuenue (5) npunumaer BHA:
- .lgx+2gx—6+4V3—O
OTKyAa RS
' gx__1+Vﬁ—4V3_—1+@—VB)
lgx =1 —V3 lgx———3+]/3

Tak Kak Igx = — 3 + V3< lga = = V3, 10 x'-‘ 10‘3‘""§
He SBJISETCA KOpHEM. ypaBHeHuﬂ (3) TakuMm, 4TO lgx > lga. :
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Ananornuno, ecu lga = 1"+ /3, nga_eem ;
'lg x+2lgx—6—4y3=0, ..
e = +V38 lgx=—3—V3,

lgx='—3—]/§<lga-l+]/3 S

" TakuM o6pasomM, ecau a = 10'~73 , 10 x=10'" Y3 aecnna =
=10"*"3, 10 x=10'+73. :
ByAeM ctmTa'rb, uTo .

. 3 = . : a

a>10 %, ax 10' S, a+ 10‘*1’3, ;é—.

. yio
‘Torza Kopuu ypaBHennsi (5) OTHQCHTENbHO Ig x HNeACTBHTENbHH,
pasMyHbl M HH OJMH H3 HHX He paBeH Ig a. YpaBuenue (5) umeer B
ciyuae 1 KopHH TOMBKO TOrMa, Korja: 1) o6a kopHs ypasHemus (5)
OTHOCHTENBHO Ig x Gosblue lg a; 310 OyZieT TOTAa. H TOJILKO TOT/a, KOrAa

3
4

a> 10 ‘un
[ (lga) >0,
2lga+2<0;
ojiHaKo ycsioBHe Ig a <-—1 rlpomBope'-m'r YCIIOBHIO JAeHCTBHTENbHO-
cTH Kophedi (Iga = — 1 < — —)
Yncao lg a 6ymer saxmoqeﬂo MeXJy KODHSMH ypaaﬂeﬂua (5) (cr-
nocme.usno lg x) Toraa u TonEKO TOTAR, KOTAA

f (lg a) <0,
T. €
' 1ga—2@a—2<m
T. €. - -
, ~1—V§<&a<l+V§
HHaye,

N IOI- <a <101+V3

B atom c.nyqae, ecu a7~ ‘-/1—0, KOpHeM JaHHOTO ypaBHeHHs Gyner
I

Gobiumi Kopenb .

lgx=V3Fdlga—1, = x=10""Fet,

Cayuanll. x<anm lgx<<lga.
Vpaanenne (3) npunuMaer BHX:

- 1g? x—2—2lga—2lgx+2lga—0
191
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HaH )
lg?x—2lgx—2 =0,
OTKyna lgx=l + V3. !

3naunt, ecn Iga <1 — /3, 10 gannoe ypaBHeHHe He HMeer
KOpHeH, MeHbUIHX g. Ec.:m 1 — V3< Iga <1+V3

-V3

3 .
mmlo <a lO ,Tox=10 ,aeumlga>14
14+vV3 1-v3 +v3
+V3, 1 ea>10 x=10 nx=10""",
Hror nau B creayromeit -raﬁ.mme
a< 10l v Kopueit ner
o= 10'-7% . e IOL-Vs‘
vy 4 ‘
= V5 V3Tilga—
107" <a<10 ? =107, 4= 0" 3!
1 .
a=10 ° - x=10""%
i . _ _____
10 2 <a <.101+V 3 ‘= ml-V 3’ _ 10V3+4lga—l
14+V3 1-V3 14+¥3
a=10 x=10 y X=10
1+vV3 1-v73 14773
a> 10 x=10 °~ ,x=

2. CrpouTesbCTBO OAHOrO JOMA B COOTBETCTBHH C ycJaoBueM 3anavm. N

Bmpamaerca dopMmyJioll (B pybasx):

184800 = p - 1600 - 40 + ¢ - 40; iy
IpH 9TOM ) ‘
p- 1600-40:3—20-40- q
R
q = 5000p. @)
Pemas cucremy ypasuenuit (1), (2), nonyanm:
7 “ —
p= '1_0" .qA 3500'
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CTpOoMTeNLCTBO 4——-—DND % JIOMOB OGXONHTCS B CyMMY, ‘PaBHYIO

40000/7 _ _
s="="{LNVN +3500 VN) 40000( VN + VN)_
_ VN
280000 ( VN)
VN VN _10V3 —
dynKnUA — VN (y = v ) +2V'50

(npu ycnosuun N > 0) npuHuMaer HauMeHbllee sHaYEHHE MPH

{/_17_101/3_
yie y¥

T. e. npu N = 5000. 3uauur, cymma sarpat 6yZer HauMeHblIei -

(2870 ]/2 ThICHY PyOiIeii), ecyid MOCTPOUTh 8 AOMOB.
3. IlpeoGpasyeM HepaBeHCTBO

2 cos 2t + 4 sin 2x sin ¢ + 2 sin (x + y) —(sm2x— 1)2>1
ciaepyiomuM obpasoM:

2—4sm2t—l—451n2xsmt—l—2sm(x+y)—-sm22x+
+2sin2x—1>1

HJH

4 sin® ¢ — 4 sin 2x sin ¢ — 2 sin (x +y) + sin? 2x —
- —2sin 2x <0, .

175,17 .
- 2[sin (x 4+ y) + sin 2x] — (2 sin f — sin 2x)2 > 0.
Ecmun . :
sin (x + y) + sin 2x < 0,
TO JIeBasi YaCTh MOCAEJHETO DABEHCTBA HE NOJOMHTENbHA npH BCexX
NeHCTBUTENbHBLIX 3HAYEHHSX I,
Ecnu xe :
sin (x 4 y) + sin 2x >0,
TO, HanpuMep, npH

t = arcsin (é— sin 2x)'

HMeeM:
2 [sin (x + y) + sin 2] — (2 sin # — sin 2%)? =
= 2 [sin (x + y) +s1n2x]>0

Hrak, KoopAuHATHL X, y BCEX TOUeK, ynoanersopmomux yC/10BHIO
3ajiaui, HAXONATCS pellleHHEM HepaBeHCTBa
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e

N =1

-~ Pemmum arto uepaBeHcho npeodpasoaamlem CHCTEMBI xoopnuuar (MO -
" HO 6blIO GH a’roro u He .zlena'rb, a uccnenosa‘rb, ‘Kak.-¥ B aﬂaaomqﬂmx

3ajauax npenbmymux Bapuamos, uakd sin ""' . cos Y= > x |
Hono;xm Tl A
R o2 = 4 nX, = ' :
S D Ak @
. x=y ;_1 —nY. : : o : |
> 7

Haﬁnem c'rapue Koopmmam HOBOrO Hauaja KoopauHat Q.
I'lonaraﬂ B tpopmynax 2 X=Y=0, nonyrmM.

- . 3x—'—y=
o ’,‘f"y—_“’ \
OTKy Ra ‘
jx=£’ =§i!
. 4 4

~— TaKOBHI CTapble KOOpAHHATH HOBOFO Hayaja KOOPAHHAT.
Dopmy.isl npeoﬁpaaoBaHuﬂ KOODJAHHAT . MacTaGHLIX BEKTOPOB
HMeIOT BHJ; S

3x+y nX ‘ . i

‘E_;_X = —ﬂY. T - : . (3)
INonaras saecb X = 1, Y = 0, us ypasuennit

3x +y = 2n,

X—y =
‘HaXonuM: '

Fi4 14
x=— = -
TARAEY

— TAaKOBHl CTaphié KOOPAMHATH HOBOTO MacIHT36HOPO BEKTOpa €; HO- - |

- Bo#t ocu 0'X. ‘
ITonaras B tpopmynax @) X =0, Y =1, us ypasHenuit . i
3x + y= 09 e g
X—y =— 21" . ] . N g
HaXOAUM: '
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JieKalux BHYTPH Mac- '

— TaKOBH CTapbie KOOp-
JUHATH . HOBOTO MacllTa0-
HOTO BEKTOpa €, -HOBOH
OCH. O'Y.. [

- Hepasercrso (1) npu-

Y
N
AN
AN "\§
\
& ‘
HUMaeT BUL: ’ §
sing X - sinn Y >0. &
Bce ero pewenns: "

< X<2%+1,
2 <Y <2+,

"
2n—1 < X < 2n,

txe k, S, nH m— mo- . §k § - i

Onie nenble yucaa. [pu
k=s = 0 noayyaem
MHOXecTBO Toyek (X, Y),

46). MHOXecTBO Bcex ToO-

4eK . MJIOCKOCTH,  JJsg

KOOpAMHAT Jio60#l U3 KO- .

TOPBIX BBINOJHSETCA NaH- - - Puc. 46
HOe  HepaBeHCTBO, ° CO-

CTOMT H3 BCeX BHYTPEHHHX TOYEeK BCeX NapaJiiejorpaMMos, MOJYHeH-
HBIX BCEMH IepeHOCaMH:

wTaGHOr0  mapaJuieno- \
rpamMa O'ELEE, (puc. =~ \

s

X=X+pY =Y+q

rhe p u g — JoGkle Leabie yncia, npuueM | p | u |q| ommHaKkoBoO# uer-

HOCTH (pHc. 46).
4. Tlycrs papuyc nausoro mapa paseH 1; Torja CTOpoHa OCHOBAaHHS
nanHo# nmupamuapl OABC rakxe pasHa 1 (puc. 47).
Ilycte OT = h Bricota nupamusbl. Ee o6beM pasen

V3,

1
34 "

|

4
'

- . 4 R ,
o6BeM JaHHOTO Liapa paBeH 3 ITo ycaoBuio 3agaun

m 1




. M

. gHauut, oGo3Hadas BHYTPEHHH ABYrpaHHbIN Yrojl mMpamiibl, npH-
- nexamuit K pe6py OA, uepes A, GyneM uMeTb: -

Y196 -

s

- ———
- hadad 9y

.

6Txy)1a
' h =V3.

TakuM 06pa3oM, 06beM NHPaMHM -
paBeH: _

V'=

|-

[TposeneM uepes mpsMyio BC nJoc-
KOCTb, MEpneHANKyasfipHylo pebpy OA, "
M TMyCTb 3Ta IJIOCKOCTH Niepeceyer pe6po
OA B TOUKE N.
IMycte M — cepenuna BC. Tak:

Kak
— — 1 -
=V AT* 4 0T* = '/ §-1—3

a anodeMa

= 37
OM = V 2 +3 2

TO H3 paBeHCTBA
CN.-0A=0M-.CB

- CN- Vlo >37.1

HaXOMHM:

1
. A_cm _ _2_ .
s‘“f—_zv—l/m 37’

OTKYAA




A = 2arcsin ]/ 10, Lo
7 - .

Hpmwenmi Teneps GOpMyJy IS CyMMbi BHYTPEHHHX nByrpaHnbix
yIJOB TPEXIPAHHOrO yraa (CM. peiieHHe 3ajauH Né. 4, BapuaHr 1,
crp. 178), Gynem umers:

6 arcsin V%g —n=Ss,

.

-

rie Sy— MJolMianb chepuyecKkoro TpeyroiibHUKa, BHIPE3aEMOro U3 AaH- -
HO# cephl IpaHSIMH TPeXrpaHHoro yria ¢ peépamu OA, OB u OC.
~ Ilycts vy — 00bEM YacTH 1Iapa, HaXOAAUEHCA BHYTPH NUPaMUAbL.
Torza >

Yy v

- L)

]
Fre v =— n — ofbeM 1mapa, a s = 4% — ero NOBepXHOCTD.

Takum obGpasom,

YL
Sp 3

H, 3HAUHT,
S
00 = ___0.

O6beM yacTH MHpaMUAH, fexailedl BHe ‘chepsl, pased V — v,
HckoMoe oTHOILEHHE: :
' ’ 1

Veo ¥y 4 1= ! |
Yo U ZO _z < E’ _ 4
2 arcsin 37 3 8 arcsin 37 3 F41
. Bapuanum 4

1. O6nacts D onpefenenus GyHKUHH
¢ = log x + logy;ala + log,x| —aloga

TakoBa: 0 << x5 1, 0 <a s~ 1. JlauHoe ypaBHeHHe SKBHBA/IEHTHO
cllefyIoHieMy: . '

. 2 : a
', log,x + - — la +logor} — - =0,
a 370 ypaBHeHHE SKBHBAJICHTHO TAKOMY: .
log?,x + 2|a + log x| —a=0. (D
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‘B caMoM zene, x = 1" He ABJIAETCSA, KOPHEM 3TOTQ YPaBHEHHs, TakK Ka
npu x = 1 aesas uactb 06p' '
PaBHO HYJIO TOJIBKO MpH @ = 0.
Cnywainl. a+log,x>0. .= -
~_Ypasuenne (I) npunuMaer sux: - - R
lodzax +2 log,,x —l— a=0 2)

HIH

roeu = IogJ JuckpuMuHaHT ypaBHeHus (3) paBeH:
A=1—a.

Ha YCJIOBHH A >0 uaxomm | —a >0, a < 1. Hrax, KOpHH

ypaBHeH#sI (3) AeACTBUTENbHBI U PA3IHYHBl TOTAA n TONbKO TOTAa, KOor-
Ja 0 << a << 1. B paccmarpuBaeMoM ciydae 4 > — a.
Yueno u = — a saBasercd KopHeM ypaBHeHHs (3) ToubKo -TOrAa,

Koraa a®* —2a + a =0, otkyia a = 0 u @ = | — 5TH 3HaueHus a

HCKJIIOYEHBI.

Hrak, nano Hccnenosa'rb [pH. KAaKOM yc.uospm ypaBHeHue (3) umeer

KODHH 4 > —a. .
Tlycrb ug ¥ Uy — KOpHH ypaBHeHﬂa (3). HepaBencrea — a << ul <'
< 4, 6yAyT BBHIMOJIHEHB! TOTAA H TOJBKO TOTAA, Korsa .
a? —a>0,
—2a+2< 0
-~oTKyAa' @ >> 1, uro mporuBopeunt ycaosmio 0 <<a <<l (A > 0).-
qHCJIO —a 6yner 3aKJIOUEHO MEXAY- 4y M U, TONBKO TOrJa, KOrja

- —a<0 -

T. €. 0 < a< 1. Hrak, ecmn 0 <<a <1, 10 umeercﬂ TONBKO OfMH -
‘KopeHb ypaBHeHHs (3), Gonbumuli — a .

u=logax= V1i—a—1;

ViTa-1

.

s

X=a

Cayuaitll. a+log,x<<O.
B s10M cayuae ypasHeHue (1) npunuMaer BHI[

log?,x — 2 log, x — 3a = 0. o - 4)

Tak Kak a > 0, To KOpHH ero neﬁcrame.nbnbx H pa3uuHsbI. ‘
Ionaras log, x = v, no.nyun ‘

' ‘ —20—3a =0. - (5)

[Myete vy B v, — KOPHU ITOTO ypaBHeHI{ﬂ (v, << v;). HepaBencrso:
a + log, x << 0 mpunumaer BHA: v << — a. Hepasencrea v; < v, <*
<< — @ BBHINOJHAOTCSA TOTAA U TOALKO TOrAA, KOTAQA .

©..198
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OTKyAa @ << — 1, 410 HE uMeer Mecra -
Hepasencrsa v, < —a<< vz auno.nuamca ro.rlbxo Torna, Koraa

: —a<0
r.e. 0 <a <1, nBstomcayyae
) v=1log,x=1—VT1+ 3a,

oTKya2 )
x =g ViHE
M1ak, 1aHHOE ypaBHeHHe HMeeT 1Ba KOPHA: = -

. i~z - _¥i¥aa
x-—aﬂ“ 'ux l.l+3a’

e 0<<a<l. Ec.nn xke a> 1, T0 ypaBHeHHE xopﬂeﬁ He- HMeeT:”
2. Ecaiu BBECTH ONMH HOBBI BUJ MPOAYKHUHH, TO NPeRNpHATHE: 6y-
IeT NPHHOCHTb YOLITOK B 11 Thic. py6. B roa; NpH BHEAPEHHH B TOM XKe
roly ele OAHOTO HOBOTO BHAA MPOAYKIMH mpeAnpHsTHe GyAer MpHHO-
cutb YOuiTOK B 1 Thic: py6. [lpH BHeApeHHH B HPOU3BOACTBO: (B TOM K€

roay) TPerbero BHAa NPOAYKUHH AOXOX B 25 ThiC. py6. OT BHEAPEHHS: - -
3TOr0 BHIA MPOAYKUMH GYAer MO YCJOBHIO 3aJa4H KOMIEHCHPOBAH -

pacxonoM B T€ XKe 25 Thic. py6., TaK UTO NpeanpusATHe OnsATh Gyner
TNIPHHOCHTL YOLITOK B 1 ThIC. py6 Hasnee, noxon (25 teic. py6.) Gyxner
meHblue pacxona (35 teic. py6.), H yOLITOK B rox Beipacter a0 1] Thic.
py0. u B nasbHefieM Gy neT BO3pacTaTh. 3HAaUUT, YKa3aHHEIM CIOCOGOM

MOXHO JIHIIb CHH3HTb YGLITOYHOCTb B F'OA KO 1 TeIC. PYG., HO IOXOMHBIM -

npennpusTie CAEAATH HEMb3A.
3. Tlpeobpasyem HepaBeHCTBo

cos(t+3x+y)—cos(t+x—y)—sm2(t + 2x) ——>O
CJIeRYIOIHM 06pa30M
— 2 sin (¢t 4 2x%) sin (x + y) —smz(t—l- 2x) — = >0

sin® (¢t + 2x) + 2 sin (¢ + 2x) 451?, x+y) -I-‘ 74- < 0,
[sin (¢ + 2%) + sin (¢ + y)]  + l‘-— sin? (x + y <o
- Ecau —‘l‘-— sin? (x + y) >0, 10 nocnenuee, a cnenosare.ubﬂo H nan-
Hoe Hepaseﬂcmo He BLINONHAIOTCA HH TIPH OAHOM 3HAUCHHH t Eciu xe
S '%—sinz(x+y)<0 )
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REEY N kaays

TO TOCJENHEe HEPABEHCTBO BLINOJHAEICS, Hampumep, MpH ¢ =
= — 3x—y. TakuM o6pa3oM, MHOXKECTBO BCEX map uucesa X, y, yAOB-
JIETBOPSAIOMIAX PeLleHHIO 3aaut, HaXOIUTCs H3 YCJIOBHA: -

lsin e+ 1> 5,

HIH
-1<sin(x+)’)<—%, %<sin(x Fy<l,
HIH .
-2 gkn<x+y<— 2+ 2,

Ziom<xty<Ztomm )

k u n npuHAMAIOT BCe LeJibie 3HAYEeHH .
. O6nactb, o6pasyeMasi TOUKaMH (X; ), KOOPAHHATH KOTOPHIX YHOB-
JIeTBOPSIOT HepaBeHcTBaM (1), COCTOUT H3 MHOXKECTBA' BCEX TOUEK, Jie-
XKamux BHYTPH nojioc P, 1 Q, (pHc. 48), Kaxkaas U3 KOTOPLIX 06pa3oBaHa
ABYMs Napajile/ibHBIMH NPSMBIMH. Y paBHEHHs HOPSMBIX, o6pasyiomux

nojocy P,: i

x4 y = —f%‘ + 2k=n,
x+y=—72+ 2=, .
a ypaBHeHHs MPAMbIX, o0pasyiomux nojocy Q:
x+y= '-;5 + 2nz,
x+y= 58“ + 2nam.

4. Ecav B OCHOBaRHH UYETHIPEXYTOJNBHON MHPaMHLbL JeKHT npsu;o-;'
yroavHuk ABCD, a ee BepuinHa S npoekTHpyercs B Touky T nepeceue- -
HUs auaroHajefl mpsMoyroibHuka ABCD, 10 Bce BHYTpPEHHHE .BY-
rpaHubie yranl nupamuasl SABCD, peGpami KOTOPHIX CJAyXKaT mnps-

muie SA, SB, SC u SD, pasHb Mexay cobofi. B camom gzerne, nnpamu- .
Ja SABCD  cuMMerpHYHA OTHOCHTENBHO MJOCKOCTEH, MPOXOMALIMX: -

yepes mpsMyio ST napa/JIeqbHO CTOPOHAM MPSIMOYrojibHHKa. TakuM .

06pa3oM, Bce BHYTpeHHHe ABYrpaHHble Yribt nupaMuasl SABCD, peb-
PaMH KOTOPHIX SIBJASIOTCS GoxoBrie peGpa 5TOH MHPAMHAEI, PaBHbI =

Iycts ayuu SA, SB, SC, SD nepecekaior chepy pazmyca 1 ¢ HEHTpOM - -
B TOUKe S COOTBETCTBEHHO B TouKax P, Q, R, L. Toraa rpanu Tpexrpas-
Horo yria SABC Buicekaior H3 cpeph CepHUECKHH TPeyrolbHHK
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PQR, yribl KoToporo oGosHauuM uepes Py, Q u Ry, a rpaHu Tpexrpan-

- Horo yraa SACD BricekaioT U3 ToH XKe chephl ChepHUecKHi TPEyrob-

.. BUK PRL, yrisl KoToporo o60sHauuM depes Py, R,, L. Ha ocHoBaHHH

~ dopMysH, BHpaxalomeli cyMMy YIJIOB CHEPHUECKOTO TPEyroibHHKa

yepes ero miIomafb U paguyc cgepsi (cM. pemesne sagauu Ne 4, Ba-
puanr 1, crp. 178), nmeem: , -

Pyt Q+ Ri—a=2,

Pot L+ e
— na. POR = na. PRL. Ckaammsas 5TH paseHcrsa, noay- - -
1 uuM: o ' } - . :
) ' ’80=P\-|- Q4+ R+ L —2=,

P=Q=R=L="2
HTaKKaKP—Q—:R—-L’V.é.,TO
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* Tenepb.u3 nponopuuy

S __ Y

—
t s 14

-

e S — NMOBEPXHOCTb  NAHHOR
cepbl, v, — 0GBEM TOM ee dacTH,
KOTOpasi JIeHT BHYTPH MHpaMH:
Ibl, & v — 00BEM NAHHOTO lapa
HaXOJIPlM (puc. 49):

2V 2n—2n 0y

OTKyJa

Uy = %n (VE— 1).

Pue. 49 -
Bapuanm 5
1. O6aacts D onpenenenns ¢yHKunH

= log, ;a?|log,, %

x—log,4 - log,-a

OT IByX apTyMeHTOB X H @ TaKOBa:
I<xs#1,0<<as*1l.
ypaBHeHue =0 axnnaaneumo cnenytom,emy '

|1 gt +logaxa-loga2— =0.

logax 2
YMHOXKas JIEBYIO 4acTh 9TOrO ypaBHeHHa Ha log, x, nomyuum:
= logl x + 2|loga% — log,2=0."

O6nacte D, onpefienieHHst hbyHKIMH P TAKOBa:
x>0,0<<az*1.

Yucno x = 1 siBAsieTcss KOPHEM ypaBHEHHs P== - 0 ToaBKO TOrJ1a, xorna

o 2|log, 2| —2log, 2 =0,

T. €. ToJBKO npu @ > 1. 3Hauurt, ecan 0 < a < 1, TO ypaBHeHHS (l)
H (2) 5KBHBAJIEHTH, a €CJM @ > 1, TO ypaBHeHHe (2) HMeeT KOpeHb
x = 1, He ABAsIOLIKACS KOpHeM HaHHOTO ypaBHEeHHS:

Cayua#til vlog,;}Omm log, x > log, 2.

B sToM cayuae ypapHeHue (2) mpHHHMaeT BHA:
202




log, 2 = —

Hiaa

log,, x+2logax—-4loga2 =0. @
Tonaras log, x = u, Hoaydnm: -
: . ut + 2u—4 loga2 =.0. . - P

Heo6x01mmoe n nocTaTquoe yc.uosne 'roro aro Kopun ypaaﬂeﬂua
(4) neCTBHTENbHE], HMEET BUI: L

A =1+44log, ,‘/O
78,001 e '
log,a o=
oTkyAa uid log, a >0, um log,a < — 4, T. e. wumn a>1, nau
I<a< flé" '

>0,

[pu a=16pgmeeM: A='40, u;=uz=f—l, lbga;g=—l,

-

. ’ 1 .
, H TaK Kak — 1 < el z, TO 0pH a =1-lé AaHHOE
E N .

e
ypaBHeHHE He HMeeT KOpHeli-Takux, uro log, = > 0.

2
Hanee, " ypaBHeHne (4) nmeer kopewn u-=log,2 TOMBKO mnpH

loga’2+2loga2-—4log,2 -—0 .
otkyAa a = V2. Ilpu a =.)/2 ypasuenue (4) npmmmae'r BHJ;
u2 t2u—8=0 - o

€ro KOpHH:
: Uy =2, u; = —4,
CootBercTByiolmne 3HaY€HHS ¥ HAXOLATCH H3 ypaBHeHHil:
fog ,_x st =2, log yrx=—4
3aMeTuM, uTo
log },~2 = 2

TaK 4T0 TONBKO X = (}/ 2)?= 2 — KOpeHb JIAHHOTO YpaBHEHHUS.

Hrak, npu a = V 2 JaHHOe ypaBHeHHe B C/ydyae | mMeer KopeHn
X =2

ByzxeM cuuTaTh, 4T MM 1 <a aeVQ wm 0<<a < —

Torma xopuu u, u u, ypaBHenHs (4) AeACTBHTENbHH, pas.nntmu H
HH OfMH W3 HMX He paBeH log, 2




Hepasencrsa
. log, 2 <<uy <u,
BBINOJIHSAIOTCS TOMBKO TOTAd, KOTAa

log,22 + 21log, 2 —4log,2>0, }
210g42+2<0

HaH

b&umﬂ—m>m}
“log, 3 +1<0.

Orcrona

Iog,2_<—l, nnu% <a<l

5TH HepaBeHCTBa MPOTHBOpedaT M HepaBeHCTBaM 1 < a %)/ 2 u He-
paBeHctBaM 0 < a < — e -
. Hepasencraa ’
u <<log,2 <<u,
BBINOHSIOTCA TOABLKO TOTAA, KOra

log, 2 (log, 2 —2) <0,

T. €.
) 0<log,2<<2.
Ecm 1 <a==V 2, 10 oTCioia Caefyer, 910
1<2<a

T.e. a>V72, a ecmn a<l T0 yxe HepaseHcrBo 0 < log, 2 He

semonnsercs. Mrax, ecin a > )2, To nanHOE ypaBHeHHE (B c.uyqae I) .
HMeeT KOpeHb:

. x = qV THilogg 2-1
Cnyqaﬁll. loga§<0. ~
YpasHenue (2) npuunmae'r‘nnn:

log?, x — 2 log, x = 0,
orkyaa (x = 1)
x =a

‘CootHoiuenne log, % < 0 npHHHMAeT BHL; . .

w&§<m



- 2—log,2<0,

WJH
‘ 2 - ! < 0:
logza
2 logsa — 1 .
logsa <0, .
0<log,a < 4,
T. €. .
l<a<V2.

Hrak, -Toaeko npu 1 < a << VQ— IaHHOE ypaBHEHHE HMEeT TOJIbKO
© X
OIMH KOpeHb ¥ = a?, TaKofi, 4TO lqga—i < 0.

Hror HccnenoBanns naH B Tabuuie:

0<a<l Kopueit mer
l<a<V?2 x=a2‘
a=V2 =2
a>VyV?2 x = gV THlogg 2-1"

2. Bpemsi T MoHTa)a 01HOro pesepsyapa KyGuueckol dhopMbi:
T =k 6x2 |

rle x — pebpo kyGa. Tpn x = 20 cu (x* = 8000 cw®=8 ), T =
= 100 cex, 3Hauwr,

100 =& - 2400,
_! : .
OTKyzna k= 2 H, 3HaYyHT,
- ‘ ’ X2

= e

. . 4 . -
Ha o6pa6orky moBepxnocru 6x® opHoro pesepeyapa. norpeSyercs
6x2 3 9 '

= .= = 2 x%ex,
. 02 T v




cn BpeMs:

L o . t=—‘—z+ x’-—ix’cex,
rRe X — mmua pebpa Ky6a B caHTHMETpax.
Ilyctb n — KonHHECTBO OAMHAKOBBIX pe3epByapoB KyGHUECKON Q)op-f
Mbl, o0muii o6veM KOTOphiX paseH 64 000 000 cu®. Toraa

5 = 54000000
n
OTKYyZa
400
X =
V n |
H, 3HAYHUT,

i — BPEMs J/Ifi M3TOTOB/JEHUs] OXHOrO pesepByapa. Bpems aas usroron-
JIEHHSI 1 pPe3epByapoB PaBHO

23 - 80007 n cex,
. ¥ COMMIZCHO_yCJIOBHIO SAIAUH STO HHCIIO CEKYHA HOMKHO 6hiTh MeHbL 1
" MM paBHo 72000 cers (=20 4): ) i
- 23 - 8000y n < 7 000. U
Orciona . ; ]
V<,

23

9TO He BHINOJIHSETCS HU MPH ONHOM HATYDPAJBLHOM 1.
Takum o6pasom, 3a 20 4 MacTepcKasi He ycneeT H3TOTOBHTb ozm
HaKOBOe KOJHYECTBO KyGUUECKHX pe3epByapoB ofuweil eMKOCTS! i
64 THIC. 2. L _ e

3. TlepennuieM HepaBeHCTBO : i

9= (2cost—l-~ cosxcosy) COS X COS ¥~ + I+ cosx—cosy + :
‘ +cos2t>0 j
: cnenylomuM oﬁpaaoM' . - }
]

2cos’t+2cosxc0§ycost+—cos2xcos y 4+ cosx —cosy

N

HITH

2 (cos t + —21-cosxcbs y)? + cos x — cos y >0.

SRS TR 3



R R

lyv- S e 7
v

¢.= arccos (— 5 COS X os y),
npH KOTOPOM L : *
cost +% cos x.cosy = 0 R |

3HAUHT, HepaBeHC‘l‘BO >0 6yne'r Bunonumbca NpH BeeX 3HaueHUsX ¢
TOJbKO TOTJa, KOrja

cosx—cosy>0 mm sm”"’"sm y<0
Hmeem: sin =Y > 0 Tronbko Torxa, Korma .
2k <%—y<gkn+n, WM dhn < x4y <dhn+2m, (D)

" sin%—’<0 TOABKO TOTAa, Korga . -

2nm — <'x+y<2n:r:. HJU 4n:i—2u<x+"y<4nu; (2)

B COOTHOLIEHUSX (l) H(2) kun NPUHHMAIOT BCe UeJIble 3HaYeH s . Ana-
JIOTHYHO, Sin —2—> 0 ToabKO TOrAA, KOTAa ’

- 4mu<x—y<4nm+2n,

H sin —2——< 0 To2IBKO. 'rorn.a, Kor,ua

S '4sn—2n’<x—y‘<4sn.

HepaBeHCTBO €Os X => COS y BHIMOMHSETCS] TOABKO IS KOODAHHAT
. BCeX BHYTPEHHHX TOYeK BCeX KBanpaToB Q,, H Q,,, ONpelefeMbix
HepaBeHCTBaMH:

Mhn<xty<dha+2m) . oy
dsn —2n < x—y <<4sn } - (Qss)
u - . - N
dnn—2n<x+y <<dnm, } @)
o dmn < x —y<<dmn+ 2x mn
(prc. 50). .
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OTKYyZa

Toukd T Ha pe6po SD. Toraa,
nupamugsl SABCD, a uepes

DADDADADs,
09999

4p—2n=§n,

Mycre T — npoexuns 109Ky S Ha A7I0CKOCT ABCD, a K — npoekuns
0603Ha4asi 4yepes & CTOPOHY OCHOBAHHA
m — anopeMy GOKOBOH TIpaHH, HMeeM:

a P
— = sin — = CK sin —
V2 CK 7 —CK 28’

p — 1=

14

i i - . i
4. BokoBHIe FpaHy fay-
HOM MHDaMH/E! BEIDE3AIOT
H3 JNaHHOH cdeprl KPHBC
JINHEAHBIA YeTHIPEXyroMnb
bl :
HHK PQRL (puc. 51),
KOTOPEI#l MOXKHO pa3GHTh
Ha JiBa ChepHUUECKHX Tpey- |
el

roibuuka PQR cyraamn i

Py, Q Ryu PRL cyr-.
aamu Py, R, u L. Tlpn--
MeHsAs QopMyJay, CBs3bI-
BAIOUIYI0 CYMMy YrJioB .
CEPHUECKOTO Tpeyronp-
HHKA C €r0 IJIOMAAbio H |
pandycoM c¢epsl, mosy-
qpM:

rAie S, — NJIoWafb YeTs
PeXyroJbHHKA PQRL

eM paBHbIM 1).
~ CknagpiBas nocuex-
HHA€ PABEHCTBA, MOJAYYHM

-

lixn



: CK = : 1ix )
T i —
, V Zsin %8
U3 coorHoeHus
’ CK -SD =am
HaXOIUM:
gy = omym
V 2'sin —

()

Jlycts M — cepenuna otpeska CD; Torma ns NPAMOYrOJLHOrO
TpeyroibHHKa STM Haxogum: . : :

1 4= =ms,
+4
Ho
a . oa
—_=m —_
2 tg.z’
3HAYHT,
1+m2tg2§=m2,
OTKyJa
. 1
m = »
/ a
— 03 —
‘/ 1—tg 3
2tg%
a = .

Vo

[onuas nosepxuocts mupamuzs:

a=4-%am+a2.= 2am+-a* =

i

I D .a a
hod 2 — =
4tg2+4tg P 4tg2
= =
) ’ a a



-

H, 3HAYHUT, , .

Bapuanm 6

1. O6aacts D onpeneneﬂua cbym(uml
q;- — log, x | logx a— logz al + log, (ax) — logza2 —I-

og, x logs a
TaKoBa: . N
0<a##1,0<x+#1.

" IlanHoe ypaBHeHHe SKBHBAJEHTHO ypaBHeHHIO ¢ = 0, a ypaBHe-
Hie @ = (0 2KBHBaJEHTHO CJEAYIOLIEMY: - ‘

—Hogsa—logsdl |\ 100 4 4 1 — 9 log,a + log,x logya =0. (1)

.

. log.a ) a3

..

YMHOKas JeByIO YacTh STOFO ypaBHeHus Ha log, a, momyunM:

P = log%a + (l —2 log 2 a) log, a —|log,a — log; a] +

+logya =10. A @ -

N

O6nactb D, onpegnenenus (pyl-umml e
a>0,0<xz~1.
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" HJIH

nP" a =1 K—‘O(npuﬁm&m x,” TakoM, 410 0'<'x ); 3Haue-

une ¢ = | (a sfdunr, log, 0, iogsa = 0) B nanbﬂeﬁmeu ucmno-
4aercsl 3 PacCMOTPEHHA. . .

Ioparas log, a = u, log, @ = p, nouytmu S /_ N

@+ (1 —2)u—fu—pl+p=0 — @

Cayuaii I. u >p. ‘ : :

B stoM cnyqae ypaBHeHHE (3) npUHEMAET BHA:

tl=2)u—@w—p+p=0

us'-zpu +2 =0 @)
Kopl-m ypaBHeHUs (4) ZeACTBUTENbHLI TOJNBKO TOI'AA;. Korga :
- A=p*—2p >0,

oTKyJAa Han p <0 (taK Kak p 7= 0), uau p > 2. :
[Ipu p = 2 ypasuenue (4) umeer Kopenb u = 2, cnenosa'renbno.a
npu log,a =2, 1. e a=14, namioe YpaBHEHHE HMEET KOPEHb. X,
onpenessieMbii H3 ypaBHEHHS log = 2, T. €. x = 2. Byzem cuurars, -
yt0 MK p < 0, uau p > 2. Tora ypasHeHue (4) uMeer neACTBHTENb . -
Hble U .pasiiHyHble KOpHH. YHCIO p — ero KopeHb TONBKO NPH

p* —2p*+2p =0,

T.e.npd p =0 u p = 2. 3Hauur, ecan uau p << 0, ua p > 2, 0.
KOpHH ypaBHeHHS (4) lleHCTBPlTeJIbel, PasNMYHBl H HH OJMH H3 HHX He
paBeH p. iy
Yucso p e Moxer 6blTb MeHblle 060HX xopﬂeﬁ Uy M Uy YDABHEHUSA .
(4), Tak Kak-Torja (u TONLKO Torna) JO/KHB! ObITh BBIMOJIHEHBI HEpa-
BEHCTBA: :

2p-pz>0 2p—2p<0 ,

- Uncio p sakmoueHo Mexy KOpHﬂMH ypaBHenusi (4) TONBLKO MpH -
9p — p? < 0, R

T. e ecm wm p < 0 WM p > 2, mEaue: ' A
wn 0<<a<<l uwm a>4.

Tpu stom

log, a = = Uy = p + Vp —2p = logza + Vlogzza—2 logza -
#, 3HAuNT,

. 1
x = 1088 + Viog,2a — 2 logya,

Cayuan ll. u<p. -
B arom _cayyae ypaBHeHHe 3) npnmmaer BHI:

W@+l —=2putu—=p+p=0
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L i

ﬁ.jm’ ’

u3—|-2(1—p)u—0 - -
otkyma (=0 u=2(p—1). .

HepasencrBo u < p, T. e. 2p — 2 << p BuINOJNHSAETCA OpH p < 2,
nau logz a <2, 1. e. npu a <4, a 1aKk Kak 0 << a4 1, TO UMeeM:
0<a<l, | <a< 4. Eciu BuinoiueHo Jio6oe U3 3THX HEPaBEHCTB
H a = 2, T0 jaHHOe ypaBHEHHe HMeeT KODeHb X, onpene.naeMbm us
ypaBHEHHS:

log, a = 2 (logy, a — 1),
T. €. €CJIH a;é.2, TO |

.x=a2(log,a‘—l).
Htor uccnenosauuil gau B tabauie:
0 | \ 1 [
. <a<l x==q 200G a—1D . _ log a+Vlog§a—2logz°
i 1 2 . ___‘__
<a< x=g 200G a—1
a=2 Her kopneii
2 4° 1 ’ ,
<ea< x—qlloza—D 3
T a=4 i x=2
. 1
a ——
> ¥ = glo8s a +Vlogla—2l0g.a ’

2 Ec.na HCTIONb30BaHO k& aBTOGYCOB, TO 3aTpauyeHO BpeMs ! = -
-l-4(k—l) IMpu k=1 t—12l MUK, BHAYMT A =121 u

12 1 +4(k—1). HepaBeﬂc'rBo + 4(k —1)<<40,1 npuuumaer
BHI: f(k) 4R — 441 k4 121 <0 Haumenplee snauenve pynkuus -

f (k) npunumaer npu % _Tl’ H OHO - PaBHO f(4481) 3% Tax
Kak 5<44 ! <6, 10 Hago BorauCATH f(5) n f(6): f(5) _o5>o“"

f6)=0 4>0 3HauHT, He CyHECTBYeT MyTH, NPU KOTOPOM Ha Ro-
pory yxoxut menee 40, 1 nus. .
3. IIpeoGpasyem HepaBeHCTBO

sin? £ cos® x +- cos”tsin’x+é—sip?xsin2t+2(cos2x +
' + cosy) <O

—

CJIeAYIOUM 00pasoM:
¢ = sin? (f + X) + 2 (cos2x + cos y) < 0.
912 )




""".'-"'EcJIH cos 2 x + cos y } O,u‘o He cymecmyer HH omaoro snaqenux t,

npu KoropoM @.<< 0. Eciu ke cos2x+cos y <0, 10 npu =g
¢ <<0. TakuM obpasom, MHOXKECTBO BCeX Map. YHcen X, y, JJs
KOTOPHIX CYLIECTBYeT XOTS Obl OAHO 3HaueHHe t npH KOTOPOM @ << 0,
oupenenﬂe'rcsz yCJIOBHEM:

“‘cos2x+cosy<0, WIH COS +"co.52x <0 (D)

ITpeoGpasyeM 310 HepaBeHCTBO K BUAY sinn X - sinm ¥V > 0 cae-
AyIOIUM NPeo6pa3oBaHHEM CHCTEMBI KOODIHHAT (n 3aechb MOH{HO 30 (I

66 He ZejaTb 3TOTO, a HCCJENOBATh 3HAKH COS +" " cos — e
4 ' i N : L
24y x4+ &,
2 2 (2)
=Y gy — T, J
. 2

Crapble KOODIMHATH X, y HOBOTO Hauala Koopausar O’ Haxomarcs
U3 ypaBHenuil: 2x +y =, 2x —y = —mn, oTKylax =0, y = .
TaK KaK KOOPJAMHATH BEKTOPOB MPeoGpasyioTcs Mo cbopmy.naM

2x + y = 2nX, 2x —y = 2nY,

TO CTaphie KOODIHMHATHI X, Y HOBOrO MacInTaGHOTO BEKTOpa €; HOBO
ocu 0’ X HaxonaTcs U3 ypaBHEHHIA:

2% +y = 2m, 2x —y =0,

B Coe= {%, u}.

Crapbie KOOpAMHATH HOBOTO MaciTaGHOTO BEKTOPa €; HOBOH OCH
O'Y Haxomarcsi H3 ypaBHEHHi:

OTKyZa

. . 2+ y=0~2&—y=2g
OTKyJAa Coa

k12
e, = {—2-, —ﬂ}.

HepaBeH‘CTBO (1) npunuMaer BHA:
.sinw X - sinwY > 0.
2




- Bce €ro, peuenns, —MHo
" JKECTBO ; BCEX .~ BHYTPEHHHX
~  go4eK Bcex pomboB L, u

- Lyn OTpenensieMbix Hepa--
/’,/ o
/ O\ - RETR .
D)),

BEHCTBaMH (p.gc.A52): :
Q<X <2k + "‘1’,'} Ly
2$<Y‘<28+}1;* B

4 // @ % /, ORI <Y<2n
Ié /4 7, .
LT TG - o, o, s,

2m — 1< X<2m, }(Lmn) ;
'g,/ ’ / BbIPAXEHHS U3 GopMya (2);
A
/)

Y viad
/ // / © - Toria monydaercs CHCTEMA -
/ TeX HEPABEHCTB MEKAY XH ¥,
i KOTOpBIE MOrJIH  GHITh MOJLY-
ueHbl K 6e3 npeoGpa3oBaHUs
cHCTeMbl KOOpAMHAT Hcclre-
ZOBaHHeM SHAKOB cOS ;’.’ )

i cos X =Y).

Puc. 52 . 2
AR, PoMb6 Ly (B = s =-0):
o<X<l, .o<Y<I. '

- sBnsiercs: MaciutaGueiM O'EEE,. Bece poMGhl, KOOPAHHATH BCEX BHYT--
© PEHHHX TOYeK JII0GOro M3 KOTOPHIX HAIOT BCe PellieHHs AAHHOTO Hepa-
BEHCTBa, IOJIY4aloTCsl nepeHoCcaMH U

- o X' =X+p YV =Y+gq

_MacmraGroro pom6a Ly, B dopmy--
saax (3) p u g — JmoOwIE HeJibie uHCc-
... na, npuyeM |p| u |g] EMeloT omMHAKO-

- BYIO 4€THOCTb. _

4. Ecain B OCHOBaHHH 4eTbipex-

. "yro/ibHOf MHUPAMHIbI NEKHUT - HPSIMO-
yroasHuKk ABCD, a ee Bwicora ST -
npoxoauT uyepe3 Touky T mépeceye-
Hus auaronanefi AC u BD, 10 BCe
IBYIpaHHHIE _  YIVIBI B (SA) D,
A@SB)C, B(SC)D n A(SD)C ,&
‘paBHBl Mexay coGoll. O6osnayas
- uepes X BE&JMUHHY KaMJOro H3 HHX
. M paccyxjas Tak xe, Kak, HampH- -
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" 'M€p, MpH pEMICHHH

(npuuuuaeu ST = l)

4r—on = - 4m,
oTKyAa (puc. 53)
T n o‘
x= 126

§ 32. dusnveckuit axyabTer, 1967 ..

Bapuaum 1

1. [laHHOE HEPaBEHCTBO SKBHBAJIEHTHO C/EAYIOLIEMY:

1
logzx:_,.ﬂ < log Sxtp1 (3x?-{- l) 2 EE
HIH ~ '
2<Vi3+ 1 x+0,
HJH
B>1, s
oTKyJa WM x << — 1, winm x > 1. TakuM 0o6pasoM, MHOXKECTBO BCeX
pellennii - 1dHHOIO HEPABEHCTBA COCTOMT M3 JBYX MHTEpBaJOB:
(—oo, = D u(l, +x).
2. ﬂucxpﬂmuuam xsanpa'moro Tpeaneua
, St —2x 4 2l

pases:

A=1— 2@,

U sHauMt,eci @ % 0, 10 A << 0. INTostoMy eciu @ = 0, 10 x2 — 2 x4
+21al >0 npu Bcex NeACTBHTENbHBIX 3HauYeHHAX x. [laHHoe Hepao
BEHCTBO NpH a 7= 0 3KBHBaJIEHTHO cne.uyxomemy

X —at>0 . 1761; S —|al*>0
oTKyAa v X < —|a|, um x > |a]. . i
Ecmu xe a = 0, To'naHHoe HEPaBEHCTBO NPHHUMAET BUL; -
‘ — 2x +1 = O
HJIH
(x—1)2
xZ

i Bbmo.nﬁae'rca NpH Bcex )leHCTBPITeJIbelX 3HAYEHHAX x, Kpome x = 0
Hx =1, .

>0 B L
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| 3. ﬂaﬁuoé ypaBHeHHEe SKBUBAaJIEHTHO ypaBHéHmo
S(tgx+ctg3x) =1tg2x —tgux,

HJH
‘ 5cos3xcosx+sin3xsinx - sin x )
cos x sin 3x cos 2% cos x
Aau - . K
cos2c  _ _ sinx. (])'“:}fr
-cos x sin 3x €os 2x cos x

JloxaxeM, YTO 9TO ypaBHEHHe SKBHBAJEHTHO YPaBHEHHIO, KOTOPOE .
MBI [ONYYHM, YMHOXasg o0e uacTH Ha COsX cos2 x sin 3 x,
T. €. JloKaxeM, 4Yto ypaBHeHue (1) (crenoBateisibHO, H JaHHOE ypaBHe-

HHE) SKBHBANEHTHO yPABHEHHIO: ‘ 1
' 5cos?2x = sin xsin 3 x, 2 3
HJI?I / ;é
5cos? 2 x =% (cos 2 x — cos 4 x), f
10 cos?2x =cos2x —2cos22x + 1,

HIH

i2cosz2x~cos2x—l=0.. (2')'

B camoM jene, ypaBHenne (2) sBASeTcsl CJAELCTBHEM ypaBHenus (1) -
(unave, Bce KOPHM ypaBHenHs (1) ABNAOTCS TaKKe U KOPHAMH ypaB-,
Henus (2)). HokaxeM, 4To H oGpaTHO: ypaBHeHue (1) sBasiercss ciaen-
- CTBHEM ypaBHeHHs (2). I/ 3TOr0 JOCTaTOUHO J0Ka3aTh, YTO €CIH X —
"nobof KopeHb ypaBHeHHs (2), To cos X% 0, cos 2 x4 0, sin3 x == 0 =
(rak Kak, mome/uB oGe yacTH ypaBHeHHs (2) Ha cosx cos2x sin 3 Xy,
nomyunMm coorHouweHue (1)). Hrak, nyctb x — J0GoH ' KOpeHb.
ypaBtenus (2). Ecau cosx =0, 10 cos2x =2 cos?x— 1 = —1,
HO 9TO 3HaYeHHe cos 2 x = —1 He yHOBJAETBOpseT ypaBHeHHIO (27). .
Hanee, cos2x =0 He yposnersopser ypaBHenuio (2'). Haxoweuw,,

. $11 R
eca sin3 x =0, T0 x = = TIPH STHX SHAauEHMSAX X TpPaABAs HACTh::
_YpaBHeHHS (2) paBHa Hymo, a JieBasi — He paBHa Hymo. Htak, nam-

HOe ypaBHEHHe SKBHBAJIEHTHO ypaBHeHuio (2'). U3 ypasuemns (2°) .
HaxonuM: : o _

cos 2x = COS 2% = — %,

1
—3" ’
M, 3HAYHT, .

1 |
X = kn + — arccos —
— 2 3’ Ce

2i6. -



rjae R npHHUMaer Bce LeJIble 3HAYEHHS. . .

4. IlpennonoxuM, 4T0 NPAMOYroMbHLIA Tpeyroabuuk ABC (£C ="
= 90°) ynoBJeTBOpPSIET YCAOBHIO 3ajauH; MyCTh a.—- AJHHA €T0 MeHb
wero Karera, b — fnuHa GOJIBLIEro KaTeTa, a ¢ — A.1MHA FHTIOTEHY3H.
OGosnauum uepes | UEHTP OKPYXKHOCTH, BIHCAHHOA B TPEYrOJbHHR
ABC, 1 uepe3 G TOUKY NepeceyeHHs ero MmemuaH. [Iycts r — Benuunua
panlugca OKPYXHOCTH, BNHCaHHOH B Tpeyroapbuuk ABC. Torza r =
= HJIU ’

r2 = G2
Tak Kak A — MeHbUHil U3 JABYX OCTPHIX YIJVIOB TpeyrojbHUKa

ABC, 10 £LICG = ‘_:. — A (ecniu M — cepepuna runotenysst AB,

TO ACMA paBHoGenpennsiir). Hanee, C/ = r)/2, CG = % . %=§,
TaK KaK CM = ;, a CG = % CM. Tenepb mno Teopeme KOCHHYCOB
u3 TpeyroabHnka /CG umeem: A
I1G* = CI* + CG* — 2 CI - CG cos ZICG,
HIH : ' N
r=2r4+% 93¢ eos(’i—A), )
9 -3 4 .
U | S *
972 + ¢2— 6}/ 2¢r cos (’-.:——A) =0,
WM _ : : :
9+ (-‘;1)”—6 V22 cos (’i——-A) =0. @

Hanee: Tak Kak s == pr (fae s — mJIoOMmagpb TPEYTOJLHHKA, a p — €ro
NoynepuMerp), To .

ab={@+ b+,

v

HR a b o
_cletbyg o+t oH _ sinAfcosA1

c
r ab a b sinAcosA
£ ’ <
Vfcos(}—A) =sin A4 + cos 4,
¥, nonaras - ' . .
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HaxouM:

sin A cos ——2——.

‘TaK 4TO COOTHOWIEHHE 2) npuMer BHJ.I .
X, + 1 x4 1 _
9 + ( l) 67‘:‘1—"x =0,

2 2
BIH ’
' o 4 12 _
T ~:9+(x.—l)" x—1 0. - -
“HAR. . '
’ 3x?+6x'—'l3=0. -
myna - % ‘
: 4
4 X = V3 — 1. . 5
Wrak,
‘ cosA-l—sinA:V%-—l
H, SHAUMT, e
n 4 1
cos(z—A) vk o
OTKYZa ,
=" __ _4 1
A= " arccos (V_G_ _2..), ) (
CJIel0BaTeNLHO, ;
= ! -
B= " —I—arccos(V_G. Ve )

O6patHo: ecin A — ocTpelii, yroa mps
MOYTOJIBHOrO Tpeyro/ibHHKa, TO, MPOH3-
BOAS BHIKJIaAKH B OCDaTHOM MOPSAKE
NOJyYHM COOTHOIIEHHe (2), H3 KOTOp
caenyer (1), 1. e. r® = IG? caego
TeMbHO, /G = r, T. e. TOYKa mepec

-BITHCAHHOH B HEro OKPYXHOCTH.
4. Ilycrs O — TOUKa, paBHoynaJleH
Has OT  LEHTPOB  TPeX  Kpyros

HUsI MeAHaH TPEYroJIbHHKa JIEXKHT : Hﬂ,'




‘ABJISIOLIMXCA OCHOBAHWSIMH ' JaHHHIX KOHYcCOB. [lyersIM —uentp:
HOH H3 3THX OKpyxKHocTed '(puc. 54). Toraa OM'=72"§. Mposenem
NJI0CKOCTh 4epes npsiMylo OM 1 BHICOTY ORHOTO H3 KOHycOB. ‘B''céte-
HHH ITOTO KOHYCa MOJNY4YHM paBHOGexpenubii Tpeyroapuuk ACB. Ipo-
peneM depes ToukH C u O ’mpsMble, COOTBETCTBEHHO NEPHEHAHKYJAP-
uoie CM n OM, H TOuKy mepeceueHHs: STHX NPAMEIX..0003HAUHM .GyK-
poit T. IlpoBeieM Guccekrpucy yriaa TCB u 0603HauuM uepes S ToUKy
nepeceyeHust sTol- GHCCeKTPHCH ¢ mpsiMoit OT. 3ajaua uMeer petue-
HHE TOJIbKO TorAa, Korga 7S < TP, rpe P — Touka mepecedeHus npsa~ .
Moil, mpoxozsiedt yepes B nepnenaukyaspuo CB, ¢ npsamoit TO.

~ Vmeem: o
- 0P =0Btg% (.V?‘ ()tgz,
[ -
OT=CM=rctgl,
= o (2 \4,0
i TP = rctg -(V“a“. r)tg ,
=2 tg(m _2
TS_V’:?. tg(4 4).
Hepagenctso .
; IS < TP

' npusuMaer BUL: . ,
rte(p— ) <rted —(Fe—r) el

V3 4 4) 2 V3
HIH A
I —sin — cos2 sin — -~
* 2 2 < 2_( 2 l) 2
—_—— -_— ]
3 cos-‘1 sma— V3 cos—g- !
. 2 2 2 ‘ _
UM : - - -
2 .oal a\ a 2 . 0. . o O
¢ m—Sin —( | — sin — C0S% — — —=—sin? = sin? —
73 2(‘ 2)<, 2 V3. 2 + 2
uau . .
a ]/"37
sin—-<g 22
1 2 < 5 '
OTKyJa-
. 2
a<—£
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(B ycioBHM 3a5auK JaHO, HTQ & <231‘ M, 3HauuT, 3aja4a paapemmaa,
Pagnyc R uckomoii ceprl paBen TS, T. e.

R_V3 (%_%}’

Bapuarm 2

1. O6nacts onpene.ﬁenaa (yHKEHH
— 8% E foxr x -2
Takosa: x > 0. HepaBeHCTBO ¢ << 0 5KBHUBAaNEHTHO HepaBeHCTBy:
23‘°g="+ 22 x — 2 <0,
HIH '
~ — 218 ¥ ox? 4 x —2<0,
a 5T0 HePaBEHCTBO SKBHBAJEHTHO CJIEAYIOMell cucTeMe:
— 3+ 22+ x—2<0, x>0,

—x@x—=1)+2x2—1)<<0; x>0,
HaH
*—1DNDE—x<0 x>0,
OTKyZa

0<x<lI, x>2.

Bce peulenHsi JaHHOTO HepaBeHcTBa 00pasyloT IBa WHTEpBa/a: (0 l)
" (2 +0).
2. JlanHasl cucTeMa HepaBEHCTB SKBHBAJIEHTHa Clefytoiedi:

(sin;x——a) lgx>0, 0<x<’—;-.

Cnyqaﬁ I. a>1.

Torpa sin x — a<< 0 u, 3HAUHT, JO/IXKHO 6bITb lg x<<O0, T. e.
0<x<l.

Cayuah I.O<a<l.

B stoM . Cllyyae HEPaBEHCTBO sinx — a < 0 BbinoJHSIETCS np
0 < x << arcsin Q;, HepaBeHCTBO- sin x — a >0 BHINOJAHAETCS HPH.

arcsin a < x <—; HepaBeHCTBO g x < O BHIMOJIHSETCS rlp :
o<x< 1, a HepaseHcrso lg x > 0 Bmmonnsercs mpu 1 << x< 1

(BO Bcex cily4yasiX y4YHTHIBAIOTCH JaHHbIE uepaBeHcraa 0 <x<”® 5 ).




/
]

cos(x—y)=coslx—y|.=cos’~‘3—=—;-,
caeayiomei:
1.
_ =3 ‘
2o0sxsiny - -
le—yl= 0
y 3 .
Crnenyiomas - cHCTeMa SKBHBAJIEHTHA
« 9TOH: .
2cosxsiny = -l-,

, ;I/IT?IIV(,. (sinx — d) g x > -3 nBy,k Eg;jrqaax: ’
L , 0<x<arcsing, :
‘ 0<x<I T e B cayyae

0 < x < arcsin a, ecan arcsina < 1, 1. e. a < sin 1, H B caydae
0<x<1, ecau arcsma>l T. e.a>s1nl

IL. ] arcsma<x<—-
l<x< 3

Ecim arcsina < 1, T. e. 0<a sinl,1~ol<x<%;

. . . T
~ecymm arcsina>1, 1. e. a>sinl, 10 arcsma<x<-é- . Hror

HcCJenoBaHti AaH B Tabuanne:

-

—
a <sinl 0 < x < arcsina, I<x<5

_ . J
sinl<a <1 0'<x<l,arcsma<x<;
“a>1 0<x<1

3. Jlaunas cucTeMa SKBHBAJeHTHa c/eAyiomed:

cos (x —y) — gl =%
cos xsiny 3 I ‘N 3

HJH, TaK KaK

3
2]

Pxc. 55




Cumma ® 3K3unanen'rn c.uenylom.eﬁ
‘ sm(y+x)+snn(y—x)

1
3"
lx—y|=

wla

Ec.vm x—y>0, 10 x—y-—-— sm(y—x)--—-V? u sm(x-i—y

V;—g > 1. Ecmx—y<<0,T0 x —y = —2. rorna bm(x-i-y).
3 + —— y= 3’ ;

V?
.“"—2 ’

—

[

x+y= ku+(—l)‘arcsm(;. ?),

’ : -
- Y=y
L ‘.1_ g 1_V3
I X 6+ + = (— l) arcsm(3 ___)

‘ );—-—+ 54— (—l)karCSln(;_E)

Tre k NpUHHMAaET Bce ue.me 3HaYCHHA.

~ Ha BC (AABC B stom ciyuae pasHocToponrui). Eciu >-§‘ ,
KacaresbHast K okpyxHoctH (ABC) B Touke A nepecekaer mpojoM
mHe otpeska BC 3a Touky B, a npH yCJOBHH o < * (uro naHo B

‘JIOBHH 3a/laud) Kacate/bHas B Touke A K oxpymﬂocm (ABC) nep:
. KaeT mpojo/nkenHe orpeska BC 3a Touky C (puc. 55).

Ilo TeopeMe cuHycoB: . -
o AC-2Rsm2a.

l'[pnmenaa ry xe Teopemy K TPeyro/sHHKY ACM, naxonum:
AM AC o

- T - ’l—aa)’
sin(2-|-a) sxn(2

AM = 59 - 2R sin 2a.
cos3a

7

" omkyna




| - KoHycoB o6pasyior Tpex-.

3
i

'
4

,

' , OTpeska AB, 6 — HCKOMBI yrom Mexay obpasyiomume Iy u I;. Torng

anee,

N

AB = 2R sin (’-;- - dc)j= 2R tost,
1, CAEXOBATENbHO, IIOWANb S- Tp"ejrbnbmrxa ABM pasna:
'8 =24B . AMsin (%ﬂ-a);; s

-

R B cos a . . c .
“ - =~ - 2Rcosa ——. 2Rsin2«¢os'ot = - . : - .
2 : cos3a R : Coe

__ 4R%*sina cos! a .
: cos 3a ° T SR
5. BoicoThl - gaHHHX = ‘

rpaHHBIA yroj, Bce mJo-
CKHE YIJIbl KOTOPOro pas-
Hbl 0. 3HAYHT, eCJIM Mpo-
JIOJUKUTh OCHOBAHHSI KO- .
HYCOB [0 B3aHMHOI'O Iie-
pecedyeHusi, TO NOJYUYHTCS
TPeXrpaHHbii yrom & ¢ -
BEpIUIHHOA S, Bce BHYT-
peHHHE JBYIDaHHbIE Y-
Jbl  KOTOPOTO  paBHHI

% —a, npHyeM Kaxjas
OKDYXHOCTb OCHOBaHH S
BNIHCAHA B ONMH H3 IJIOC-- §°
KHX YIJIOB TPeXTpaHHOro
yraa & (puc. 56).. Tou-

KM Kacanus A wu B op- : :
"HOH M3~ TaKMX OKpyXHocTell o, Jexamed ‘B OCHOBaHHH
OHOro M3 KOHYCOB C peGpaMH TpexXrpaHHoro yriaa L, 6yxyr BMecre
C TeM TOYKAMH KacaHHs ¢ OKPYXKHOCTBIO @ OKDYIKHOCTEH, JEXAMHX B

OCHOBaHHH JBYX APYTHX KOHYCOB. o )
Ilycrs O — obmasi BepuMHAa JaHHBIX KOHYGOB, M — cepeaHHa

" Pac. 56

.0 AM
sin s =04

lyers T — npoexnus Toukn O B MIOCKOCTb OKpYKHOCTH @. ITpu<
Mem puuny AT pasucit 1. Tonoxum: £ASB = B. Ilpumensis dopmy-
1Y, CBASHIBAISIIYIO BHYTPEHHHH ABYTPaHHBIA Yo/ MpPaBHIbHOR Tpe-
YTO/IbHOA NHPaMHABI C IJIOCKHM YTJIOM IpH BepluinHe (CM. BTOpYIO
dacTs sameuanns 1 k pemenuio safaun Ne 4, BapHaHT 1, MeXxaHHKO-Ma-
TeMartHuecKuit ¢uKyabrer, crp. 181), nomyunm:

L




.COSE- — - =’ .
2

Hauee,
AM = cos -g-, C0A=——

a
sin-g L
M, 3HauMrT, ' «,.
sin —g- =Cos % sin % = % tg%.
3aMerHM, 4TO ecd o =2—:-, TO Sin % = "/2—3’ 6 =120°g, 3““‘@‘: .

Bce o6pasyiomue Uy, ly, l; Jexar B OLHOH nsockocTH (pHc. 57). ‘
Ecin xe a>2—;-‘ , To 8>>120° 30> 360°, uro He umeer MecTa

2 e
HH J7s OJHOrO TpexrpaHHoro yrda. Ilpn 0<<9 <—; TNOCTPOEHHE

TPeX DAaBHBLIX KOHYCOB C OOlefl BepLIMHOM M TaKHX, 9TO KaMelf M3
HHX Kacaercss JABYX ApYrux, BoaMoxHo. [lisi 9TOr0 Hajio TMOCTPOUTH -
TpeXrpaHHbIil yros, Bce MJIOCKHE YTkl KOTOPOTO ONpeAeAloTcs -

COOTHOIIEHHSI:
COSg‘:—-—l;—. ) N

i : Zeosy
y 2n a n
IMocTpoeHre BO3MOXKHO, TaK Kak 0<a<—5 , 0< 3 < 3’
1 a 1 B B _=n on
—<cos—<<l, —<<cos™-<1 m, 3Ha4 Ll = S
2< 2< ) 2< s2< 8H _ur,‘2,<3, l5<_;3‘

3areM Hano BHMCATh B KaXKAblfi NJIOCKHH Yol TaKOrO TPeXrpaHHOR
yIJiia paBHbIE MEXAy COOO0H OKPYXKHOCTH @y, ©3, @y OCH STHX OKDY.

Hocrell mepecekyrcst B Touke 0. Konychl ¢ Bepumuo#l 0, B OCHOBaHH
KOTOPHIX"JIEXAT OKPYXKHOCTH ©4, ©j, ©5, GYAYT HMETh-B OCEBOM-CEde~
HHH YTOMl 0, B KaXZAblil M3 HUX GYAET KacaThb(sl ABYX APYTHX.:wosssmpucssy

Bapuanm 3

i "1, CHCTeMa HepaBeHCTB

xeEstne 5 1 x>0
'SKBHBAJICHTHA CJEYIOmEi: L
. lgsinxlgx >0, x>0.
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!

O6nac1't> D onpenenerma ﬂaym{mm lg sm x cocrom' us Mﬂomeci‘sa S
um‘epsano& _ :

2kn<x<2k:n +n

B CHJIlY )’CJ'IOBKH x>08 HOCJIelIHHX HEPaBEHCTBAX K MPUHHMAaET
BCE ue.me HeoTpHUaTeJAbHLIE 3HAYEHUS]. Bo Bcex HHTEpBajIaX 1 r HMe-

em: lgsin x < 0, u, 3Hauut, HepaBeHcTBO Ig sinxlgx >0 BHIOJI-
; ) . .
HAETCS TOMbKO TOrJa, KOTAa HIH X = 5 4 2nn, rme n — uenoe

HEOTpHIlaTeJIbHOE quc.no, WM ecmn Igsinx <0 u Igx < O T. €
0<x<l ‘
3HauuT, BCe pememm JAHHOIO ‘HEPAaBEeHCTBA:

O<x<l,)q=% + 2nn,

rfie n — MmoGoe meoe HEOTPHLATEIBHOE HHCIIO.
2, Ilpy @ > 0 nanHOe HepaBeHCTBO.5KBHBAJEHTHO CJEAYIOUIEMY:

2a 42V a*—x2>da,
2V\a2-—;x3>'az'—-2a . ' (l)

HAA

‘(sameruM, uto' mpH @>0 o6JacTH  ONpeAeTeHHSA dyHKuui

Va+tx+Va—xu) a*—x® copnamaor: —a < x < a)

Cayuaiil. a2 —2<0,1.e.0<a<2. ) :

B s1OM ciyuae HepaseHncrso (1), c/lefoBaTeNbHO, H AaHHOE Hepa-
BEHCTBO BLINOJIHAIOTCA IJIS1 BCEX X H3 CerMeHTa [— a, aj.

Canyuai Il. a=2.

B sroM cayuae HepaBeHcTBO (1) npuamvxaer BHI:

.o Vi—%¢>0
U BBINOJIHAETCA NPH BCeX X M3 unmepsaia (—2, 2), -2 <x< 2.
Caywa# lll. 'a>2. -
B stoM cayyae a? —2a>0u Hepasenc'rao (l) 9KBHBAJICHTHO c.ne~
Zylomeil cHcTeMe: )
4 (a* — x”)>a’(a—2)2 L
M<a : S

Had - . .
a_ : PR

x <L ad 3 e

¥l <a. .

_Ecnu a > 4, 10 310 Hepaseﬁcrao pelleHui He uueer.

 Byzem ctlBTa‘rb, ur0 2 << a < 4. Torza nepsoe 13 'HEepaBeHCTB (2)
BBINO/IHsAeTCA MPH YCHOBHH

8 L. C. Mogeuos 225




lx\ < —Va (4—a)

3amernm, uro npH 2 < @ < 4 BHINOJHsETCS Hepanenc-rBO'

Py l/ a(d4—a)<a.

B camom zene, sto HEPaBEHCTBO KBUBAJIEHTHO CJCAYIOLIEMY:

Valdi—a)<2,
HH -
a(d—a) <4,
HJIH i

' ——4a—|—4 (a—2)2>o
N 3Harm-r, B cayuae 2 << @ < 4 uMeen:

- — —Va A—a<x<?2 l/ a(4—a).

quynmam HCCJaeoBaHuil JaHbI-B 'ra6.rmue:

O<a<2 ' ;| —a<zx<a
a=2 —2<x<2
’ a R
2<a<4 —EVa(4——a)<x<§Va(4-—a)
a>4 Pemenuil Her

3. l'IpeoGpasyeM JaHHOE ypaBHEHHe TaK:

— Sin
——SY _ sinx. .
- €os x cos 2x -
Orciona 1) sin x = 0, T. e. ¥ = kn, rae k NPHHHMaeT Bce Leble

ueHus. 3aMeTHM, 4TO NpH sin.x = 0 UMeeM: cos X = =+ 1, cos 2
=2cos?x —1 =1, TaKk 4to cOs x cos 2¢ 5= 0; 3HaueHHss X =

(rne B — moboe ue.noe) — KODHH JaHHOTO yPaBHEHHS.
Ocraercs pelMTs ypaBHeHHe

1
) _ cos x €Os 2x
KOTOPOE 3KBHBAJIEHTHO CleAyIolieMy:

cosxcos2x = —1.

’

W3 storo ypaBHeHus caedyem, 4To HJH COS X = 1, HIH COS x’;

= —1. Ecim cosx =1, T0 cos 2x = 2 cos? x — | =
226
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cosxcos2x =1, Ecm ‘e’

Hoctell S K cropoHe yria. Mmeem (puc. 58):

-HocTH S, npoxoxsumuii uepes Touky T, TO

~Ilpu B = —2’—‘ HMeeM:

L - ' 207~

cosx =—1, 10 cos2x =
2cos®x — 1 =1 mu, s3Hauwr,
cosxXcos2x = —1, :

TakuMm obpasoM, Bce 3Ha-
yeHHS X, JJS KOTOPHIX COSX=

= — |, — KopHH JaHHOTO
ypaBHeHHs1. Ho. Bce KopHH
ypaBHeHHs  cosx = — |

coliepxKaTcst B MHOXECTBE KOp-

ueil ypaBHeHHs sin x=0. 3ua- Aﬂ&
YHT, BCe KODHH JAHHOI'O ypaB- B8M T

HeHUs X = km, rie k npuHUMa- Puc. 58
€T BCe LieJble 3HaUeHHsI.

4. PemwnM cHavana TaKyio 3ajady: Ha OAHOH M3 CTOPOH JAHHOTO
yraa B (0 < B <<m) paHbl fBe pasmuuHbie ToukH O ¥ A Ha RaHHBIX
pacCTOSHHSAX 0T BepwHHL B yria: BO = p >0, BA = ¢>0. Bu-
YHCJHUTh PafuyC OKPYIKHOCTH, Mpoxoasmel depes Touku O u A U Ka-
caiotieficsi PSIMOH, Ha KOTOPOIl JIEKHT CTOPOHA AAaHHOTrO yria, He co-
nepxamasi Touek O u A. Ilpexne Bcero samernm, uto mentpsl K u K’
HCKOMBIX OKDYXKHOCTEH SfBJSAIOTCSI MEpPEeCceuyeHHsIMH MEAHATPHCH OT-
peska OA c nepreHmUKy/IsApaMH K CTOPOHE Yriia, He cofepialiefl To-
ek A u 0, B Toukax T* u T", Jiexamux Ha 5ToH CTOPOHe, MpHYEM
BT =BT’ =Vpq (unokaxurel).

ITyetb T — TOYKa NPHKOCHOBEHHsS OHON W3 yKa3aHHHIX OKDYXK-

OT? = p* + pg — 2p)/ pq cos B.
C npyroii cropousl, ecnin L — npoexkuyst Toukn O Ha muaMerp OKPYX-

OT*=TL-2R=0M - 2R =psinB - 2R,
rae R — pamuyc okpyxkHocrn S. Takum oGpasom,

R= P+ q—2V pqcosB
2sin B :

AHanorHYHO HaXOJUM 3HayeHHe A paguyca R’ BTOPOHl OKpyX-
HoctH S'i

R = P+ a+42VpgcosB
2sin B -

—R =P*9 ‘ ~
R=R =211 .




Bnamxoﬁ sanaqe :
p——. q—cw AB)

H nonyqeanble qupMme
[PHHAMAIOT BUI: .

R =c 3—2YV 2 cosB -
4sin B !

R =c 3+2V 2cosB.‘
4sin B
ITo Teopeme cunycos:

¢ _ a
sinC  sin(B+C)’

OTKYyJa
_ _asin C

sin(B+C)’

TaK YTO OKOHYATEJNbHO:
_ _asinC 3—27 % cosB s _ __asinC 34+2Y 2cosB
sin(B+C) . - 4sinB ' sin(B+C) ‘4sin B
" Toura.T nexur Mexxay Toukamn B 1 C TOJIBKO TOTAa,
Korja
BT < BC,

HJIHU

— a, - :

R <

MM :
sinC<V 2 sin (B + C).

5, ITycts P'Q — ofpasylomas UMJAHHApA, MO Ko'ropbﬁ on Kacaercs
. IJIOCKOCTH ocHoBaHud. [Tosaras AD. = h = 2_b% — -—V4a2—-b3

¥ 0603Hauas yepes T IPOEKIHIO TOUKH Sha n.nocxocrb OCHOBaHHsl, HMe-
eM. (pnc. 59): . :

h
2—PT

{
alx

- o

d
2




AoTmRasy AT

rie % — AHaMeTp. IMIHHAPA, a d — JMaMerp OKDYKHOCTH, suncamHod

B Tpeyro.nbﬁnx SMN KOTODBIHl MOJyuaercd B CEUEHHH MNHPaMHApI
[JIOCKOCTBIO,. npoxonameﬁ qepes Beicoty ST nepnermuxynapuo BBICO-
te AD ocHoBaHHS. .

Tak kak ST = TD

b h? ‘ N
Nt s 1/ o
T 4 .‘/4 16 2
l'loa'romy noJynepuMerp TpeyroabHuka SMN paseH p =1 5 (g +a)=
(b + 2a) Ero miomanp § = -;— . % . % = l—?. ~Tenepb U3

JEEL

q;opmynu s=pr, T. e -8— r HaXOAUM PajHyC r OKPYKHOCTH,

- BNHCAaHHOHA B TPEyroJibHHK SMN

«

_ bh
2(b+ 2a)
OTKyJia ee MaMeTp
bh
b+ %

Tenepr u3 cootHouenus (1) Haxogum:
pT=_’£(1_£)___£[1_@iﬁf]=
=3 4 .

"~ TO

2 bh
. _h_ b4
2 2 :
- Hanee, TQ=%—QD=§—x u TaK Kak PT 4 TQ = x,
) h b2 h
—— A+=——x=
2 " w * 3 %
OTKyJa
bh bV —b®

X
2 2a¥565 20at5h) "

. Bapuanm 4

1. JlaHHO® HEpPaBEHCTBO SKBUBAIEHTHO CJEAYIOUIEMY:
4*4+5.2*+2>4,

Hau - ' ‘

4*45.2r—2>0,




i e

’

2
OTKYAa ‘
x> log, ‘_/_33_2—_5. )
2, TlepenuuieM JaHHOE HEPABEHCTBO TaK:
2 —al + x2 —2ax < — 2,
HiH C ’ ,
“ 2x—a+ 2P =2ax+ a®<a®—2,
HIH i ‘
’ k=Pt 2 —d <a®—2

Ecml a® — 2 < 0, HepaBeHCTBO pelleHHH He HMeer.
Hpennonaraa uT0 la|>V2, nepenuileM ero Tak:

(x —al +1)2>a®—1.

B cuny ycuosus |a| > )2 umeem: o — 1 > 1, u, snaunr, 510 He-
PaBEHCTBO SKBUBAJIEHTHO C/IELYIOLIEMY: ) ;

Jx—al+1< Va—l,.
lx—al<Va— —-1(>0).
OTKyJa

a—VYa— +1<x<a—l— Va—1—1, rrelg|>V 2.

8 Crenyomas q)opmyna BepHA TOJbKO TOFAA, KOTAA HH ONHO ua
quces .

um

cos o, cos B, cos y, cos (@ + B + y)
He paBHO 0: . n (a;l;|3+v)
- tg(a = =
, g = ety
- sina cos (B 4+ y) + cosasin (f 4+ ) —
cos @ cos (B + y) — sina sin (B +y) ,
- Sinacos P cosy —sin a sin B sin y -} cos a sin B cos y 4 cos a cosp sm'y =
cosacosﬂcos?—cosasmBsmy—smasinBcosy—smacosﬂsm? ’
_tgat+teP+tgy—tgatePtey
l—tgﬂtgy—tgytga—-tgatgﬂ




Tak Kak ¥ + 2x + (—- 3x) = 0 TO npn yCJI0BHH,” uTo HH 011!{0 aa,_-__
YHCeJl COS X, 'cOS 2%, COS 3 ¥ HE PAaBHO HyJIO, HMeeM: : :

tgx+tg2x +tg(—3x)—tgxtg2xtg (— 3x) =0. .
3HauHT, aHHOE ypaBHEHHE: . A '
tgx+tg2x+ tg(—3% + tgxtg2xtg(—3x) =0
SKBHBAJIEHTHO CJIeflyiomeMy:

tgxtg2xtg3x =0,

OTKyZa

rie k NpHHHMaeT BCe Lie/ibie SHAueHHI.

4. [lyers ABC — paBHOGEApPEHHBIH Tpeyro.rlbnnx' AB = AC Yron
A He Moxer ObITb HH TYNBIM, HH MPSAMBIM, TaK Kak Torja Touka H me- .
peceueHHst BHICOT JIEKHT HAa MNPOAOIKEHHH BbIcOTHI AD 3a Touky A H
TNOTOMY HE MOXKT JieXaTh Ha BINHCAHHON OKpYXHocTH. [lns paBHOGex-
PEHHOro TPeyroJibHHKa C OCTPHIM yrioM A npH ‘BepILIiHe YCIIOBHe 3113~
4H BLINONHSAETCS TOJNBLKO TOTAa, KOria

. HD=2r, )

me r — pajHyc OKpPYXKHOCTH, BIIHCAHHOH B TpeyrojbHuk ABC.
Honaras BD = 1, naxopum (puc. 60):
<
HD = tg(%—a) = ctga, r=tg2,

H cooTHOweHue (1) mpuHUMaeT BHJ:

ctgo = th% .
Wi
a
C 2tg —
2tg 2 _2 1,
2 1t
" OTKyZa
1
te2 & = 2L
g 2 5
H, cjlegoBaTeJibHO,
1 —tg?—

cosq = — 2.2
3




Ome'mm ‘4TO npn aTOM
3HAYeHHH COS Q, :

cos A= cos(n—Za)=
= —co052a =

= 1—2costq =] —

>0,

©| oo
© |~

Puc. 61 A Tak Y70 A — ocTphil yroa-
(«Gauskuity x 90°).
5. Paccrosnue @ o LeHTpa OCHOBaHHS KOHyca IO TOUKH, B KOTO-
poii omHa M3 cep Kacaercsi KOHyca (BHELIHMM OGpasoM) H IJIOCKOG-.
TH €r0 OCHOBaHH#A, paBHO (puc. 61):

_ | a=r+p=r+Rctg(’1+§-).

Tpeyronsunk ABC, niowagp Koroporo HaJlo OMpEeHTD, paBHO-

6e11peﬂﬂbm npr4eM
AB=AC=Va+ R
0
BC = 2R (puc. 62).
Ero Boicora
, AD = V' AB? —R? = q,
TaK YTO €ro mJowagb

§=aR =RIr + Retg (% +‘§)]._

Bapuanm 5
1. JlaHHasi cHcTeMa HepaBEHCTB SKBHBAJIEHTHA CJEAYIOLIEH: |

x2sinx—cos2x + l< I, x>0"
-HJIPI‘ ’
2finx+2sin’ x< ]’ > 0;
9Ta CHCTEMa HEPaBE€HCTB 3KBUBAJIEHTHA OAHOMY HEpPaBEHCTBY: o
sin x (sinx + 1) lg x < 0. 68}
JaJee, ) ' '

. sinx(sinx+1)>0
TOJIbKO TOTJa, Korfga sin x >0, 1. e.
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Pl SR
E P

k< %< Okm + 7, .

rae k npuHEMaeT Bce uesible HEOTpHUATE/b-
Hble 3HaueHusi. [l BLINOJHEHHsS HEpaBeHCT-

. Ba (1) npu-aToM HEOGXOAMMO M NOCTATOYHO,
yT00bl BHINOMNHSJIOCh HEPAaBEHCTBO g x << 0,
1. &. 0 < x << 1. TakuMm oGpasoMm, Bce umc-
na uHrepBana (0,1) saBasiorcss  pemenusMu
JaHHOrOo HepaBeHcrBa. [lajee, sin x << 0
TOJIbKO TOTJa, KOorja

ohn —n < x <2, - (2

a TaK KaK NpH 3TOM JJIsl BHINOJHEHWs! HepaBeHcTBa (1) AO/MKHO ‘GBITH
lgx>0, 1. e x>1, 10 Bce uncna x Beex HHTepBasioB (2), rae k —
n060e HaTypasibHO® UHCHO, SIBJSIOTCS PELIEHHSMH JAHHOTO HepaBeH-
crBa. MrtaK, Bee pelienus faHHOro HepapeHCTBa OGPasyioT COBOKYI-
HOCTb HHTepBanos (0,1) u (2kn —m, 2km), rne k — moGoe HaTypaiib-
‘HOe 4HCJIO.

2, [Tepennumem nanHOE HEPABEHCTBO CJAEAYIONIIM 06Pa3OM:

/

Puc. 62

a—@—x2>a—x
WY, noJlarast @ — X = u:

V a? —u? > u. §))

O6aacte D onpenenenns dyurnuu ) a® — u® TakoBa: —a < & <
<a.Bom—a<u<0,mm —a<a—x<0, mma<<yx < 2a,
TO HEpaBeHCTBO }/ a® — u? > u BbImOHSETCH. Byznem cuurarb, u10 .
0 < u < a. Torpa HepaBeHcTso (1) 3KBHBANEHTHO TaKoMy:

a: —u? >yl
OTKyZa

lul<%.

a Tak Kak 'u >0, Tou < 2.

Uraxk, .
0<U<Va—2-) ' /
T. e,
0<a—x< Va’z"
_Va? <x— a<o,

rpwm T .
!



, . M OKOHYATe/bHO: -

a(l—ff—%—)<x<2a. —
3. IepenuiueM: faHHoe ypaBHeHHE TaK: : ‘
o tgx+tg2x+tgx—tgax=0
HIH

sin 3x sin 3x
©r COS X cOs 2x €Os x COS 4x :
Kopuu ypasnenus sin 3x = ( TaKOBBI:
x= lm’
3

- Te k MpHHHMaer Bce uenbie 3Hauenns. ITpm Beex sTHX 3HAUEHHUSAX
. QyHKUMH COs X, cOS2 XxH cOs 4 X B HyJb He 00pAIIAOTCS, MOSTOM
BCE 9TH 3HAYEHHS X SABJISIOTCA H KOPHSIMH JAaHHOTO YpaBHEHHS.

- Oc*rae'rca PelIHTh ypaBHEHHE:

1 1 _
- ‘cosxcos2x - coS x cos 4x
C/zeacmeue.u 9TOTO YpaBHEHHS SBJIAETCS c.rxe,n;yiomee.

cos 2 x = cos 4x,

-

Orciofa 160

2x = 2nn, x = nx,

rle n — mo6oe meloe YHCIIO (3TO MHOMKECTBO 3HAYeHHHl X BXOAHT
Mﬂox(ecmo peilenuii ypaBHenus sin 3 x = 0), aubo

] 6x = 2sm,
H MbI [I0/Iy4aeM CHOBa Bce KOPHH ypasHeHus sin 3 x = 0.
. : k1t .
Hrak, Bce peillenusi ypaBHeHus (l): x = —;» [Re k npuHuMaer

BCe liefible 3HayeHus. -

4. [ToxaxeM, YTO CyIECTBYIOT U IPHTOM TOJIbKO IBE oxpymﬂocm,
yp.osneraopmomue YCJIOBHIO 3afayH.

- IMyets  (0) — npousBosbHAST OKPYKHOCTb, Kacalollasics c'rop‘
Rauuoro yrjia. OGosHauum Yepes A M B TOYKH nepecedeHus OKpY?
Hoctd (0) ¢ mpamoit OM. TlponsseseM roMoretwio I’y ¢ HEHTPOM

. (BepiIMHA JAHHOTO YrJja) H TaKHM KO3(pHuHEeHTOM, UTOCEI TOUKA
nepeia B Touky M. Torga pamuyc AO nepefiger B pamuyc MO, || A

- okpyxHoctH (0y), Kacarommeficss CTOPOH JaHHOTO yria (KpoMe Toro, i
nocrpoendst Touku O; cjexyer yuectb, 4T0 Touka O; JIGXKHT Ha GHC
CeKTpHCce HAHHOTO yraa).

[Ipoussenem romoretio [, ¢ UEHTPOM S M. TaKyio, 9TOObI TOUKA |
nepeiia B T04Ky M; Toraa pamuyc BO mepeiiger B papuyc MOZ I B ‘
okpyxHoctd (O), Kacaromeics c*ropou JaHHOTO yria.

o4 ' , -




Puc. 63

Tak Kak /1i06asi OKPYKHOCTb, YAOBJIETBOPAIOLIAsl YCAOBHIO 3afauH,
nojiydaercsi roMmorerne I', mpu Kotopoil niu Touka A, MM Touka B
[EPEXOMUT B TOUKY M, TO CYIIECTBYIOT /04bKO JBE OKPYKHOCTH, yAOB-
JIETBOPSIIOIHe YCJOBHIO 3ajlauH. : -

Ilns BeYHCHEHHS paguycoB Ry, H R, okpyxHocrelt (Oy) .u (0y)- -
npumeM OA = OB = 1. Torga Ry u R, GyZeT COOTBETCTBEHHO paBHHI
Koa(ppunrenTaM Tomoreruit I'y u I, ’ .

ITycts C — mnpoeKuHsi TOUKH A Ha Ty CTOPOHY HAHHOrO yrJa, Of
KoTOpo#t TouKa M OTCTOMT Ha pacCTosHHH, paBHOM a. [Tonoxum AC =

: a
= x; Torja KoagpuuueHt roMorerud paBeH. — = Ry. Ilposenem uepes
. Touky A npsmeile AD u AE, napanjieibHble CTOPOHaM JAaHHOTO yria

(puc. 63). Ilycts F — npoexuus TOYKH A Ha BTOPYIO CTOPOHY JAaHHOTO
yraa. Torna AF = 2x. VMeeMm:

SD — EA=-%

sina’

DC = xctga, ST = ctg%__;'l+c05a -

sina
H, CJIe0BaTeJbHO, ]
CT:I-I-.cosa_ 2x __x?osa.
sina simna sina, . .
Mycrs K — npoexuus Touku A Ha npsimyio OT, orga AC = KT =~
= x u, sHauut (CT = AK), » .

. . , )
(l-l-.cosa — ?x _xcosa) =‘x(2_x)’
sina sina sina

HiH
1 +cosa)2—2(l +cosa) (2 + cose) x +




o e “ . -

+ 2+ cosa)? x2 =sin2a - x (2 —),
o c : . o
: .x%2(4 +4cosa + cos®a + sin?a) —
—[2( + cosa) (2 +cosa) +2(1 —cos?a)] x +

+ (1 + cosa)2 =0,
HIIH :
(1 + cos a)? (%)2—6(1 + cosa) % +5+4cosa =0,
OTKy2 / . o
‘1 _ 3(14cosa) + V(1 F cosa)f — (6 + 4 cos @) (I - cos @)® __
x

(1 4 cosa)?

. — . a

- 3+ 2V 2sin—
—=3+Vi—4cosa _ ~ 2
1 4-~cosa

.

a
2 cos? —
2

Ecmu y — paccroanne or touxku B 1o ykasaHHOH Ha pucyHke 63 cro-
~PDOHBL yri1a, TO JUISi OMPEACJIEHHS y MOMYYHTCS TO Ke caMoe. KBaj:
_ patHoe ypasuenHe. CriefoBaTe/IbHO, OHH U3 HalIeHHHIX KOpHei naer

BETHYHHY %, a Jpyroil — BeqHUUHY —;— . Paguycnl okpysHocreit: -

32y 2 sina—2- : R
a.

a
2 3 —
cos 2

- 5. Tlyers AMN — nntockocts, Hak/IOHeHHas K miaockoctw ABC no,
yriioM o U mepecekaiomias rpanr SBC no mpamoi MN || CB (1oukH
M u N nexar coorseTcTBenHo Ha pe6pax SC u SB). Ilycrs P u Q
npoeKuud ToueK S H A coorserctBeHHO Ha miockoctd ABC u SBC
Obosnauum uepes O TouKy mepecevemus mpsaMeix SP u AQ. Torga
SO:0P = A0:0Q = 3, npuuem AO = BO = R — penuunHa pa-
auyca cepsl, -ONHCaHHOH BOKPYT TeTpasapa SAB_C: ‘Tak Kak BmICOTa

2 .
NPaBHJIBLHOrO TETPasfpa ¢ pe6poM a paBHa @ ‘/ 30 ™

3 Ty IV'§
= — —=—8 Ta.
R 4aV3 2 2

Iyers K — cepenuHa otpeska BC, roraa (puc. 64):

QK=Y AR =A@ = )/ % 2 _ 2

2V 3
H, 3HAYHT,



NTRRE

Paccrosinme ¢ or Touku O jo ceky- «
e Ma0CKOCTH B cayyaea>f pasHo:

d = Rsin(a —f) =

= i"/g a (2 V 2sina—-L cos a)=
2 2 3 - 3

a T ol -
= V_6(2V 2sm¢7f—cosa).

Ecu a < B, T0

d=-2_ (cosa—2) 2sina

5y 6( 14 )
TaK 4TO BO BCeX CJydasx
v d=-—2_12) 2sina—cosa|. )

2V’6
Pagnyc OKpyXHOCTH, 10 KOTOpOil CeKymas MJIOCKOCTb mepeceKaer
cepy (SABC), onucanHyio BOKPYr AaHHOTO TETPasApa, paBeH:

o=VR—&,

H, 3HaulT, TJIOWALb CEUEHHS
np’ = n(R? — d?) =
3

=n[3a2 % 9V Tsina — 2] =
n[sa% 24(2V25mo: cosoc)]

= ’-‘2%2(9 — 8sin? a4 41/ 3 sin @ cos & — cos? @)=

. ~ _
= -2“% (8 cos? a+4) 2 cos a sina + sinZa)=

= ’;;:2 2V 2 cosa + sin a)2.

Ocraercst onpenemits niomans TPeyrofibHAKa AMN. Nmeen:
AT Ak

sin(%— ) sin(%+a—ﬁ)’




2 ¥ 2cosa 4 sina

TK _ AT
sina cosp’
TK — aV 6sina R 3 ¥V 3asina

2V 2cosa+sina  2)2 22V 2cosa 4 sina)

Harnee, ,
ST=SK—KT=“V3; 3 ¥V 3asina _
2 22V 2cosa +sina)
= V—ﬁ(l‘_ 3sina - ) —aV 3 2V 2cosa—2sina.
~2 2 ¥V 2cosa+sina 2

. 2V 2cosa+sina
— V 2cosa—sina ‘
=aV — . M B
2V 2cosa+sina

Teneps u3 mponopuuu

My _ cB
ST SK
HAXOJHM:
E CB
= T ¢ — ==
MN =S8 " 3K

~—V 2cosa—sina a
.

=q) 3 — 3
. v 2 V2 cosa+sine & ]2/ 3
___2a]/_2cosa—sina .

2 V2 cosa+sina :

.

Takum oGpasoM,

. AAMN = %MN. AT =

T L e T S T

V2cosa—sina . aV'6 .
2]/2 cosa+t sina 2 Y2 cosa+sina
— V 2cosa—sina
=a2V — - .

@2V 2cosa+ sin a)?




. Orciona caenye'r 4TO ecsH a< 0, To ypaBHeHHe He HuMeer pemermﬁ

Hckomas miomans . e:

‘ g ] o _
= % @V 2cosa +sina)2—a?) 6 V 2cosa—sina .

@V 2cosa + sina)?
Bapuanm 6
1. Kopuu ypasHemns (A = 2+%
: A _3A+1=0

TaKOBHI: A ‘ :
A= 3+¥5 ;6i2V5'_(VETj:1)2 . e
P2 N A i
JlaHHOe HEPaBEHCTBO BHIMOJHEHO, eCH o .
o o (V1Y) « .
HI 27 < (—“2——) ’ . 8]
2 >(K_5£ )?'. - @

Hepaseﬂcrao (1) He BhmoJHsleTrcss HH npn OZHOM neﬁcmmeabnom
3HaYeHHH X, TaK Kak V52—1) <1 a 2° > 1. Bee peilleHusT Hepa-

BEHCTBA (2), a CJIEJOBATE/NIBHO, H JAHHOrO HAXONATCHA H3 YCJIOBUS:
- w20, VEHL

OTKYZa WU

x<-—"/ 2log2K?'T+L, I X > "/ 2log2'_{%ﬂ}" .

Huave, : : .
x| > \/ 2log, Y35 5'“

2. [laHnoe ypasHeHHe SKEHBAEHTHO cnenyiomemy:

- ‘ log .. w2 log 3+ 10g gips [ sinx| = g,

18in xi

logl sin x| 2. 10323'l°gl sin ’_‘|2 N =a,

L
2
Wi

log? . .12 = 2alog,2.

Ecau xe a>0 TO




N

OTKYZa
Tak kak
TO

HIx

H, 3HAYHT,

|sinx| =

1

g VEImls | g ViElom

'.‘Ogl sin xl2 =& V2a 10g32’ ' -

1
2iV %alog;2 .

1
<l

Isinx] =2 Y2aloe2

sin?x =2

x = kn 4 arcsin 2

— V 210g:3
a
- V log,3
2

3. [TpeoGpasyem naHHOE ypaBHEHHE C/IEMyOMHM 66pa30M:

4 (sin x + cos x) + sin x 4 sin 3x + cos x — cos 3x =
: =2)/2 (2+ sin 2x),
4 (sin x 4 cos x) + 2 sin 2x cos x + 2sip 2x sin x =
=2V 2 (2 + sin 2x),
,4(sinx + cos x) + 2 sin 2x (sin x 4 cos x) = 2}/ 2 (2 + sin 2%);.
2(2 + sin 2x) (sin x + cos x) = 2 V 2 (2 + sin 2x)

H TaK Kak 2 - sin 2x = 0 npH BCEX 3HayeHHSAX x, TO AanHoe ypas-
HeHHe SKBHBAJIEHTHO CllefyloLieMy:

sinx +cosx =) 2
Hau -
11
cos (x — Z)~= 1,

OTKYyIa
X = % + 2km,

rae k npuHEMaeT Bce Le/ble 3HAYEHHS.
4. Mo Teopeme CHHycOB HMeeM:

* (puc. 65): -




BD ° AB . DC _  AC

sina  sinZBDA’ sina  sinZADC o
rie o= ZBAD, B = /DAC. Ho AB = AC u sin £BDA =
= sin ZADC, cnenoBagrensHto,

BD  DC
sina sinf
OTKyZa
sinf 1
sina &

Tak Kak a+ﬁ‘= A, 10

B sin(A —a) - _l_
sina k
HH sindctga —cos 4 = %,
OTKyZAa
) _ +cosd4
ctga =- _Tn[—

IMycrs O — uentp okpyxkuocru (ABC), omucanHof Boxpﬁ 'i'peyronb-
Huka ABC,a P — npoexuus touku O Ha npamyio AD. Torma -

o : , _ A
! | AP = A0 cos (?{ a) |

A : A A
(8 cnydae o> = Gynem umetrb: AP = AO cos (a — ;) = A0 cos (E-
—a), orkyna (A0 =R) . ' '

F | = 2cos€\-’§-—a)
— m . — dd : —_

A A : \ -
2(cos?cosa+sin?sina) 2sinq(cos%ctga+sﬁn %)

Ky
\

- m - -
) -l-locosA : 4
2sin a(cos A— k————l—‘sin -f-)
2 . sind -2 \
msin A . ' R

A A .
2sina(; cos -2—.-01- cosicosA + sin %sinﬁ)

2
24)

l,.-.. -




.- msin A

2sina(lé A 4y
% €05 +cos 3

kmsin A

2(k 4 l)sinacqs%

H, Ja’ee,

. i
sing = —— 518 =

‘/(ki + cos A)z-l-sin?A .

- ksinA
VB £ 2% cos A1’

OKOHYATeJbHO:

R= my k2 4+2kcos A+ 1
- A
2(k + 1) cos Y

~ 5. [lycre OA, OB, OC — tpu peépa npoussoAbHO20 Mapajiiede- -
nunesa, BLIXOAsINE H3 NPOH3BOJILHOH ero Bepmuuel O; AA’, BB’,:
CC’' n 00’ — puaroHanu 3TOro mapaienenuneia. Torga nnaroua.nb'_
.00’ nepecexaer MIOCKOCTH TpeyroibHuKoB ABC u A’B’C’ B UX ueHr-
pax TSKECTH W IENUTCH STHMH IVIOCKOCTSMH Ha TP paBHble dactd. B
caMoM Jene, eciu M — touka nepeceyenus OB’ u AC, 10 BM —
_MeauaHa TpeyronbHHKa ABC, a Tak Kak OHa JIEXKUT B OLHOH NJIOCKOC:
TH ¢ AuaroHanaeio 00’ (BO’ B0 — napaanenorpamm, M — cepenuHa
OB’), o BM nepecekaer OO0’ B touke P, nexameii Mexay O u O
U3 nopobus tpeyroiibhukosB OPM u BPO" nmeen (puc. 66):

BP _ PO" _ BO'

AnanoruuHo foKa3biBaercsi, YT0 BTopasi To4ka Q fepeceyenus 00
€ MJIOCKOCTBIO Tpeyrosibhuka A'B’C’ penur AMaroHalb 0’0 B oTHOLUE-
-HuH 0Q : QO' = 2 n uto Touka Q siBJAsIETCS] TOUKOMH mepeceveHHs Me:
IuaH TpeyrossHuka A’B’C’.

Ecan paccMmatpuBaeMsiit napa.nnenenunen ABJseTCA Ky6OoM, ' TO
JuarpHanp O’ nepHeHAMKYJSpHA MJIOCKOCTSIM, B KOTOPhIX JI€XKaT Tpe:
YTOBHHKH ABCu A'B’C. B camoM perne, 00' L AC, tak Kak npoek
mas OB’ mpsMoit 00’ wHa naockocts: OAB'C TepreH MKy IAPHA
AC (AOCB’—xBagpar). AHanoruuHo nokasmisaercs, uro 00’ L BC (u
00’ L AB). Ilnockoct# TpeyroibuukoB ABC u A'B'C’ napaJelibHbi,
TaK KaK Mapajjie/lbibl HX CXOACTBEHHbIE CTOpOHbI (3T0 BEpHO H AN
NPOM3BOJIPHOTO Napajlielienunena). '

OcHoBaHHus JAaHHOrO HUJAMHAPA — 3TO oxpymnocw, 'BMHCAHHbIE B
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MARARAELC NG s, i

T O

NPHHUMAET BCE LeJbie 3HAUeHHH: 3.

-HaTypaJibHble 3HaU€HHUd. RN S

~ nm 4 arc tgd< x<nn + —2-, x=sm + arctg 2, r,ne,k{n, S IPHHUMAIOT Bg:e

tpeyronsunka . ABC 1 A’B’C’. Tak Kak 9TH TPEyroNbHAKH paBHOCTO-
pOHHie H CTOPOHA KalXJIOro H3.HHX PapHa aV2 T0 pajHyC WHAHHADE
paBeH —— V§° Bricota xe ero paHa “V?’ = V3 (aV 3 —nauua guaro-
Haad 00’). 3Haudt, o6beM ummﬁnpa paBeH:

T e

6 Y3 6V3

§ 33. Xumuueckuit dakyabter, 1967 r.

‘ Bapuanm 1

1. CkopocTs aBToMo6HAs1 80 Kml4, cKOpocTs BenocHmenHcTa 20 Kal4.
2. x = 2kn + 2arctg 2, x =2kn—2 arctg—é— » Te k mpHHHMaeT Bce.
nesbie 3sHaueHns. 3¢ 2 (1—a). 4. nk-l:_f-:- <x< kn + g, rAe k npu-
HHMaeT BCE ME/Be SHAYEHHS.

Bapuanm 2 ‘

1, Ckopocts nepsoii MbTOpHOﬁ JoaKH 6 km/4, cKopocTb Bropoi 21 kmlu,

AB = 45 &m. 2. = —+kn, x = kn &+ arctg l,rz(e ik<

Hjia—),,‘*- x——+2kn

3< x<m, 2nn < ¥<2nn +mn,tRe kun npmmmam npouasonbﬂue -

. - - Bapuanm 38

1. Uepes 34. 2, x=0. 3. ﬁ“. 4—-]—2k:n x< +

+ 2kn rae k — mo6oe, oTIMYHOE OT Hme nenoe tmc.no;—- 5 <x< o

<—4% tom <x < + 2nm, TRe n NPHHEMaer BCe Mg

JBle snaqeﬂua, KpoMe n = 0 u n= — l )
Bapuanni 4
o 52 a2 x -2kn—’%. 3. ﬁ‘“—"‘_fii:-‘) A bn<e<hn + %,

neJanie 3HaueHud.

-
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§ 34. Tleonormuecknii axyabTer -(otaénenne motbnsmm), o
1967 r.

Bapuanm 1

Lx>1.2 x=knt % , The k IpUHMMaer Bce LeJbie 3HAUCHHS,
3. 4. ‘

4. Cayuait . a>0.
.B 9TOM caryyae gaHHbIe HepaBEHCTBA COOTBETCTBEHHO SKBUBAJICHTHHI

CJIEN IOLIHM:
()é—a)(x——z";a“'—"'—) >0,

X

Y%

A
a .
Ilo ycnoBuio samauu zis moGoro x > % JOJIKHO ‘BHINOJHATLCA Hepa-
BEHCTBO; - ,
9= (x—a) (x—i:ﬁ)<0~ —
Onnako 310 HEBepHO, TaK Kak e/ x Goblile BceX uHcel
%, a, —2“—""3—, TO. o>0.

A
C nyuwai I, a<<0. :
B aroM ciyyae maHHbBIE HepaBeHc'rBa COOTBETCTBEHHO 3KBﬂBaJIeHTHbI

CJIeAY IOLIHM:
(x—a) (x—- 2"a¢) <0,

¥<

Qe

o 4 .
ITo ycnosuio sagaun s Jo6oro x < — HOIDKHO BHINOMHATSCS He-
paBeHCTBO: )
943 ~ B
x—a)( + )>o o

10 Gyner TONBLKO TOrAa, KOrAa :
icowdoEy o
a a a
HaM (Tak Kak a < 0) )
Tat<<4, 4>2 +3,
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Puc. 67

nwmm (a<<0)
N « ._a<2,‘a<%, .

H OKOHYATeNbHO:
’ —2<<a<<O.

Haxonen, ycioBHio 3ajaud yjOBJeTBOpsieT W 3Hadenne a. = 0. .

Hraxk, - .
) —2<<a <. .
HanHoe peweHue AonycKaeT CHEAYIOUIYIO FeOMETPHUECKYIO: HHTEPIpE-
Tauuo. ByneMm cuutath a — opauHaToi (X — abcuucca). Y pasHeHmue
(x—a)(ax —2a—3) =0
pacnajaercs Ha ypaBHeHHe NpAMO#:
) t—a=0
U Ha ypaBHeHHe ruiep6oast [Iy:
a(x —2) — 3 = 0: (puc. 67)..




- HepaBenctso x — @ > 0 BhIoAHsIeTC Al BCEX TOYEK TOH MOy
IVIOCKOCTH OT npsiMoft. x — @ = 0, B KOTOPO#i JIEXKHT, HANIPHMep, TOY
¢ KoopauHaTtaMH ¥ = 1, @ = 0 (exuHUuHas TouKa ocH Ox); HepapeH-
CTBO X — a << 0 BbinoJsiHsAeTCS JJs BceX ToueK APYrod MosynJOCKOCTH.
HepaBencrea a (x —2) —3 >0 u'ax >4 BHMOJHAIOTCA A BCeX
BHYTPEHHHX ToueK rumepGoJiel. I'y ¥ runepGoel Iy, 3aaHHON ypaBHe-'
HUeM xa = 4 (puc. 67). TunepGosnt [y u I', mepeceKaloTcst B ORHOM

TOJIbKO TOuke (8, 5). Tunep6oau I'y, I’ u npsiMas x — a = 0 peast

- MJIOCKOCTb Ha OAHMHHAZUATh objacrell, HO TaK KaK TOUKH, A Koqpi-
JMHAT KOTOPHIX BBINOJHAIOTCS HEDABEHCTBA . .
- ‘ ax >4, o . S
ax—2)—3>0, T

x—a>0

- JOJKHBI IeXXaTh BHYTPH runep6oit I'y i I'y WM Ha caMuX STHX runepbonax
H «HUXKe» HJIH Ha caMol mpsiMo¥i x—a=0, To To/bKO Aist o6nacredi I n X I
BKJI0Yasi ¥ UX FPaHHUUbI, BHIOJHSIOTCS 3TH HepaBeHcTBa. Ms pucynka 67
BHJHO, YTO TOJIbKO AJis1 3HaueHH# ay,—2 << @y < 0 Ha npaMOi a = dy, -
napaJieJibHON WAH CcOBMHajaiomefi ¢ ocbio Ox, He CyIleCTBYeT HH OAHOH

_ TOYKH (X, @), KOODAHHATH KOTOPOH YJAOBJETBOPSIIOT JaHHbLIM HepaBeH-

CTBaM.

~ Bapuanm 2 :

1. 3<x<l3il%___ Vis o, x=k‘ni—}‘, rfe k TpUHUMAeT BCE

69 s

gesable 3HauyeHHd. 3. 00 ‘4, 3nauenne a =0 He BXOAHT
2 .

obnacte omnpefeiedus ¢yHkuud ax® 4 (@ —3) x + = —2a u noro
B JajbHefimeM He paccMaTpHBaeTcs. : . '

Cayuain I. a>0. :
B aToM cilyuae HepaBeHCTBO ax > a? — 2 SKBUBAJIEHTHO CJeAyi0-

memy: oo

M, KOHEUHO, CyUIECTBYIOT 3HAaUeHHs X, YAOBJeETBOpsIOlHEe 3TOMY H
' PaBEHCTBY, IJIs KOTOPBIX ' -

— ot @8 220 as— EEL)(m2 1m0 0.
p=ax*}(a 3)x-|—a - 2a a(x . x—2 . )>

JIns 9TOTO JNOCTATOYHO B3siTh 3HAueHue x, OoJblllee YHC

2 . 1 — .

@—2 ‘atl , 91=8 guagur, Bce NONONHTENbHbE 3HAYEHH
- a

’
a a

He YJIOBJNETBOPSIOT YCJOBHIO 3ajiauH.
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- Caywa# I a<0. " : " SRR R A
B a10M cityuae HepaBeHCTBO ax > 0% — 2 5KBUBAJEHTHO TAKOMY: .
) az—2
x< )
a

¥ MO YCJOBHIO 3aJjauH TIpH JMI060M TaKOM X JOJIXKHO BBLINOJHATBCA H
paBEHCTBO: :

a(x— a+l)(x—2 l:a)<0,

a

uii (a < 0): ~ : . '
(x— -‘i]—)(x—'Z 1“—a)>0.
a a

IMocnennee HepaBeHCTBO GyZ€T BHIMOJHATHCA NPH BCEX X <

a?—2

TOJIBKO TOrja, Korjaa -

a’—2<a-|—l’ a2—2<2l—a.’
) a a a
wi (a <<0) "
: @ —2>a+1,

_ @?—2>2—2a, -

uaa ‘
az -—a—3>0y

) .o @+ 2a—-4>0,"}

Wy :

14 VB[, V-1 g
(" —2‘)("+ .—2—)>°',
Aa+1+V3B)(a+1—-V5)>0,
a tak kKak a<<0, 10 )
ot V132-—1 <0, a+1+V‘5<O,
OTKyZa T , .
‘ a<—1=V'5 , .

3agmaua uMeer CIENYIOLLYI0 rEOMETPHYECKYIO HHTeprnperaumio. Ile-
penuineM JaHHble HEPaBEHCTBA B BHJE:

alag(x—1) —1jja(x+2)—2130,
a(@a—=x)<0. .

YpaBHenne a = 0 ects ypasuenue ocu Ox (a — opmunara), ypas-
HeHHss a(x — 1) =1 na(x + 2) = 2 sBAAIOTCA ypPaBHEHUAMH CH-
nepGosi- I'y u I'y; acHMOTOTH NepBoii: @ = 0, x = 1; acHMNTOTH BTO-

Ty




. Puc. 68

poit:a=0'1 x = — 2 (puc. 68). YpaBuenuea (@ — x) = 2 ectp TaK-V'
Xe ypaBHeHHE runep6ossl (). I'IponsaeneM npeo6pasoBaHne cncre-
Mbl KOOpAHHAT: : .

;,_4 : X=a—x Y =a.
C'rapble KOOPZIMHATEL HOBOTO ~ MacwiTaGHOrO BEKTOpAa OCH OX A
X=1 Y=0 6ynyr: x=—1,a=0. Crapble  KoOpAHHATHI HO-

BOFO MaCIIIT86HOI‘O BeKTOpa ocu OY . (X 0, Y = 1) 6yny:
a=1,x=1 (puc. 68):

e={—1,0}, e={(1, 1}
Ypasuenue runep6onsi I's B cucreme XOY:
XY =2,
Tunep6ontt Ty u I', nepecekaiorest B ofHoR Touke My, (4 '1)
l‘nnepﬁo.nu I'yu I'y mepecekaiorcs B AByX TOYKaXx:
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v

¢ -—_— l— 1— 13\ “,, 13 . &\
Mla(5 GV 3, 1 21/13)’} M~‘3(5+g/13." 1+2V13).‘

I'umepGosini I', u I'y; nepecexaiotcs B ABYX TOYKaX:
i (=2, VE—1) oy (=¥ E =3, —y5 1)

.
e

Hnst obacteft A u B, OTMedeHHbIX Ha pHC. 68, 06a JaHHBIX Hepa- ~-

BEHCTBA BBINOJHSIOTCS, ¥ ecid a5 > — 1 — /5, 1o npsMas a = ay
nepecekaeT OfHy ‘M3 3THX obaacreli (a,+ 0). Ecau q, << —1—5,
TO mpsiMasi @ = g, mepecexaer runepGony I'; B HEKOTOPOH TOUKe (X,
Q); TMpH X>> X, He BLINONHSETCS] BTOPOE H3 NAHHBIX HEPABEHCTB,
ampu x < X, He BHINOJHSAETCS NePBOe HEPABEHCTBO.

Bapuanm 3
1. 0<x<ﬂ2"_3. 2. x=%+2kn, rle k npuHuMaer Bce:
4V 2hs
J1 a4, 3. ——._.
He/bie 3HAYEHH 35

4.Cnyvaini I. a>0. A T
B stoM cilyyae maHHBle B yCIOBMM 3ajauM HepaBeHCTB2 COOTBET-
CTBEHHO 5KBHBAJIEHTHB! CJEAYIOMUM:

2
x—]—a
a —2

a

>0,

; x4

5—4a
x> —
4a ‘ -
H, KOHEYHO, CYIIECTBYIOT 3HAaUeHHS X, NPH KOTOPHIX BCe 5TH HepaBeH-
CTBA BBIIOIHAIOTCSA; AJIS1 9TOTO HAJO B3ATh X OOJIBLIAM YHCel

2 ©  a?—=2 5 —4a

—_—= H .

a 2 4a

Cayuaii II. a<0O. :
B stoM ciyuae maHHble B ycnoBuM 3ajaum HepaBeHCTBa COOTBET-
CTBEHHO 3KBHBAJIEHTHEI CJIEAYIOMHUM:

s Toro uro6ut mpu ao6om x<5_4a

4a

HE BBIMONHSJIOCH HEPaBeHCT-

249 -




‘HQOGX,OIU’IMO H JAQCTaTO4YHO, 4TOGBI BBITIOJIHAJHUCH HepaBeHCTBa:
} 5—4a 2 _ .
2=t 2 ¢
-+ =<0,
5 —4a az—2
<0
” -+ T <

uam (a<<0) .
‘ | ‘ 40 —4a—3 >0,
OTKyJa (OmATb cjefyeT yuecTb ycJoBHe = a << 0)
a< — —12- o -

OrMernm emme, 4T0 @ = 0 TaKXKe yAOBJIETBOPSET YCJOBHIO 3a4a9H
Hrak, . . :

a=0,a<—§-. -

Haunas 3apaua nonycKaeT C/ELYIOULYI0 T'eOMETPHYECKYIO HHTEpIpE
rauuio. IlepemuilleM jaHHble HepaBeHCTBa B BHJE:

‘a(ax+2)

ax—2 -+ a2 >0,
ax+ )> %
IToctpoum - rumepGome: ax = — 2 (Iy), a(x+1) = '% (),

~a(x+a)=2(l,) (puc. 69). Ins noctpoenus runepbomer I'y; X
poILIQ nepefiTH K HOBOH cHcTeMe KoopauHat XOY: X =x 4-4a, Y =
Crapele KoopaHHATE HOBOTO MAcCIITaGHOTO BeKTopa-€, ocd OX Haiix
causcucreMol X =1,Y =0, re.x4+a=1, a=0/\r e ¢
={1,0}. Crapsle KoOpAHHATHI HOBOTO MAacCIUTAaGHOrO  BEKTOpA &,
OY nafigyres us cucrenl X =0, VY=1,1.e.x4+a=0, a =
OTKyZa e, = {— 1,81] ggnc 69). T'mmep6onet 'y u ', nepecekaioTes

B TOuKe M,, —% 1/ I'unep6oanl I'y u I'y mepecekaiores B Tb_?l,
Kax M'ys (I, —2) 1 My,"" (—1, 2). Tunep6oet ', u I Ka-
I0TC B TOUKax M,y (— %, —2—) u M, (-‘— %,4—%). Hns obnac

"™d A jaHHBIE HepaBEeHCTBA BHIMOJHAIONCS (MPH 3TOM MapaMeTp
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H ec/H B3sTh X GoJibLiIe YHced

uaMensercs B mﬂ'epaa.ne 0< a<< + oo) Hpn a =0 namme He- -
© PaBEHCTBA HE BLIMOJHSAITCA HH NPH OJHOM 3HAYEHHH X. -

Buyrpu I'suBHe I'y (m1a a << 0) Gyzer BLINOJIHEHO TMepBOE -He-.
paBeHctBo. Ecnn g, << — 5» ™ npsAMasi @ = 4, nepecexkaer runep6oay
I, B Touke (X,, ao).wl'lpn x <x, HE BlbIHOJIHﬂeTCH n;psoe HepPaBeHCTBO,
a npH x>x,—Bropoe. Eciu a = —3 TO X = —E’ﬁ ax—2+a% =
= 0, TaK 4TO NepBOe HEPaBEHCTBO HE BBIMOJHSETCS HH NPH OJHOM 3Ha-
yeHnu x (ax — 2 -} a® — 3HaMeHaTesb!)

Bapuanm 4 -
1 . ' - ' .

1. x>—3. 2. x = 2kn, x = 2kn + 5 rae k npuHuMaer Bce

. 3 : ‘
HeJble 3HaueHnsa. 3, arc cos e 4, HepaBsenctBo x—8 > ax sKkBuBa-
JIEHTHO CJIeNyIomeMy: . f
' (1—a)x>8

Cayuaint I. a<<l. :
B sTtoM cayuae - HepaBeHcTBO (I — @) ¥ > 8 9KBHBaJeHTHO  Ta-
KOMy: )

8
1—a

- x>

’

2, 2(1—a)u 8 X

1—a . l1—a

TO GyAyT BLIIOJHEHH HEPaBEHCTBA:
(l—a)yx—a - 0
i—20—a
x — 8 > ax.

Urak, Bce 3HaueHHs: a << | He yJOBAETBOPSIOT ycnonmo safaud. .
Cayuwan II. a>1.
B atoM caydae HepaBeHCTBO (I — @) x > 8 9KBHBaJIEHTHO TaKOMY
-8 -
x < ,
l—a

a nepBoe HEPaBEHCTBO — TAKOMY:
‘ a . e

= l—a

— < 0. :
x—,2(lfa)\ i u -
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Mz('l% ’ %3)

Puc. 69

8 a _
’ l—a<1—af
IL 2 (1 —a)
und (a>1)
8>a, }
>2(1 —ap,
HJH ’

a—<8, d—]<2.

ni a < 3. I/ITaK, l1<a <3.
C.nytlaﬁ III. a = 1.

TIpu atoM BTOpOE HepaBeHc'rBo npuumaer Bug: — 8 >0, T e. He

BBITOJIHAETCH. ...
252

}s&



Puc. 70

Urak,
1 <a<s. .
F'eometpuueckass uHTepnperanus. IToctponm runep6onsl (1—a) x—
c—a =0,y @a—10)(x+1)= —1 (') u x—8 =ax, uan
x(@—1)= —8 (I'y), a takxke npamyio x — 2 (1 —a) =0, uau

- X+ 2a — 2 = 0 (Il) (x — abcuucca, @ — opauHara). Jlunuu ITu I,
niepeceKaiotcst B Toukax My’ (—2,2) u M/” (l,% ) :Jluuuu IT u Ty me-
pecekatorcs B To4Kax My’ (4, —1) u My" (—4, 3). Jlunuu I'y u ', ne-
pecekaiorcst B Touke M (— = 8). Ha pucynke 70 ykasaHul o6nacTH

A u B. JIns KoopAnHAT oGO TOUKU J1060H U3 06/acTell BRINOMHEHH
06a HepaBeHCTBa; HCKJIOYAIOTCA TOJNbKO FPAHHUYHLIE TOUKH STHX 06-
Jiactedt, npuHaanexamux npsaMoit f1 (puc. 70). OtMeTuM, 4TO. OpIH-
Hata a AJs Touek obiacrel A M B m3MeHsercsl B HHTepBajax a <<'l

Ha>3. ' ‘
Ecmn -1 < ay < 3,10 mpsAMast g =a, mnepecekaer TurepGosiy I,
BTouke M, (x,, ao). TIpH-Beex x > x, He BHITOJIHSAETCS BTOPOE HEPABEHCTBO,
253
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'a mpH-BceX <X, He BHINOJHSETCS NMepBoe. HepaBeHCTBO. IIpH. ¢
Toukd My ¥ M) coBNajalOT U MEpBOe HEePABEHCTBO TNOSTOMY He B
HsIeTCs. \

§ 35. Ieorpaduueckuit qaaxynb'rer'(omenenue l'lotlBOBeJ!.eH;lﬂ)‘“if
u reonornueckuii pakynnter (obumee orpeaenme), 1967 r.

OrBerTH
- Bapuanm 1

-

1. Ha paccrostmmn 10 m. 2. x> 1. 3.; x=kw + %, The knp

HHMaeT Bce HeJible sHaueHuda. 4. 4.

: Bapuanm 2
1. Ilepsas Tpy6a 1 .TI0fiaeT KHAKOCTb B 2 pasa GwicTpee BTOpO#
2, 3<x<-'_3+_5i’01/'_41. 3. x}=kni—4’3-, the k npunumaergqé

nesnble 3HaveHHs. 4. ig—.
100

. ~ .Bapuanm 3 .

1.7 &mfa. 2, 0<x<< ﬂ_7_2"'_33 x=—’2'--i-2kn, rie k npuHH-
4/ 22 '
3y 3°

Bapuanm 4

Maer Bce Ue/bie 3HaueHHd. 4.

v

lev=2 #fe. 2. x>—1 3 x=2% x=2%n+ 2, me

. 3
[IDHHHMaeT BCe LeJble 3HaueHUA. 4. arccos T

: § 36. BHoJ0ro-NouBeHHbiik takyabrer, 1967 r.

OrBeTH .
Bapuanm 1

Lx=1 y=0 21-Y6<x<2—V10, 1+V€<x§3
<2+ y1o. 3.;x-—,-——l—l-log3-—4'l2——l, x=log3%,x=log3—?;i—
4, V3@—V3g

- 4 B N
' Bapuanm 2 o
‘ 1 1, 3
= —— [ —— —_ = — e ] =»—‘2 "%

1 x S(n 8)’ —n+ X X 3(2 4), y = n
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+ »%; B ofenx: CepUsIX. pelueHHi 7 TpHHHMAeT BCe ,HéTypa'm‘mue«:g‘;{a‘-f
: qéaﬁavfi_ BO BTOpOf cepud n£3. 2. 1—2V3 <x<1=VTI, 1+
' +Vll<x<l—|—2LV3, x<1—V15 x>14V15. 8. x=
= log, (n - -i’-), x=log, n, TAe n IpHHUMAET BCe HATYDAJIbHbEIC 3HAYEHHS.

4, 33
32 -

Bapuanm 3 0
VIl =1 <

. 3— ke, 1)
<< ]_flg,_l 3e x =log, &, x= log,,(k—- 7;—), x =log4(§-|--§).
BO BCeX TPex QopMyJsax k NPHHEMAeT BCe: lle/ibie HEOTpPHUATEe/]bHbIE -

‘ ’ . —1—VI3 — 11—y
1s X=2, y=1. 20 T’<x< 9

bl

N

3
3HaueHHs. 4. :d’.

§ 37 IKoHOMHueCKHIT (dakyabTer (OTHE/NEHHE 3KOHOMHUYECKOIt
KuOepueruku), 1967 r.

Bapuanm 1

1. Bo-nepBrIX, 3aMeTHM, 4TO Tak Kak N — mpocroe 4HCJI0, TO €ro
MOXKHO NpPEACTaBUTh B BuAe 3n + 1 uau 3n + 2, rae n — HaTypane-
Hoe yHcso. B nepsom cayyae N2 = 9n? -+ 6n - 1, Bo BTOpoM: N2 =
=9n?+4 12n +4 =9n° 4+ 12n 4 3 + 1 wu, sHauur, N? npu gene-
HuH Ha 3 jaer B ocratke 1, 1. e. N? = 3k + 1, rme k — HeKkoTopoe
HaTypajibHOe YHCJI0. Tak KaK HemoJiHOe 4aCTHOE MpH JejieHHH N? Ha
3 ectb k, a k 10 yciioBHI0 fienurces 6e3 octaTka Ha 3, 10 kK = 3s, rae s —
HeKoTopoe HatypaibHoe uncio. Uraxk, N2 = 9s + 1. ITo yciosuio s
JeJHTCS Ha 3 ¢ OCTaTKOM, T. €. s = 3A + p, rae A — HeKoropoe Ha-
TypaJsibHOE YHCJIO, a p = 1 Hau p = 2. Takum oGpasom, N2 = 27\ +
+ 9p + 1. Hcnonb3ys sakOYHTeNbHOE YCJIOBHE 3ajiauH, TMOMyYaeM:
A=48 4 ¢q, tie g=1 wm g = 2.. Urax,

N*=97 48 +927g+9 +1 =127 +27g+9. ()
37ech 11 p U g BO3MOMXHEI C/IEAyIOMHe KOMOHHALMH SHAUEHHMIL:
- p=1, ¢g=1 p=2 gq=1,
p=1 ¢=2 p-=2, g=2.
Ecin p = g =1, 1o uncio 1297 + 27 + 9 okanuusaercs ma 3
H, 3HAUMT, He MOXKET GLTb KBAaJADATOM JaKe HATypaJbHOTO UHCIA.

Ecmup = 1, ¢ = 2, Touncno 1297 + 54 + 9 oxanunsaercss Ha Owu,
3HAYHT, He MOXKET OLITb KBafpaTOM MPOCTOro- YHC/a. :




Ec.nu p.= 2 q =1, To uncho 1297 —l— 27 —l— 18 OKaHYHBAETCH HA
2 H, 3HAYMT, He MOMeT ObiTb KBaJPaToM jake HATYPaJbHOFO UHCAA.
ABorrechp= g=2,10 1297 4 54 + 18 = 372 Urak, N = 37.
OxoHuaHHe peilleHHs MOXKHO MPOBECTH HECKOMBLKO HHave: '
H3 paBeHc'rBa (1) cnenyer, uto .
N? —36% = 27q+9p + l

AU \

(N —36) (N +36) =27¢g+9p + 1. @ -

Takum oGpasoM, npoctoe uncio N A0/KHO GbiTh Goabuie 36; OHO MO-

et ObiTb PaBHO TOJBKO 37, TaK Kak ecid N — HaTypa/ibHOE YHCJIo,

- 6oabwee 37, TO JeBast YacTb He MeHblle 148, mpaBas :Ke 4acTh HMeET -

MaKCHMaJIbHOE 3HaueHHe NIpH p = ¢ = 2, MeHbluee, yeM 148. IMosaras .
N = 37, u3 paBeHcTBa (2) HaxomuM:

- 13=279+ 9 + 1,

" 3¢+p=38, .

H TaK Kak p M g MOTYT MPHHUMATb TOJNBKO 3HaueHus 1 u 2 10 510 pa- S

BEHCTBO BO3SMOXKHO TOJIBKO TOTJa, Korga p = ¢ = 2. I/I'raK, N= 37 S

(He06X0nMMO MPOBEPHTH BBIMOJHUMOCTL YCJOBHS 3a7auH).

2. Llarmoe HEPaBEHCTBO SKBHBAJIEHTHO JBYM CHCTEMaM:

°.. Vx+ 1—Vx—1>1, 2—3x+ 1>

2. 0<Vx+1—-Vx—=1<1, 0<s®— 3x+l
I° Vx+1>14V x—1; 310 HepaBeHCTBO SKBHBAJIEHTHO CJle-
nylomemy x+1>14+2YVx—14+x—1, wm 2y x—I1<lium
0<4x—4<1 omyna l<x<5 s HepaserctBa £2 —3x 41 >

> 1 naxomum: min x <0, uam x > 3. l'[oilyqennaa cucfeMa He uMe- R
e1' pemenm‘i ~

. Vx+ 1>V x—1 npu Bcex x> Vx-l— l<l +Vx— -

x>-—

Ila.uee, 22—3x+l>0, ecu WM x<§_—_Vi’ mw x>
> 3+2V§ —3x+ 1 <1 Toabko TorAa, KorAa 0 < x <3.Oxon- :
uaTenbuo: 3+V5 <x<3 .

'9TO BCE pellleHHsi JAHHOrO Hepaseﬂcma
3. Ilycte A, A+ a, A + 20 4 yrasl TpeyronbHHUKa (a > 0),
aa, a+d, a + 2d —  [JMHHL . TIPOTHBOJIEXKAUUX . MM CTOPOH.

Tak Kak, A4 A + a4+ A + 20 ==, \'roA+a=":—;-'. R
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Tenepb no TeopeMe Kocunycon HMeeM: - i
(@ + d)? = a? + (@ + 2d)*— 2a(a+2d)cos—

orrKyna d = 0, ¥ 3Ha4YHT, TPEYroJbHHUK paBHocToponnuﬁ (¢ =

= 0).
4, IepenuuieM faHHOe ypaBHEHHE B BHAE:

© 2cos?y —1+3—2)2(sinx +-cosx)cosy =0
W ' o

costy — V2 (sinx 4 cosx)cosy + 1 =
(cbs y— "‘i_“’f_];"%’.‘)’_l__ 1— (sm x ;—zcos x)z 0
TaK Kak

sinx 4 cos x =cos( _%)’ .

Ve

To MOC/e/iHee YpaBHEHHe MOXKHO NepenucaTh 1 TaK:

—

2 . 14
COsy — COS x— = -l—smz(x——)=0.
' 4 A 4 .
a' 9TO ypaBHEHHe SKBHBAJNEHTHO CJEAYIOWERH cHcreMme:

J
€OS y = COS (x — -4-),

. sin (x — 3) =0.
4/

Orciona
x— % = kn
¥, sHauur,

cos y = cos kn.

Hrak,
44
x== + k=, .
y = (2n £ k=,

rle k ¥ n NPUHHUMAIOT BCE LEJIble 3HaYeHH:.

Bapuanm 2

l. Tak Kak 1o ycnioBHio N npu ne.nemm Ha 3 JaeT Henoaroe 4acTHOe, .
o N=23n+p, tae n— HEKOTOPOE HaTypallbHoe WHCHO, 3 p =

U p—2

9 M. C. Mozenos




He HMejolllee pelleHnHl B' HATyPaJibHbIX YMC/aX.

Hanee, nmpr x>0 nmeem: x +— =(Vx— —)2-+ 2>1; 3u
- : . X
" YT, JAHHOE HEPaBEeHCTBO SKBHBaJIeHTHO cucreMe:”

N

Ilo ycnoeuio samaun s T B
i T o - N2 SN - .
.L:‘_g =130, N

HJIH ’ -
- 4 N2+9=13o n,
HJH . oo

9n‘+6np+p2—|-9—130n—0
" Ipu p= l NoJyyaeM ypaBHEHHE:
9n% — 124n + 10 = 0,

IMpu p = 2 1N0lyYaeM ypaBHeHue:

9n% — 1181 + 13 = 0,
KOTOpO€ HMeer TOJleO OZHO peEllIeHne B HaTypaJIbeIX ‘IKCJIaX
- n= 13

N TakuM 06pasoM,

- -

N=3-13+2=41. :
2.Ecnnx>“0,'i'ox+—i->0 aecan x << 0, T0 x+—1<0.""
. X

P4 L—tsatl 10,
Hmeen: '
) (x+ l)z_(x—[- —]) —6>0, x>0
R * *
(x—l- 1_3)(x+—l-+2)>0, x>0
x X
x4 —830, x>0
$#—3x+1>0, x>0
Ay —B8+V5\[x_3-V5
(x 8 )(x _2_.)>0, x>0.
OKOHYATEJILHO: -

A0<x< 3—2]/5; x>3_+21£i.

3. Hs yciioBHs-3aja41 CJIEAyET, YTO yr bl Tpeyroabuuka ABC paa"-,:-"

258

'




. K BHINYKJIOMY deTblpexyrofibiuky ABDC

HBI A ‘-}71‘, B-= 7“ =’% u, 3aaqm‘, TOUKH A, BnCmoxmo ;
paccMaTpHBaTh Kak COOTBETCTBYIOMHE BEPUIHHB MPABHIBHOLO cemt-
YroJIbHHKa, BIHCAHHOIO B OKPYXHOCTb (puc. 71).  ~

" PaccMorpum Bepumuy D 3TOr0 MPaBUJIBHOTO CEeMHYTOJbHHKA, G-
xkaiimyio Kk B (Ho ominunyio or A). Tor-
zma- AD = AC, CD = CB, u, npuMenss

teopeMy IlrozeMes (mpouspefienne auaro-
HaJiel BLIMYKJOLO BMNMCAHHOTO UETHIPEX-
yrofipHHKa PaBHO CyMMe IIPOH3BENEHHI
NPOTHBONOJIOXHEIX €r0 CTOPOH), MOMYYUM:

AC - BC.=AB - BC + AB - AC,
oTKyxa (nenum ua AB - BC - CA):
L _ L, T

AB ~ AC BC’ ’ Puc. 71

Jpyrofi BapuaHT peLIEHHS. -
TIpuMeHsisi K JaHHOMY TPEYTOJNbHHKY TEOPEMY CHHYCOB, IPHXORHM -
K BBIBOAY, YTO JaHHO€ PaBEHCTBO SKBUBAJIEHTHO TAaKOMY:

si in sin:g:-‘- sin — '
7 7 7
HIIH on
21 4r 4z
n— m— SlH——S]l’l——Sll’l—Sln
si 7 S + 7 7 7 7° X
35 53 o 6% :
OS—-—CO COS — —CO0S— = C0S — — COS —
¢ 7 s + 7 7 7 ) ’
5.
UK o . )
] 55 2%. 67t
0S — =~ C0S — = CO0S — — COS —,
¢ 7 7 7 7' ] i ) |
. 51 2n n

4T0, OUYeBHAHO, BepHO, TaK KaK — COS 7 = COS 7 , & COS 7 =

: 6: ) : . : ;
=-—Cos 7“ . Tak Kak nmocjiefHee paBEeHCTBO SKBUBAJIEHTHO AAHHOMY, TO

BEPHO H JAHHOE PABEHCTBO.
4; ITepenuuieM faHHOE ypaBHeHHE cnenyxomnm o6pa30M°

(tgx+81ny+cosy)’+2—(smy+,cpsy)== : .
HIH - . .

C(tg x4+ siny 4 cos y)® +1 —sin 2y = 0.

-g* , . 259




'x’_.-g-x>0, H TaK Kak X> O(quenyer u3 xfx

paBeHcTBa:
‘ sin2y =1, tgx+siny+cosy=0.
Orciona S -
y=7 tha
H TaK Kak

siny 4 cosy = V2_cos'(i‘- —y) =(—1)V2,
'Eo ' ’ '
tfgx =(—1pY2,

H, 3HAYHT, .
‘ x = nnd- arc tg ((— ey s ) -
y=+hm
rie kun NPHHUMAIOT Bee Hellbie SHAYEHHS.
' ‘ - Bapuanm 3

1, TTo yenouio safiaun N npu JefleHHH Ha 4 JaeT B uacTHOM & H B
OCTaTKe s, KOTopoe MOXeP GuiTh paBHO 1,2 Hiu 3, npuyeM -

M2 901
kR N

TakuM oOpasoM, mosmyuaem 'ypaBueHHe:
(4k+s)’+2—201k=-0

510 coo'momeune BBITIOJIHEHO TOJIBKO TOTa, KOria BHHOJIHGHBI maa .

Nxdy

rie s=1, WM s =2, uau s = 3. Hpn s=1u s—2 aToypaa-

—4k+s-—44+3—-47

2. JlaHHOe HepaBeHCTBO axannaaeumo coaoxynaocm ABYX cuc'rew s

° 2———

l'x* 1>l X x+1>1 |
o 3x . 2 :

2'0<x2+1<l’ 0<x—2x+l<l. .

I°. #—3x+1<0, 3_;2£§~<x<i4;21/_§;

-

'5
I> 1)’ To’x>70

260

"HEHHe OTHOCHTEJIBHO k He HMeeT DelleHHH B Le/IbIX MOONKHTEbHBIX UHC-
.nax a Opy s=3 OHO HMEET OJHO TdKOe pellleHHe: k = 11, SHaqm,r'




4

OKOHYATe/bHO: ' R

AR T 1

5 3+if5"
p SHE I ~

o _3x . 3—V5 .3+V§'
2°% H x<<c2—V o, 2V 9
'x=+1<l oTCIofia WIH X << > HIM X > %

x*-%x'+l>0; OTCIOZAa HJIH x<é,mm x>2;~x2—%x<0;

orciofa 0 < x < % OxonyatedpHo: 0 < x < 3 —2'/3

3. 3anaua sTa peiuaercsi COBEPIIEHHO aHAJOTHYHO 3afaue Ne 3 Bae .
puanTa l, ¥ pesyabrar TOT XKe: TPeyrOJNbHHK PaBHOCTOPOHHHIL.
4. IepenuuieM. JaHHYIO CHCTEMY TaK:

sint x -}- cost x

= 2sin?
.t . sin2 x cos? x Y

siny = sin?z,

HIH , .
1 —2sin2xcos2x .
= 2sin?
sin2 x cos? x ] ¥
_ sin®y =sin?g,
Hy : ‘ ,
. =1 + sin? -
" sin%2x. + y _
, siny = sin?2.
2 . '
Tak Kak T > 2, npyuyeM 3HAK PABEHCTBA HMEET MECTO TOJMbe
sin 5 .

KO TOrAd, Korja sin®2x = 1, utak Kak 1 + sin®y < 2, npuyem 3Hak
PaBEHCTBA HMeeT MECTO TONbKO TOrja, Korga sin 2y =1, 10 ‘nepsog
YPaBHeHHE BLINOMHACTCA TOJILKO TOTJA, KOTZa »

- sin? 2x =1,
sinfy = I,
HO TOrAa
sin?z = 1.

. OTa cucreMa SKBHBaJIGHTHA CJIepyioedis

_eos 2¢x =0, -
cos y =0,
-¢cos 2=0.-"
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rie k, n, m NPUHEMAIOT BCe lejble 3HaBeHHs.

-

§ 38. Oxonomuueckwuir qaéxynbrer'
(oTneneHue NOAMTHYECKOH 9KoHOMHM), 1967 r.

Bapuanm 1

.1.25pa3 u 15 pas. 2 0<?( -12—, t>4.3. r’arésin%—
— % Vit —at. 4. x=kn + ('— 1)% ércsin é , T1ie k NpHHEMAeT .
BCe IMe/bie - SHAueHHs. o
Bapuanm 2

L4430 munnd o 2% %<t\<2.
3. -g(a—si'n o). 4. x=2kn + arc cos (—‘— %), rie k npnnn{"
MaeT Bce leJible SHaYeHHS.

L \ Bapuanm 3 . . }
.20 50. 2, 0<t<L, t> L 3 _clatpsinasin@tf) -
27 3 2sinp ,
, 4, x = 2km =+ arc cos-;: , Tlle k NMpHHMMaeT Bce HeJible 3HAYEHMS.
5 ‘ Bapuanm 4 B

1.4 4u4dq30 mun. 2. 2l7<i<3. 3. % rzctgzi-gsina; 4o x=

- l . .
=-2kn + arc cos 7 rie k NPUHHAMAaET BCe Le/ble 3HAUEHHS.

§ 39. Punosoruueckuii “hakyabTer
{oTaeneHne CTPYKTYypHO#H M NPHKAaAHOH NUHIBHCTUKH), 1967 r.

~

Pemesnsa ¥ OTBETH.

Bapuanm 1

1. Cxopocts noxsofsl 6 & /4. Ckopoctb Bedocunenucra 12 wmla.
"~ .~ Paccrosuue or nepesHH [0 CTAHUHMH paBHO 35 KA.

En 7 kn - 5n |, kn _kn , n ;
—_ —_— = = —_—<Xx _—t =, H-
2.<2<x‘.<':24}+2, o T3 S*¥<5 17 meknp_
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P 55, TV SR 1 ST I

PN

Sy

mmaer Bee uem:xe 3naqeuua I'Ipu pememm sanaqu yUYecTh;: 4T0
JOJINKHO GHITh BHIMOJIHEHO HepaBeHc-rBo sin- 4x >0. - .

. x=V2 y=2
4a). IlycTs X B y — NOJOBHHBI J/IHH OTPE3KOB. ACwn BC Toma

comacuo ycnoBHio zajauM x +.y =r, mx>+ n y: = % e, -
rge r — pa.zmyc XauHoro Kpyra. [Tepennmen sty cncreMy TaK: ‘
~ xty=r, -,
x2 + y? = 2 r2, -
3 .
HJH TaK -
X+ y=r ) B

Tt —2xy = %rz.

dra cuc*rema axanaanemﬂa cne;xylom.eu

2 2_2, 2
x+y 3 '
2xy=—;-r, :

HJIM CleRyolLeii:

; 42y Y2 =12, -
| — 20y tyt= 20,

3
um: S :
x+y -—“r -
\ St at s N B
. OTCIOza N ) Lo
. f‘=l(r+]/'_)’ y=-é-(r V_)

- JI/ist MOCTPOEHH ST TOYKH c CTPORM TOUKY ‘D Ha nanuou oxpy}xnocm
TaKyio, 4t0 AD = r; torna DB = r}/3. Tlycrs DS = — DB = V—3 s
Ha npmwoﬁ AD or touku D otknanbiBaeM orpeskn DK = DI( "=DS = .
= V—;S- Torza x ects nonosuna orpeska AK,a y — nonpsnua oTpes-

Ka AK’' (umm HaoGopor).
46). KonHomy sK3ameHyioleMycs MOXKHO NPHKPENUTD TPeX SK3aMe-
HaTopos I, II, III caenyiomumu ceMbio crioco6amMu:

LILILTIL, I HILI II»III;
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_Temu 3xe cemMblO cllocOGaMH MOXHO NPHKPENHTb TPeX 9K3aMEHATOPOB
KO BTOPOMY 3K3aMEHYIOIEMYCsl. 3HAUHT, eC/IH SK3aMEHYIOMHXCS TOMb+
KO 2, TO UHCJ/IO BCeX Pas/HYHBIX CNOCOGOB, KOTOPHIMH OHH MOT'YT GHITh
DIpO3K3aMEHOBAHE! TPeMs SK3aMeHaTopaMH, paBHO 72 = 49, Eciu 3k-

SaMEHYIOMHUXCA 1, TO YHC/AD BCEX Pa3THYHBIX CHOCOGOB NPHKPENICHHS

K HHM TpeX 3K3aMeHaTopOB paBHO 7%,

Bapuanm 2
1, ITapoxon npoxonui kaxnpiit fens mo 117 xm. Ckopocrb napoxoa
B XOpOLIyIo NOTrOKy 24 .xm/4ac, B maoxyio 22,5 xmluac.
T2 —-;i + -5’5 <% % N -kz_“, e k TIPHHHMAeT BCe HeJible 3Ha-
YeHust. '
30 X = 2.

4a). Eciu ¢ — pauna cropoust AB Tpeyroavnnka ABC, a x —
AnuHa croporel BD npsmoyrospnnka ABDE, TO 10 yCJIOBHIO 3afauH

X+ x2==_-
-+ g -

. TocrponM, ctopoHy KBazpaTa, paBHOBENHKOTO MJOMANH HAHHOTO -
TpeyroiibHHKa. IlJis 3TOro Ha mPsIMOH -OT/IOKHM OTpPeskH PQ = h-u

QR= % (rouka Q nexut mexny Toukamn P i R).” 3ateM crpoum o

OKpYXKHOCTb ¢ AuamerpoM PR. TIlycte S — TouKa mocTpoexHoil ox-_‘ :
. PYXHOCTH, npoeKuusi Koropoit Ha PR coBnagaer ¢. Q. Torza SQ =

-—

M Ha KacaTe/bHOH K Hell B NPOH3BOJILHOH TOUKe T OTJIOKHM OTPE3OK

- TM = SQ. CoemunnM To4Ky M mOCTPOEHROH OKPYKHOCTH C €€ IIeHT-~
~ POM, B NyCTb 3Ta NpsIMas Mepeceyer OKpPyxHocThb B Toukax K u L (K —

Touka, nexamlasg Mexxay M u L). Torma MK - ML = MT?, wuau,

~nojaras MK = x, Haxomgum:

x(}+c)= h{

' Banaua Beerfia MMeer pemieHHe., TO pelleHHe eIUHCTBEHHO, TAaK KaK

ypaBHeHue

4 or— 2 =

umeer (¢ >0, # > 0) BCErJa TOMBKO OJ\UH NOJIOXKHTENbHBIH KOPEHb, . .
46). Ilycte abexyz (a, b,c, X, y, 2 uudpH, npuueM a==0) — m06oe
IIECTHSHAYHOS YHCIIO, YAOBIIETBOPSHOIee YCAOBHIO 3ajauH. 130 ycioBuio:

a +b+c=6 1
x4y +z=6, @)

= V%c Tenepb nOCTPOHM npons’sonbﬂyxg OKDYKHOCTb € AHAMETPOM ¢~




RTINS R YA 0 g e

g e e s b

-

TpHUEM ‘@ MPHHEMAET. TOMLKO SHAUEHU 1 1,2,3,45,6,ab,¢,x, 9,2
MoryT ObiTh A106bIME H3 nudp 0; 1, 2, 3, 4, 5, 6. .

Ecmi a = 6, 10 b+ ¢ = 0 u ypaBHenue (1) HMeer ofHO pelenue
a=06,b=c=0. Ecmag=.5, T0b+ ¢ =1 usr0 ypaBHeHUe HMe-
€T ZBa PCIICHHSA; B COOTBETCTBHM C 3THM K ypaBHenue (1) uMeer zBa pe-
meHHs: @ =5, b=0,c=1ua=25,b6 = l,e=0wur. n., " ecnu,
HaKOHell, @ = 1, T0 ypaBHenHe b -+ ¢ = 5, a sSHauuT, M ypaBHeHHe
(1) uveer 6 pewenuit. Beero pemenns, Takux, Ans KOTOPHX @ 5% 0: -

| 1+24+3+4+5+6=21
B orauune or ypasnenus (1) ypasnenue (2) nMeer -
14+2+344+4+54+6+7=28 peuwenui,
TaK KaK X, y H Z NIPHHAMAIOT JiloOble Heskie sHaueHust or 0 1o 6.
Bcero, TaruM obpasoM, Gyzer 28 - 21 = 588 pasiHuHHX WeCTH-
SHA'IHBIX HHCEJ, YHOBJETBOPSIOWUX YCJIOBHIO 3afa%H.
Bapuanm 3 L

1. Paccrosnne or moceika o ropoja paBHO 20 km. Ckopocts

.BeqocHnenucra 20 Kum/4, ckopocTb rpysosuka 40 kmf4, cKopocts «Bou-

ri» 80 Km/4.
2, Tak KaK HpH BCEX NEACTBHTENILHBIX SHAYEHHSX X BEUIOJHSIOTCS
HepaBeHCTBa

.

1

. 1422 . .
TNPHYEM 3HAaK PaBEHCTBA HMEET MeCTO TOABKO NpH X = 0, TO Bce pellle-
HHS HEpaBEHCTBA -

0<— <1,

1
tgl—-l-:-c;>l

HaXxomdATCs H3 YCJIOBHA:

OTKYJa -

) 4—x
1k < ) A=E
TakuM 06Pa30M, BCE PEIHeHHsT HEPaBEHCTBA

1

sin?xtgl_,_x2

>sin?x

TAaKOBBI:

0#|x|< )/ i== .




i—n - : gryr-2
p <x<‘0,0<x<]/ —=.
o Sax=8 y=2unx=—12y=—}T0. o
 4a), Ilycrs r'— pamuyc xpyra, BHYTPH KOTOPOTO JIeXKaT Hemnepece- -
KalolHecss KpYTH PafuycoB 7y, ry, ..., r,. Ilycts x — pamuyc nckoMo- Y
ro kpyra. Ilo ycaosuio A

nx? = qr2 —qr? —:r;rg — . —ard

4 iy

\

HJIH
2 — 2 2 2 — 72
=r——rr—.. =,

* CTpouM MOy QKpY:KHOCT ¢ nuamerpoM AB = r. Ha Heli crpoum '
- 704Ky C TaKyio, uro BC =r,. Torma AC = V/7® —rl. .

Ha nonyoxpyxHocrn ¢ muamerpom AC cTpouM TOouKy D Takyio, — <
CD =r, "Torma - | R
N N AD“—:VACz_CDz:Vr%_r%_r; T, L - g

46). BBeziem eime oxHo qmLo A,y He sBisOWeeCs IIaXMaTHCTOM,
TaK 470 OGillee YHC/O YUACTHHKOB TYPHHDA BMECTe ¢ STHM JIHLIOM 6yner.
$ + 1. Tlepsoifi npus MoxkHO BPYUHTH yJactHuKy A, TypHHpa, UJH-
YUacTHHKY A, H T. 1., HIH y9acTHHKY A,; yelOBHMCS, 4T0 BpydeHHE
NpH3a yuaCTHUKY Ay O3Hauaer, 4To mepeulll mpus Re NPUCYKAaeT-
ca HHKOMY: Takum obGpasoM, Bo3MoxHO s + } Crnoco6_pacnpenenenus -
nepsoro npusa. BoskMeM ofmH U3 TaKHX cnOCOGOB pacipenesienus nep- ..
BOTO NpH3a ¥ Gy/ieM MOBTOPSTD T€ XKe PacCyKACHHS cO BTOPLIM NMPH3OM; .
nostyunM onsatb $ + 1 pacnpenenenuii M TaK i Kaxkaoro us paceMor- -
-PEHHEIX Bbille s + 1 pacnpenenennit nepsoro npusa. Krak, uMeercs
Beero (s -+ 1)? pas/HUHBIX (C TOUKH 3penHs yCJIOBHS 3aJiauH) BpyueHHil d
‘1 u I mpusa, npa KOTOPHIX OCTAMBHBIE NpHU3bI HE BPYYaIOTCH HHKOMY. g
Ipogo/mkas ananornuubie paccysuenus u Jajblie, TOJYYHM OTBET:
(s +1)8. ’ . e
o Bapuanm 4 o
Jd« IlupHHLL JIeHT paBHEI COOTBETCTBEHHO 7 CMt (cpenuss), 8 cm (um- .
pokasi), 6 cm (yskas). B NepBbiil pa3 paGouwii ;0T LIMPOKOH JIEHTH OT- :
pesan-Kycok anuHOi 150 cu, a or yskoit — KycoK auuHoit 200 cm.

2, %<x< 1.

3. JlanHoe ypaBHeHHe MOXKHO MepeNnHcaTh B BHIE: -
1 3 1
€0o8’X — —| | cos®x — -—I ==, 1)
Jeostem g eose— 3 = 5 B
Ecmn 0 < cos? x < —;— » ~TO OHO MPUHHUMAET BHL:
—cos?x 4+ 1 —cbszx+.§ =1
: 4 4 2
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OTKyza’ -

x

- o cos2x = -l—,
. 4

. N 1 .
8HauHT, peweHnii Takux, yto 0.< cos? x < T JlaHHOe ypaBHEHHe

_ He HMeer.
- Ecaun

1 . 3 R
" < cos*x>< -‘;,’ 3

70 ypasHenue (1) npuﬂnmaér BUA: , ‘
C 1 3 1

cos? ¥ — — —Cos?x }+ = = —

] 4 Ty T e

T. €. YIOBJIETBOPSIETCS TOXKIECTBEHHO. ]
Ecan, HakoHen, ,% <.cos®x < I, TO ypaBHenue (1) mpuuuMaer
BULL: ‘ ' :

-

- . cos?x — % -+ cos2x —

w |

1
2
UJH

cos? x =

e .

o 3
H, 3HaUUT, He HMeET pellieHHH TakuX, UTo Y <cos?x < 1.

HtaKk, Bceé KOPHH JAHHOTO yPaBHEHHS:
Ttem<x< T bhn, — T H <y — 2 44m

rie k NpHHEMAET BCe HeJible 3HAYEeHHs . " B
~ 4a). Ecmiu BE = BF = X, 70 COMMacHO YC/OBHIO Safaud HMee
(nmonmaraem AB =1, BC =3); - Co :

x , x® , 3x__ ‘

‘ s T3 1T 3" ) :

HJIH - '

x4+ 4x—6=0. _

Orciona- o . T
xr= Yi0—2. - . .

3amernM, uto )10 — nimma juaroHa;M JaHHOrO NPsAMOYTOoJNbHAKA.

- Takum 06pa3oM, AJisl NOCTPOeHNs orpeska BE Ha auaronatu AC or-

KiajpiBaeM otpesok AP = 2A4B; torma PC = x.
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=2 ub=2,c=1. Uroro mpu pemenus.

.

~npH a =0, b+ ¢ =1 — gpa pemenns; mpua=1, b+c=0—" . -

£

40). Tak KaK MakCHMAa/bHOE 3HAYEHHE AJIs HGPH WECTH3HAYHOTO -

uHcaa abexyz N0 YCOBHIO 3aaUH PasHO 2ua + b + ¢ = x 4 y+z
TO Hal/ieM CHauaja YHC/O PElleHHHi ypaBHeHH: o

at+bt+c=6,

CuHuTasl, UTO @, b M CMOTYT NPHHHMATH TONBKO 3HaueHus 0,1 u 2. Fom B
@ = 2, 10 3T0 ypaBHEHHEe NPUHUMAET BUL: b + ¢ = 4 u umeer TOJIBKO - -,
00ro pemenue: b= ¢=2. Ecma=1,T0b+c=5 n pelleHuit

HeT. . ' ‘

Hanee, uncio pemennii ypasnenus a + b +c =5 nafigem Tax: o
mpu a =0, b+ c =5 — Her pemwennil; npu a=1,b+c=4—
ONHO pelleHHe; npu @ = 2, b + ¢ = 3 — gBa pewenus: b= |, ¢’'= -

i

YHueno pewenuit ypaBmenns a4+ b+ c=4: : '
mpu a = 0, b + c=4 — ogHo pemenne: b =¢ = 2; npua=1, b 4
+ ¢ =23 — nBa pewennus; nmpu a =2, b+c= 2 — TPH pelueHus; ~. -
b=2,¢=0;, b="1, c=1; b=0,c= 2. . -

Bcero wecme pemennii.
~ Uncno pemenudi ypasnenus a + b + ¢ = 3
npu a =0, b+ c=3— gBa pewenus; npu a =1, b+ ¢ = 2 —.

TPH pelleHus; mpH a =2, b+ c = 1 —Ba pellleHust; HTOrO cems
pellieHHH, ‘ :

Uncno pemennii ypapuenust a -+ b + ¢ = 2: S
mpua =0, b+ c=2—1pu pewenus; mpu q =1, bt+e=1—"
ABa pelleHUs; mpH @ = 2, b + ¢ = 0 — ofHO peluenue; Bcero wecmo -
peleHuit. . N

Ucno pemenut ypasuenns a + b 4 ¢ = 1:

¢

OJIHO DeIlIeHHE; BCErO mpu peIleHHs. . T
Haxonen, uucno ‘pemennii ypasunenns a -+ b +c =0 paBHo 1 - °
(@=b=c=0). '
To 3Xe MOXHO MOBTOPHTb M OTHOCHTEJILHO YHCJIa pellleHHH ypaBHe- .
HHa x - Q’ + 2=mn, rae n < 6. 3HauuT, HCKOMOE YHCJIC GHIICTOB

pasio 1% 4 3% 4 62 4+ 72 4 6° + 32 + 13 = 141,
Bapuanm 5 -
1. VIBaHoB B mepByio U Bo BTOPYio HeAeo BeIpaGaThiBaa o 28 ze- 2k

Tajieli B yac. IleTpoB B nepByio HezeMmo BupaGaThiBan 28 nerasei B qac, , |
a BO BTOPYIO H TPeTblo — no 32 feranu B dac. HoBrkos BhipaGathiBag |
(B Tperbio Hexenmo) 22 meranu B yac. B IEPBYIO HEJEJIO MJIaH OBl Bhl- -~ |
noJiHeH Ha 114,8%, Bo Bropyio — na 100,6%, B Tpetbio — Ha 109,6%. - |

24n <x <%+ 4, 2t ke < x < i+ 2m, -
rae k npHHEMAeT BCE HeJble 3HAUCHHU, ' :
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s A

T i SR R

: NN

'Y KasaHHue mepemicaro NaHHOE HePaBEHCTBO B BHIE:
" 2sin -’2‘-
4log L2 -+ log, <3
2 sin < ] 2 R :

HJIH
4log,2 + log,u < 4, rae u =2 sin —’2‘-.
OrpaHHueHHe HA u TaKoBO: 0 << u 54 1. .

30 X = 4.
Yka 3aHHe: obnactb onpeneeHnsa (byHKuﬂﬂ

@ =2 logyx — log 1 (13 — x) — log, (x — 10) 2 — 2log, (8 —x)
-2 . " o

TaKoBa: ‘
' ( 0<<x<8.
IMepemucars ypaBhenne ¢ = 0 B Buge: :

2 logyx + logy (13 — x) — 2 log (10 —x) —log 8 —x) =0

H T I
4a). Ilyctb a — cropoHa KBajApaTa, JIEXalllero B OCHOBaHMH JaH-
’ )

Holt nupamuze. Tora e o6beM pasen 53-

‘Ecam x — CTOpOHA PaBHOGEAPEHHOTO NPSMOYTOJHHOTO TPEYroMbe
HHKa, JIeXaIIEero B OCHOBaHUH NPH3MEL, O KOTOPO# FOBOPUTCS B YC/JAOBHH

: . 1 A
sajlaud, TO OObEM 3TOH NPHU3MEI paBeH 5 x%h. Tlo ycnosuio

Loy @
. 5 ¥ h 3"
OTKyZa
’ x2 = &3,'
. 3n
H, SHAUHT,-

el "'/ 2
. . x - h g'ah.
'OTpesoK V% ah CTPOHTCs Tak: HAa MPSMOf OTKNAAHBAEM OTPESKH
AB = §2-a u BC = h.

Ha orpeske AC kak Ha fuamerpe ci*pouM nosyoKpykHocTh. Ilycts
nepreHHKyaap K AC B Touke B mepecekaer 3Ty NOAYOKPYKHOCTb B

Touke P; Torga : N
BP=V Zan

29




- Urak,

=2
x—‘hBP,L

rie orpesok BP y}xe' ﬁoc-rpOeH, a a u h pann. IMycrs AOB npowus-

BOJIbHBIA Yro/l (He HYJIEBOH M He pasBepuyThiil). OTyIOXHM Ha' dyuax .

OA u OB cootBercTBenHo oTpeskn OM = a u ON = h. Ha nyve OB

oToxkuM 0tpesok OS = BP. IlpoBeneM uepes Touky S TIpsSIMYIO, mapaj-.
JenbHyio MN; nycts sTa mpsMas mepeceyer cropoHy OA B Touke T; .

qorga OT = x.

46). Tak Kak 4YHCJO IOHOMmIeH paBHO YHCHly ZeBYIIEK H~PaBHO 1, a.
YHCJIO MeCT 27, TO JJIsS TOTO, YTOOH HHMKAKHE ABE IeBYLIKH He CHAGTH =

PANOM, HEOGXOJMMO H JOCTATOUHO, YTOOhI H HHKAKHE ABA JOHOLUH HE CH:

Zenu psgoM. Takum 06pasoM, B Psifly NOJIKHBI IOHOMIH H JEeBYLIKH gepe-
- ZmoBatbesl. EciiM Bce NeByIIKH 3aHEMAIOT, CKaxkeM, BCE HOYETHbIE Mecra,

TO IOHOIIY '— Bce derHble. UHC/I0 cnoco6oB pacnonoxenus nepymex na
: HEUETHELIX MeCTax paBHO 7!, TaKOBO' e UHC/IO PAacMOOXKEeHHH loHomel
- - Ha YeTHBIX MecTaX. UHCJIO Bcex pas/MUHBLIX KOMGHHANHI, TIPH KOTOPHI>
g ZEBYMIKH GYAyT 3aHHMATb HEYETHbIE MeCTa, a IOHOMIH — ueTHHe, Gyer
JpaBHo (n!)2, Takomo xe UHCHIO BCEX DAas/MYHBIX PACMONIOKEHHH, B
KaXIOM H3 KOTODBHIX IOHOWIH 3aHHMAIOT HeYeTHble MECTa, a JeBYLIKH
— derhbie. OGimee uucno Becex pacnonoxernnii 2 - (nl)2, o

§ 40. dakyabrer ncuxo.nornn,'\ 1967 r.

-

OTBeTH -H- pemeHH s. -

Bapuanm 1

 ~ HyloImpe ABa peIleHHUs: %, -37:!.‘!4 5, 2—;‘-

~

. 1 oo
* TIPH 3TOM HCKJIIOYAIOTCS 3HAUEHHS, PaBHLIe 3 Ou —1; Bce atn peLIeHHs:

. x=kud(— l)"arcsianbl.

3. Henocratouro. 4. 17, 32, 4:7, 62, 77, 92, 107, 122, 137, 152; stu qnc-""
J1a TaKKe 00pasyioT apH(METHIECKYIO Nporpeccrio. 5. Jaxum HECKOJIb- -

KO BapHaHTOB peileHuss 3To# 3agaud. [o ycaosuio
X2 Ve

om0

. S

- .
1. Iise npsiMbie o6pasylor ABa yria, cymMMa KOTODHIX paBHa ;-
B COOTBETCTBHH C STHM H C 3aMeUaHHeM K YC/IOBHIO 3a/iautl HMEIOTCS Clies

. 2, Bce sHavenus b,

\ § 1.
pH KOTOPHIX JaHHOE ypaBHEHHe HMeeT pelleHHe, TaKOBEL: b <gi

—7 w=1 A T




omyia . er o AR
S o

Hepswidi cnocob. - . ‘ -0 -\g“' / :
‘Tak kak x>0 u y >0, o . 3

T0 x > 1. Jlanee sicHO,” 4TO B

uHTeépBae 1 < ¥ << 4+ o0 %

dyHKuMs y Bospacraer. . . é Y, :
Hokaxem, 4uro rpaduk ,

9TOH GyHKuMH y = f (x) = Y

—_ - 1
=V2(x — %), ecau ee pac- . v

Q

* CMaTpuBaTh Jaxke B HHTEpBaJje (

~N\
x
DX
&
xY

(0, + oo0), nMeer BrINyKJIOCTH II
BBepX. [l1a 3TOrO0 AOCTAaTOuHO !
AOKasath, 4TO R C 6 ’t
A=(q —x) (y2 — y9 — |
(X2 —x9) (yy —yy) <0, Y
rae A Puc. 72
-0 << Xy << X3y
yi=1F (%), ys=f(xd, ¥ = F (x9).
‘Uveem: -

Sy RPN P SIS LN D
V_2—A B (x.i %) (xz TR + xs) (% — %) (4 60
_xé.l.‘_l_) — (o — x3) (g — x3) (% — x,) <0,

X3 - Xg X3 X3

N ) - - - ’ —
TlonesHo samernts, 4TO pasHOCTb OpAMHAT JHHHH y=V2 (x - 1)
> X
H npamoli y = x)/2 passa—Y2 . Bro smawur, uro opAuHaTa
X . .
npsMOA  (x > 1) Gosibllle OpAMHATHI JIMHHH H, KAKOBO Obl HH GbLIO

€0, cymecTByer Takoe yucio N, 4to npH Bcex x>N umeem: I—l/& <e
X ,

(s Haxoxgenus N 'Hajio peInThL HepaBeHcTBO'_V_f. < &  mnoJy4um:

x> Ve2 = N). Teomerpuuecku 310 03HauaeT, ‘uTO npsMas y =.x]{ 9
AABJIsieTCA aCHMNTOTOl JuHMH y = V3 (x — ). JInnus y =V Z(x —
- OT _ - .

-—'—l-) HMEET eille OAHY aCHMNTOTY — OCb OPAMHAT (OXHAKO JJs MOCT-
X N
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poennst rpaduka QynkumH y =V 2(x — -l—') 370 - HECYIeCTBeHHO
@>1) (puc. 72). : : "
Bmopod cnoco6. Tlepenuiem ypasuenue

y=V3(x—1)

B BHJE:
x (x — L_) =1
V2
H BBEJEM HOBYIO CHCTeMy  koopaunatr XOY, nomaras ) o
' X =z, . Y
= Y
Y= x-—ﬁ.

Hauano KoopauHAaT HOBO! CHCTeMbI COBMAfAeT ¢ HauaAOM KOOpAHHAT

CTapoit cHcTeMsl. Crapsle KOOPAMHATH ¥, y HOBOrO MacIITaGHOTO BeK-

Topa e, ocu OX HaflayTcs U3 CHCTeMsl:

1=y, )
= x—-2
0 | ok
OTKyJa , .
e =(1, V2.

Crapsie KOOpIMHATH HOBOrO MacmITaGHOLO BeKTOpa €, ocu OY e

HafiayTcst M3 cucremsl (X =0, Y = 1)

0=x,
‘ - R S :
; _ l=x Ve : : ~
OTKyza '
e, ={0, —V2} (puc. 79).
YpaHerue x (x —7]7}';:) =1 BcucreMe XOY npunumaer pux:

-

XY =1,

ro runep6osa, aCHMIOTOTHL Koropoit X =0 n_Y = 0, uau, B cra-
poii cucreme, x = 0 (ocb opauHaT) Hy = x)/ 2]
TpajuromM dyurmuu y=)'2 (x — ?l{) SBJSIeTCst AyTa 910l rHnep6o-

7bl, OrpaHuyeHHas touxoli A (1, 0) (s crapeix KOOpJUHATaX) H pac- -~

cMaTpHBaeMasi Jis Bcex x > 1.
272 '
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TR TR e

Fra Ty

Bapuanm .2

a jcos a

b | cos B
paccrosiHus, a o U f — faHHbE. ~ yrasL.

. 2.BcesHaueHusi b, IPH KOTOPHIX 'JaHHOE
YPaBHeHHe HMeeT pellleHHe: -

1

» TIe  au.-b— nanHpe .

—

1_ s 1—V3s
g TVE<b< =22,
VS o<l V3,

%+V§<b<’2;

. NpH TOM

' x=k—: + —%arcsiansz—l.

. 3. He Moxer. 4. 27135,

AGEE

5. CoracHo ycioBHio 3agauu mMeeM:

LI S L
| 2my s n'y 2;rm<.2
A

=gy

_ mpuyYeMm x>0, y>0.

1

~~o
R~

Puc. 73

Bepumina atofi napa6ossi: (&, %) Touku nepecevenns napa6o

c ocsio Ox (0,0) u (0,7:—), c npﬁmoﬁ y=ux

0,0) 1 (— 2= pue. 7).

TpagukoM ypasmemus x — %— y2OpH yciosHd x>0, y>0, VN

N

¥y > X SBJAAETCA OTKpHITAS Ayra OAB sroit mapaGousl (rpaHuy-

Hele TOUKH O M B K rpauky He MPHYHCISIOTCS).

Babuaﬂm 3

o o ’
1. ]/ sina —B 4 m—l, eCad, npoekuus P .touxu M
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- PHe k NPHHHMAeT BCe UEJBIE SHAUEHHS, 4 4 NPHHHMAET BCe NefcTBU- -
TeJIbHbIe 3HAUEeHHS, TaKHe, 4To |a| > 1, KpoMe a = —V3 ua=V3..

C -

\Ha_“"ﬁeépo ZBYTPAHHOrO yria JNEXHT Ha OTpesKe AB,ul

9m? ‘ .
—_ l/ m-—l“ |, e Touka P jiexur BHe oTpeska AB. :

" 9m?2
sin%2a |

L 1. k1 N
2. o <1, a#;fi’ as 75 > T 2arccos]fl a?.

3. XBaTut (PoBHO ZBe ceKyHZbI!) TOMBLKO TOrAa, KOrja nupaMuja r‘:pa;
‘BuabHad. 4. 23, 51, 79, 107, 135, 163, 191, 219, 247, 275, 303, 331,

359, 387 (14 umcen). 5.y = —*—, wmm (x — 1) y—1)=1—_.
y x—1

ranepGosa ¢ uentpom B Touke (1,1); acummrorsl x = 1 u y = L '
- Bapuanm 4
cosa‘;l_ﬁcos (f';a)cos(%—ﬂ)
1. 2h? — - ’

. sina sinf
uMeer GeCKOHEYHOe MHOXKECTBO pelleHHi:

B . - . 2 « -
X =kn -I_- arcsin l/ T

3. XBaTHT, €CM JJIMHA X OJHOH CTOPOHBI KAMEHHON CTeH:hI HsMe
Hsiercst Ha cermente 2(10 —1/710) < x <2 (10 + /' 10); npH  5TOM

ANMHA OJHOH CTOPOHbI JiePEBAHHON CTEHBI H3MeHseTcs Ha ‘cerMeHTe |

5(10—Y'10) <y <5(104+V10)(xu y us srux cermenros creny
BeiOHpaTh Tak, urobn xy = 900). 4. 127, 81, 243,

5. Tlo ycioBuio 3ajaun .
‘ " 2nxy — 2nx? = 2m,

OTKyJa

.

\ y=rgdo (1)

Ins nocrpoenns rpadHka 97O GyHKuHM (m1s x> 0) samernwm,

4ro oHa: B HHTepBajie (0, -oo) mpuHMMaeT HauMeHbllee 3HaAYEHHE:

Ymin =2 npd x = 1. B caMom fese, A

-~

. , - - 1
~ IPHYeM 3HAK PaBEHCTBA JOCTHTaeTcsi TOMbKO npH J'x — -]7: =0,
- ' X :

T. €. pH ¥ = |,
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2, [lanHoe ypaBHeHHe




—

0<x1<xz<l

1
)'2—Y1=x2+——x1-;'=

L2

(%2 — %)

Ha rxo.nynmepsane (0 9% cbyumma m- yGHBae'r, TaK

.. KaK_ecqm

Ecmixe 1 < %y <<x3, 70 y, — Y¥1>0, T. e Ha nonyumepaa.ne

[1, + ) s1a cpynxuna BO3pacraer.

Haunee (cM. 3agauy 5, BapHAHT 1, crp. 27 l), ecin 0 << x << xz <x3,

10 A = (X, — %) (y, — y9) — (% — %) (yy — y) = m—w(

1 ’ ;L
—X3— “)—(xz—xa).(xi + ;—xs—;
: 3

Xs.

Xg —
 XaXg
- 1

= X3\ - 1
'_> — (%, — %) (xl — X3 —

1

-1 1 )
XoXg . Xy X3
SHAYMT, rPaHK (YHKIWHE

Y = 1
y—x—l—x.

Ha wuHreppajse (0, -+ oo)
HMeer BbIIIYKJIOCTb BHH3
(puc. 74).

HApyeoii  cnocob. Tlepe-
NHIeM ypaBHeHHe

—xa L
y=x+-

B BHJE:

xy—x)=1_ ()

-, H TIPOH3BeJieM mpeoGpasoBa-

HHE . CHCTeMbl KOODAMHAT:
x = X,
y—x=Y.

IIpp X =1, Y =0
umeeM: x = 1,y =1 —
HOBBIA Macnna6m>m BEKTOpP
HoBoit ocu 0X

i = {l' l}°

My X=0, Y=1
‘HMeeM: x =0, y=1—

X3 XaX3

-

xz-l-——

)«= lxa — Xy (xz'*xa'j

._.xs) = (xi_x:;)‘(xz — xa) (1 -
3
— (% —xa)(xz—xs)(xz—xl) >0

Puc. 74
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" 'HOBBIH MaciuTaGHuifi BeKTOp HOBOH ocH OY:
e; = {0, 1}.
Ypapuenne (1) B HOBO#H cHcreMe: '
' XY =1

— 370 rHnep6oaa, acHMITOTHI Koropot X=0u Y =0, 1. e. B cra-
poit cucreMe x =0 (ocb Oy) W x —y=0 GucceKkTpUCca YIJIOB

Al - o - l
nepBofl ¥ Tperhbeli Yerneprell (9TO SICHO U U3 ypaBHEHHs y=x+ ol

: 1
H3 KOTOPOro CJlIeflyeT y — X = — H T. 1.).
. . R X :

. 1 .
Ormernwm, uro Touka E, B KoTOpolt dynKkmus y = x + — -MIPHHH-
. X .
Maer HaWMeHblllee SHAYEHHE B HOBOH CHCTeMe KOODJHMHAT, HMeeT Koop-

JUHATHL: -
A X=1, Y=1, . ,
T. €. ABJIAETCH MaclITaGHOM TouKofi HOBOH™ CHCTEMH KOOpAHMHAT.

Haiiiem eme koopaumater sepuminer A paccMaTpHBaeMOH BeTBH .

runep6olIbL.

—x = 0 TakoBHI:

. N
'YpaBHeHHs GHCCEKTPHC YIJIOB MeXKAY ACHMIOTOTAMH X = 0, y—.

-—X

<

= =+ X,

V2
HIH . : ’
y—x=+xV2 .
Pemas ypapnenne ' .
y—x=xY2
COBMECTHO C ypaBHEHHeM rHNepGobI
x(y—x) =1,
MOJTY4HM: '
, 22 =1,
Xp= 71—5»- )’.4:;7%4'1‘/7-




'TABA V

BAPHAHTbI MHMCbMEHHBIX MCBITAHHH, 1965 [OJ
' (c OTBeTAMH, yKasaHHAMH, pewICHHSMH)

§ 41. MexaHuKo-MaTeMaTHUECKHT thakyabter, 1965 r.

(Bagauu aaA CcaMOCTOATEADHOIO pe u e-
- HH )

" Bapuanm 1

‘1, Paccrosiuue Mexay AByMs ropofaMH A u B maccamupckuii
TI0€3A NpoxoauT Ha 4 « ObicTpee TOBapHOro moesja. Ecau Gbi Kaxaplit

H3 M0E3NI0B LIeJ TO BPeMsl, KOTOPOE TPaTHT APYroii noesa Ha nytsh or A -
1o’ B, 10 naccaxupckuii, noesp npoues 661 Ha 280 xku Gosbiue, 4eM To- o
BapHbifi. Eciu GBI CKOPOCTh KaMIOro H3 moesfioB Gbula yBeJHYeHa Ha

10 xmla, 10 B sTOM Caryuae MacCaKMPCKU 10e3a mpoXomua GH pac-
crosnue AB Ha 24 24 mun GbicTpee TOBapHOTO moesxa. Hafith pac-
CTOSIHHE MeXAy ropogamu A u B, -

: : Orser: 480 xa.

. 2, lana npaBusbHAS YeTHIPeXyro/ibHAs nupamuna SABCD c Bep-
umHoi S. Uepes Toukn A, B u cepenuny pebpa SC nposexena mJjo-
CKOCTb. B KakOM OTHOLIEHHH 3Ta MJIOCKOCTH AENHT O6BEM MHpaMHIBI?

' OrBet 3:5.

3, Peumts HepasenctBo:
log, [log, (4* —6)] <1. . .

Otsem: %logz7<x<log23.

. 4. Haiitu Bce napwt umcen x, ¥, KOTOpHIe YIOBJIETBOPSIOT ypaBHe-
HHIO: .
COs ¥ + cos y — cos (x + y) = %

OTBerT: x=éﬁu—|— —;—‘, y=2kn+%§

=g — * y=9pn_ T -
X =2nxn 5 Y 2kn 3’

rae kun — moGble neabie Yucna.
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o Bapuanm 2. 0

. 1. Haropoga A B'ropon B uepes paBHbIe TIPOMEKYTKH BPEMEHH.
H C PaBHOH CKOPOCThIO Bbe3XKaeT OfyH 3a ApYruM 21 aBTOGyC, KaXKAwIA
M3 KOTOPHIX MpoXomut nyTb AB 3a 2 440 mun. Tlpu sTomM nepBhIit aBTO-
Oyc npuGLIBaeT B rOPox B B TOT MOMeHT, KOrzia U3 ropofia A Bolesxaer
. 2l-i aBroGyc. INpuGLIB B ropox B, Kamueil aBTOGYC MFHOBEHHO MOBO-
pauHBaer H ABHTaercs 06paTHO K ropoay A. N
Hs ropona A onHoBpeMeHHO ¢ 21-M aBTOGYCOM BHIESKaeT B ropox B
AT JIErKoBasi MallMHa, KoTOpasi uepe3 { MUHYT oOromser 20-# aBrofyc.
et Haiitu ¢ u Bpems T, 3a KOTOpOe JIerKOBasi MallMHa TPEOLOJIEBALT pac-
: - crosiHHe AB, eciH, BCTperuB TiepBulil aBTO6YC, JIErKOBasi MalIMHA ToC-.
+ -Jle 9TOr0 BCTpeyaer BTOPoH aBTOGyC uepes ¢ — 9 mun.
IIpumeuanue ABroGychl saHyMepOBAaHEI B TOM NODSAKE, B
KOTOPOM OHH BBI€3KAIOT H3 ropoja. '

Orsem:¢=12 mun, T =1 436 MU,
2. Hana npasu/ibHas TpeyrofibHas npusMa ABCA’B’C’ ¢ 60KoBbI
Mu peGpamu AA’, BB’ u CC’. Ha npoponxennu peépa BA pssra
‘Touka M TaK, uro MA = AB (MB = 24B). Uepes touku M, B':

¥ cepequHy pe6pa AC mpoBeneHa miocKocTb. B KaxoM otHomenun sta
IJIOCKOCTh JNEMUT OOBbeM MpPU3MBI?

. . Orser 13:923.
3. Pemmmits HepaBeHCTBO: : '
logo (Vx+3 —x—1) <0

4. Hafitn Bce napsl uncen x, y, KOTOpHIE y,uonneTBopmor ypa‘BHéHHlQ‘.’”
. 1 2 -1 \2 1 . ’

sin®x 4+ ——— cos?x + ——) = 12 4+ —siny.

( ,+ sinzx) +( + cos’x) + 2 y

Otsem: ;c=%(2n-|—l), y=-’2£+2/m'
rie k u n — mobbie uetble ydcaa.,

Bapuanm 38

- - 1.Topoxa A u B pacmo/ioxeHsl Ha Gepery peku, mpuueM ropox B
pacnoJioxkeH HHxe IO TeyenHio. B 9 4 ytpa us ropona A B ropog B or-
'TIpaBJsieTcs IVIOT, MbIBYIIHA OTHOCHTENLHO 6EPeroB cO CKOPOCTBIO T€-
'UeHHs peKH. B sToT e MoMeHT M3 ropona B B ropox A otnpaistercs. .
J0fiKa, KOTOpast BCTpedaercs ¢ maoToM uepes 5 «. Jlomasis Jo ropoja .,
A, nonka MTHOBEHHO MOBEPHYJIa 0GPaTHO H NMpPUMJBLIA B TOPOR B of-
HOBPEMEHHO C IIJIOTOM. Y CNeJIH JIH JIOAKA H 11JI0T NPUGHITL B ropoll K 94 -
Beuepa TOro xe AHAP ’ '

OTBeT Hel
218 ot '



2 Jana npaannbuaa’ tiérﬁpéxytddsha’ﬁ mHpaMuza “éABCD C Bep-

* mmHo#k S. Ha nponomi(eii_ukn,peﬁpa‘ CB B3sta Touka M TaK, uro MB, — B

<

,——_%BC MC = -z— BC). Yepes
MPOBe/ieHa MIOCKOCTb. B KAKOM OTHOLIGHHH 3Ta MJIOCKOCTD Jeaur o0p-

€M NUpaAMHBI? .

Otser- 1:1.
3. Peulute HepaBeHCTBO: R
4x —5 1 )
lquzlx 5 2 2"
: ) OrBen: JY6—1<x<?,
! : ‘ 2 <<x 5.

- 4. Hailtn Bce pewenus ypaBHenus: :
sin?x + 7 Sin® 3x = sin x sin? 3x.

’ . Fi
Orser x=nxn, x=nn+(— l)";'
rae n — mo6oe 1esoe YHCIIO.

Bapuamﬁ 4 -

1. JIpa aBToGyca BbI€3XKaIOT OAHOBPEMEHHO HaBCTpPedy APYT ADYTy:
OIMH U3 NMyHKTa A B myHKT B, a pyroi u3 nyskra B B OyHKT A —
H BeTpevaiores B 12 4 aHsa. Ecu ckopocts nepBoro aBrobyca yBeJu-
UHTb B IBa pasa, a CKOPOCTb BTOPOTO OCTABHTbL NpexHel, TO BCTpeya
NpoHsoiAeT Ha 56 mun pausie. Ecan ke, HaMpOTHB, YBEJHUHTH B JBa
Pasa CKOpoCTb BTOPOro aBTOGyCa, OCTABHB TNPEXHe#d CKOPOCTh MEpPBOro,

' TO BCTPeya NpoM3oHzer Ha 65 mun pansme. Onpegenuts BpeMs BCTpe-
4n aBTOGYCOB B CJIyyae, €C/i yBe/NHUEHb BABOE CKOpOCTH OGOHMX aBTO-
6ycoB. ‘ . : :

Orser 104 29 mun.

104Ky M u cepenunrl peSep AB u SC ~

2. Jlana npaBunbHAS UeTbipexyroabHas mupauuga SABCD c pep-

" wuHo# -S. Ha npogonxennu pedpa CD B3sta Touka M 1aK, yuto DM ==
='2 CD (CM = 3 CD). Uepes Touru M, B u cepenuny pe6pa SC
JIPOBE/ICHA MJIOCKOCTb, B KaKOM OTHOWIEHHH 3Ta MIOCKOCTb AEHT 06D

»

€M NHpaMHAbI?

OrBer: ~31:29.
3. Peuints HepapeHCTBO:
. 4 <3.9 VF+x+4l+Vx—. :
: S OrBer 0<x<4.
+ 4, HaliTi BCe napel 4Hces @, b, WIS KOTOPHIX BCAKas napa gucen
X,y (x*= ’-;—-I- nm, 'y % +m=n, tae n=0, t1, £2, .., m =
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=0; 41, i2, v YIOBJIETBOpPAIOMIAs - ypaBHeHmio. x + y= a;'
YAOBJICTBOPAET TAaKXKe ypPaBHEHHIO: :

tg x + tgy + tg x tgy = b.
~ OtBer b=1, a-—-nu-l-z-,

rIe - n — moboe leoe YHCIO.

Bapuanum 5

1. IllkoAbHAK 3aTpaTHI HEKOTOPYIO CYMMY - [ieHer Ha NOKYNKY MOpT-

¢ens, aBropyuku u Kuurn, Ecqu 6l nopr¢eb CTOHJI B 5 pa3 fmelesJe,

aBTOpyYKa — B 2 pasa jiellleBlle, a KHHra — B 2,5 pasa jelwesjie, 10" .

Ta XKe MOKynKa crousa Ot 8 py6. Ecau 6wl no cpaBHenHio C NepBOHa~ -

YaJbHOH CTOHMOCTBIO MOPTheEdb CTOMJ B2 pasa Jelllesie, aBTOpPy4Ka—

B 4 pasa pemesiie, a KHHFa — B 3 pasa JelleBJe, To 3a TY Xe NOKym- - -

Ky IIKOJbHUK yniaThj 6l 12 py6.
CKONbKO CTOHT .MOKYymKa H 4TO Zopoxe: nopresb HIH aBTO-
pyuka?

2. Jlana npasunbHasi TpeyronsbHas npusMa ABCA’B’C’ ¢ Goko-
BoiMU pe6pamu AA’, BB’ u CC’. Ha npogonxenun pe6pa A’'B’ pas-

Ta Touka M TaK, ut0 B'M = % A'B' (A'M = %A'B'). ‘Yepes.

T0YKy M u cepejnnnl peGep A’C’ u B’B npoBeneHa miockocTs. B Ka- i

KOM OTHOIIEHHH 3Ta IVIOCKOCTb JEUT OGBEeM MpPH3MEI?

3. PemmTth HepaBeHcTBO:

.|x3—4xl-f-3

log, 24| x—5]

QTBe'r: x<—§, -;-\<x<2.

4. Ckonpko pemennii-Ha oTpeske 0 < x <7 HMeeT ypaBHeHHe

sin x 4+ 2 sin 2x = 3 <+ sin 3x.

OTBeT: ypaBHeHHe He HMeeT KopHeil Ha Bcell YHCIIOBOH OCH.

o Bapdaum 6

- 1. Topona A u B pacnomnoxenst Ha Gepery pexH, npaueM ropox A

PacnoJioXeH HHXKe 1o TedeHH0. M3 atnx FOPOROB OAHOBPEMEHHO BBHIXO-:: .

AAT HaBCTpedy APYT APYTy ABe JOAKH, KOTOPHlE BCTPEYAlOTCs Mocepe-
zune Mexny ropoiaMu A u B. TlponomxuB cBoil nyTh moc/ie BCTpeud

OrBert: 28 py6.; noprdens MOpOKE aBTOPYUKH. -

Ormer 49:95. -

i

B NPEXHUX HANPABIEHHSX H LOCTHFHYB COOTBETCTBEHHO TOpofoB B~ -

u A, JIoAKH MTHOBEHHO MOBOPAYHBAIOT OGPATHO H BCTPEYAOTCS BHOBb
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Ha paccrostiud 20 km oT MecTa nepBoii Berpeur. Ecnu Gbi Te xe Mogku,-
BHIAJS OHOBPEMEHHO. M3 ropofoB A W B, nonabuik Gbl obe NpOTHB
‘TeUEHHsd, TO JIOAKa, Bhlllejmas H3 A, ZorHama 6kl JOAKY, BBILIEAYIO

u3 B, B 150 xu or B. Haiitn paccrosinne Mexay ropogamMu A u B. -

Otrser 100 «xxu.

2. lan xy6 ABCDA'B’C’'D’ ¢ Goxosbimu peGpamu AA’, BB’, CC’

B DD’. Ha npopomxennu pebep AB, AA’, AD om/I0}KeHbl COOTBET-
CTBeHHO oTpeskd BP, A’'Qu DR paunoii % AB(AP = AQ = AR =

= —Z— AB). Yepes touru P, Q ¥ R mpoBefieHa IJIOCKOCTb. B KakoM or-
‘HOLUEHHH 3Ta MJVIOCKOCTb JEJHT 06beM KyGa? ’

OrBerT 1:47.

3. Penmrs HepaBeHc'TBof .
log, (2x) < V'log, (249).
1
Otper: 0<x < 75 x>2.

4. Hatin Bce napel 9Kcedn x, vy, Korolible ynosj[eTBopﬂm yDPaBHEHHIO:
tgtx + tgty + 2 ctg? x cfg 2y = 3 +sin? (x +y).

OTBeT: x = ’f @k+1), y= ‘E (4n—2k + 1),

rie kW n — moGhe neaue witcia,

Bapuaum. 7

1. ¥ wKombHUKa Gblia HEKOTOPas CyMMa JeHer MOHE€TaMH JA0CTOMH-
CTBOM B 15 Kom. u 20 Kom., NpuYeM ABAANATHKONECYHBIX MOHET Gbijio
GoJibllle, ueM MSTHAAUATHKOMEEUHbIX.

- 'Ilatyio uacTs Bcex feHer WIKOMbHHK HCTPATHJ, OTIaB 2 MOHETH. 32
6user B kuHO. ITo/IOBHHY OCTaBIIMXCS y HEro jeHer o OTZaJI 3a obef,

6blI0 y IIKOABHMKA BHauaje? = . .
. . O TBeT 2Mouers no 15 kon. u 6 MoHer no 20 Kon.

2. B TpeyrobHON nupamuae Bce MIocKHe YrJIBL IPH BepIUKHE npsi-
Mble. JloKasathb, YTO BepUIMHA HPAMHABI, TOUKA MepeceieHHs MeJHaH
OCHOBaHHs H HEHTDP ONHCAHHOrO BOKPYr NMHpaMHZb Liapa JeXaT Ha
ofHOH npsaMmoff, R ’ -

3. Peumrts ypaBHeHue:

|3:—2. 3-xl log, (x+2)—log,x i l;

- "OIJIATUB €ro TpeMsi MoHeraMH. CKOJLKO MOHET KaXJoro JOCTOMHCTBA

OrBemx=2, x= log2.
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4. Halith Bce Takue YHCaa p, IPH KOTOPHIX YpaBHeHHE ~ -
: 1 + psinx = p? — sin® x
HMeeT pellleHye. , .

T o : OTBeT:]/ig<[p|<2.« b
Bapuanm 8 . ) ,

1. Besocunen npoexas us myukra A B nyHkT B mo IyTH, COCTOSA-

LIeMy U3 NIOABEMA H CIyCKa, oOIlel AMHOA 60 KM H MOTPATHI HA MOLL-
€M 1 CllyCK OfHHAKOBOE BpeMs. Jlaiibllle OH mpoexait sa 4 # OT MyHKTa -
B 1o mynkra C no posHoit gopore, auna KOTOpO# Ha 19 km Gosblie, -
HeM JUmHa mofbeMa mo nmyTH us A B B. C KakoH CKOPOCTbIO OH exdil
Ha TIONbEME, eC/IH M3BECTHO 4TO ero CKOPOCTb Ha CNyCKe GO/bILE
- CKOPOCTH Ha TOAbeMe Ha 6 Km/4, a CKOpOCTb IO pOBHOH ~Jopore:

;paBHa  cpelHeMy apu(MeTHYeCKOMy H3 CKOpocTeli Ha noAxeme
4 CIycke.

- ‘ Orser: 7 #m/u.
2. Pemmnts ypaBHenue: :

siny +cos3y = 1 —2sin? y -+ sin 2y.

- OtBeT: y=2nm, y ="—'2f—-—’;-, y=2%m—2,

. o TAe 7 — NPOU3BOJILHOE LEJIoe THCJIO.
- -3. OcHOBaHHEM deTHIpeXyroibHoil nupamuast OABCE ABJAdeTCs
npsamoyroaeHuk ABCE, a BhicoTa, OmylleHHas M3 BepwHHHl O Ha .
" . OCHOBaHWE, IPOXOIHUT Yepes TOUKY NepecedeHHs AUaroHaneii OCHOBaHUS
Inockue yrast AOB u BOC paBHBI COOTBETCTBEHHO @ U P, a BLICOT:
nupaMuzpl paBHa H. Haiitu o6beM nupamuppl.

/
.y singsin—g
OTBeT: E-Hs, v - 7
P P
cos o= cog =

4. Pemnte HepaBeHCTBO:

2x— 1] 1

- ) B—x—2 2 '
_OtBeT <4, —1<x<2, x>5
Bapuanm 9 ,’

1. Hmeercst fBa KycKa TKaHHM pasHbIX copTos. ITepsiit KyCOK CTOHT =~ -
90 py6., a Bropoit — 105 py6. Ecuu 6bl Kaxkapiii H3 KYCKOB OBl MEHB- = °
‘e Ha 10 #, To nepBwIt Kycok cToua 6bt Ha 10 pyo6. JIOpOKEe BTOPOTO.,
* Ecan Gbl BO BTOPOM KycKe TKaHH GbIO Ha 5 # MeHblle, 4eM B oboux .
KyCKax BMecCTe, TO OH CTOHJ Gbi 210 py6. OnpeneanTth, CKOMLKO MeT-
POB TKaHH B KaXKIOM KycCKe. )

OrBer:. 20 mu 15 m.
o8




2. Pemurs ypabmenue: . -
L sin¥ — 'V2_cos\(2to—'%‘) =1.

-

~OrBeT t=}m+arctg(l + V'3), rze

n =— NpOM3BOJbHOE LEJIoEe YHCI0. - - :

3. OcHoBanueM uerhipexyroJbHoii- nupamunsl OABCE spasercs
poMb6, a BeicOTa, OMYyIIEHHAs! U3 BEPIIHHE HA OCHOBAHHE, NPOXOAUT Ue-
Pe3- TOUKY nepeceueHHsi AHAroHaned ocHoBaHMs. JIByrpaHHble YIJbI,
npugserapomue K pe6paM OA u OC, paBHH @, ABYrpaHHBIE YIJIbI, MPH-
Jeraomye K pebpam OB u OF, pasHul P, a BhicOTa paBHa-[. Onpepe-

" JIuTb O0BEM NHpaMHAH. - o :

cos 2EP oo 2 =B
2 15 2 2
-3, c:osg-cos-'é .
- 2 2 o

OTBeT:

4. Peumts HepaBeHCTBO:
’(loglﬂ_s' 2) log, (x*—x—2) >1.

OTrBeT: << =7, —'5.<x<—-2, x> 4.

9

Bapuanm 10
1. MawnnucTKa nepeneuathiBaa PyKONMCh B TeUeHHe yeThpex
4acoB, mocJie 4ero K Heil NPUCOEAMHUJIACH BTOPAsi MAIUKHKUCTKA, H, [po-
paboras -BMecTe 13 ¢ NOMOBHHOH 4acOB, OHM 3aKOHUHJIH- nepemneyaTky
pykonxcH. OnpefenuTh, CKONLKO BPEMEHH HYXKHO KamIOH W3 Mallli- .
HUCTOK B OTAEJNBLHOCTH Ha MepernevyaTky PYKOMHCH, €CJIH H3BECTHO,.4TO
nepBofi Ha MepeneyaTky MOJOBHHB PYKOMHCH HAJO Ha JiBa uaca GoJblLe,
' YeM BTOPOH Ha mepeneyaTKy TPeTH PYKOMHCH. .

B "OtBer: 28 4 u 36-4.

2. Pemmts ypasuenue: i

—2+44cos?z=cosz+ ) 3sin 2.

. . 2 n T
OrBer z=Znn4 =, z=2n—L
PRy AR L

TAe N — MPOU3BOJILHOE IENO0e YUCJIO. _
3. ¥ tpexrpauHoro yria OABC yroa mexpuy rpaHsmu OAB u
OBC npsaMo#i, a Be/IHUHHA KAXIOTO U3 OCTANbHBIX ABYTDaHHBIX YIJIOB
paBHa y. Haiiru Benmunny nnockoro yrma AOC. :

s‘ L Otser: cos £ AOC = ctgy.




4 :P'eLI.IH'.l‘b H.e.péseﬂ'c'rso:, . ‘
+x2+x > —3x.

- R—|x|—2

Wl

OtBer: <x<L1, x>2

Bapuanm 11
1. Jlsa noessia oTmpaBJsiOTC OXHOBPEMEHHO,

ONUH U3 MyHKTa VA‘

B nyHKT B, a apyroit us nyHkra B B nyHKT A. Crkopoctb mepsoro Ha

40 xm/u Gonbue ckopocTn Broporo. \Onu BCTpeyalorcst B myHKTe C, O1-

crosimieM Ha 60 xm or cepepunnt nyti AB. Ecin 661 NepBbIfl NOe3J Bhix

men Ha l 415 mun mnoske BTOPOro, TO OHU BCTPETHJIMCD Okl B cepefu~ -

He nytd AB. Onpefieauts CKOpPOCTH 0GOMX MOE3I0B. - ‘
Orser: 80 smluu 120 gmly,
2. Pewnts ypasHeHue: :

sin 3f cost = %tg L.

_ , o
OrBer: x=nn, x=nn+

. TAe n — NPOH3BOJILHOE LENOe YHCJIO.

3. Boicora tpeyronbHo#i nupamupst OABC, onyiieHHas HA OCHOBa-

Hue ABC, napaer B TouKy P, nexainyio BHyTpH Tpeyronbuuka ABC.

Haiith 06beM 9T0l MUpaMHIbl, €CAH H3BECTHO, 4TO nupamuas OABP,

‘OECP u OCAP paBHOBEJHMKH H 9TO BEJAUUHHBI orpeskos AP, BP, CP

u OP paBHbI COOTBETCTBEHHO a, b, ¢, d.

-

- Otser: v=dVpP—a)(p—0b)(p—0), rae p= a+62+c.

4. Peuwth HepaBeHCTBO:

e

o

x2—1 >k—l Cg

Bapuanm 12

Otsem: —VB<xg], 2<x<VT§,_.'.,;

1. Onna uyrynuas Gonsanka Becut 40 #2, a BTopas — 50 g2, 5

ToronHei#l Metp nepsoit GosBauky Ha 1,5 «2 TsKe/nee MOTOHHOTO MeTpa -
Bropoii. Ecin Gul BTopast GonBanka Gbifia 6bl Ha 6 M LIHHHee nepBoH, - -

' 70 ee Bec paBHsJICs Obl TeM xxe 40 k2. Kaxosa manna Kaxo# u3 Go- -~

BaHOK? -
OrBert 10 # u 20 #.
2. Peulnth ypaBHeHue:

1 - sin 2¢
1 —sin2¢

i

= cos @ + sin g.

284




OrBert: .$P=m!‘—.%; (94—2/1#-!‘-5-, q>‘-=2m't,

rAe n — MPOH3BOJIbHOE LEJIoe YHCJIO.
3. OcHoBaHHeM YeTHIPEXYrOJbHON MUPAMHLS! SIBSETCS poMb, a BH-
cora, ONyMICHHAs U3 €e BepIIMHb Ha OCHOBaHHE, MPOXOAHMT Yepes TOY- -
Ky MepeceueHHs Auaronajeii pom6a. BoKoBas MOBEDXHOCTH NaHHOM

NHPaMULE! paBHa ¢. Uepes ofiHy U3 CTOPOH OCHOBAHHS MHPAMHJBI NPO-
BeJleHa TJIOCKOCTb, OTCEKAIOWAs OT IPOTHBOMOJOKHOM 60KoBOfl Tpa-
B TPEYroJbHHK, IJIOMAAb KOTOPOro -paBHa a. Haiitu GoKoByI0 mO-
BEPXHOCTb, MHUDPAaMHJEI, KOTOPAas OTCEYeHa OT IaHHOH ‘MHPaMHAB IpO-

BeJ[eHHOA IIOCKOCTBIO. o o
J-

’ | - : OTsem: (VE +
4.  Pemuts HepaBeHCTBO: ‘
@—x—1"T< 1

<
2

. OTBeT:VgT—H-éx<2~

§ 42.. dusnuecknit pakyabrer, 1965 .
(B3anauu JAs CaMOCTOSITENABLHOTO pemeHH s) .

Bapuanm 1 .
1" Jins kaxkzmoro mefiCTBHTE/NBHOrO YHCNA @ DEIIUTH HEepPaBeHCTBO:

a>L,
X

- . - .
OrBer: ec.nln a <0, o Bcie pemenuss x <<0. Ecan a > 0, T0 BCE
pelieHns Va_< x<<0, V5'< x <+ oo, ‘ .

2. HafiTn Bce sHaueHHss x u y (B TOM unCle H KOMIIJIEKCHBIE), Ta-
RHE, 4T0 uHCAa X, X + 2y, 2x + y o6pasyior apudMernuecKyio npor-
peccuio, a wncaa (y + 1)%, xy +5, (x + 1)? obpasyior reomerpu-
YeCKYI0 HPOrpeccHio. : :

.~0TBeT: =3, =1, xo=—1+ 9 Vf,

—l+32if§ ;x3=_1__2i]/'2—’ Y3 = —1—3251/»7.

Vo=
3. Pemnty ypaBHenue:
cos? x + sin* x = 2cos (Qx + g)cos (2x,. _g)
o kn 1 1
OrBeT: — + —arccos —.
2 T 4 3

,
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; . paanodenpenﬂom 'rpey OMbHHAKE naHbt, ‘60KoBas ;c*ropoua b
" yron o MpU OCHOBAaHHH. BrUHCAHTD PacCTOsIHHE OT LEHTPa BIHCAH
HOH OKDYKHOCTH JO uentpa OIMCaHHOH OKpPYXKHOCTH. ,

cos — l

‘OTBeT: A
2smacos-—, :
2

5. Hpaaunbﬂaa NHpaMHAa, B OCHOBaHHH KOTOPOH JIEXKHT xBanpan '
CO CTOPOHOH @, Bpallaercss BOKDPYT NpAMOil, NMPOXOAsIIeH uepes ee
BepIIMHY. DTa npsAMas-napaiielbHa OJHON H3 CTOPOH KBajpaTa, Jexa-
Iero B OCHOBaHHH MMpaMHJbl. Briuucants 06beM Tesa Bpamelma, ecqH
IVIOCKHil yrosl npH BeplHHE MHPaMUIbl PaBeH . :

Otser v="2(} + 2ctg? 2),

12 \- 2/

Bapuanm 2" . X b

t JInsi Kaxioro NefCTBHTEIBHOTO YHCAA @ PElIMTh YpaBHEHHE:
xix+14+a=0. -

OTser: e a<<0, 10 x=‘/_1# Ecm a,= 0, Tox1—0

%2 = — 1. Ecan 0<a<%,\ T0 Xy = .V_l_—_é__,
—1—Y1—14a —1—ViTh
C RE ey =
1 1 —1—V3 1
Eciu a= 4 10 %=—z, x2=_1_2_V_2. Ecmn a>,
. x=—1—-]2/l-+'_4'a'.

2. Pemnth HEPaBEHCTBO:
o Vax+9 +9<V1+2x——1 s
' - - Orae'r.,0<x 45

3. Pemmntsh. cHCTEMYy ypaBHEHH:

. sin(x —y) =3 sinxcosy — 1,
N 0 osin(x +y) = —2cosxsiny.

S

Orper x= k+—"n+i(_ Iearcsin 2 4+ L (— 1)raresin L

- ‘ 02 5 ' 2 5%
- : k 2 1 L4

1 —Drarcsin 2 — 1 (— 1) arcsin &

5 (=D 5 — 3 (— Dracsing

rie kun— l'lpOI/IaBOJIbeIe U.eJIble qHCcaa.
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4. Y Toukn 4, Jle)xameﬁ BHE bxpymoc’ru) ’a;myc . nponene-
Ha ‘cexymas; He TIpoxofsinas “uépes .’ uentp O oKpykHocTH. l'l’ycrb,_
‘B u C— Touxy, B KOTOPBIX CeKyiiias nepeceKaeT OKPY2KHOCTb.
Haiitn. g < ;OB - tg £ :OC

Nt

, €y OA = a,

) a—r
. OTserT: .
’ - - a-+tr

5. Tpu mapa Kacarorcst mJI0CKOCTH Tpeyronbauka ABC B ero Bep-
- INHHAaX M nonapHo Mexay co6oii. Haiitu pajuychl mapos, ec/ii H3BecT-
" Hbl IVIMHA ¢ CTOpOHbT AB 1 npusiexamue K Heil yran A u B.
csinB- - ¢sinA __ csinAsinB -
2sind’ "2 9sinB.’ 87 2sin? (A4-B)

S OrBer: r,=

-Bapuanm 3

1. lns Kaxmoro AeficTBUTENBHOTO HHCJIA @ PEllINTb YpaBHEHHe;

VIR F1—VTxl=a

ﬂaﬁ'm TONBKO " BEHCTBHTE/bHEIE KOpHH)

OTBeT: ecam 0<a< I, 0o x=+ (1-4:?)’;
2. Pewuts cuéremy ypaBHeHHii: e
cosx+4cosy=l -

cos——-l—cos : V2 —1.

Orset: x=4k_ni§, y=2(2n+1)‘ai; |

x=2@m 4+ )7, y= 4sn + %,

-rae kR, n, m, s — NpPOH3BOJILHLIE. ie/bie Yncaa.
3. Pemuts HepaBeHcTBO: - :

3.sin 2 x>sinx +cosx+ 1. _
 OTser: 2ku -z -l— ar051112V2 <r< an + —-—arcsxnzV.

rme k Hn— HpOHBBOJIbeIe l.leJ'Ible YyHcaa.

4. AOB — cextop kpyra pamyca r. Yrox AOB = a (o <<m).
Hatiru paguyc OKPYXHOCTH, Jiexalleli BHYTPH 3TOro ceKTopa 1 Kacaio-

”BJ.eﬁca xopan AB, Aym AB u GHcceKTpUCH yraa AOB. /
. OrBenm: 4rcosz sin? g

- 5. IlBe paBHbie Chepri pazmyca r Kacaitcs ApYyr Apyra . u rpaHei
IBYFpaHHOro yria, BeJuYHHA Koroporo paBHa a. Hanm pazuyc coe-




Pbl, KOTOpast Kacaercsi rpamedl ‘IBYTPaHHOrG - yriia- H OGeHX. IaHHBIX

Orser: 28 Lo O '_“fa.):‘if«

( TBeT. r(l + 21g 5 + tg 5 V3 +4tg2§-, L

Bapuanm 4 . -

" 1. s xaxporo AeACTBHTENILHOrO YHC/IA @ PEIHTH yPaBHeHHe:
|cos 2x| = |sin?’x —a), 0 < x < 2x. ) L)
OrBer ecma<<—1—Kopueli vet. Ecmt a = — 1, 10 x =0, °
_ X=x, x=2mn. . : v

G ' _ ' _ . "/ 1+a
§ Ec.vm' 1<q<0, TO X = arcsin 3

X = — arc sin ]/"l;", X =n 4 arcsin V“é“’;

X = 21 —arcsin l/ tta

* Eoma=0 mox=2F, x=25
2 2’
X = arc-sin —— L X = m—ar¢sin !
’ V?’ Vs’
1 . 1
- X =5 4 arc sin ——, ¥ = 2% — arc sin ——,
. V3’ V3

Ecm 0<a<-;-, 10 x =arcsin)/ 1 — g, x=u—arcsin]/l_—3,;
% = m.4 arc sin V:a—, x=2n—arcsinVT:Tz,
X = are sin V?E, X =m—arc sin Vlsﬂ
x = + arcsin VT’, X = 2n — arc sin V?

Ecnu a=-l-,'rox=f, =3 =8 _Tn
' 2 4 4 4 4
Ecmu é<a<l, T0 x =arcsin}/ 1 —a, xX=mn—arcsin} l—a,

x=n+arcsin )1 —a, x =2z —arcsin})/ 1—a, x=arcsin |/ l-il;a,-‘ %
X = q—ar¢sin ]/l";a , X=m+ arcsin V"’;“, X =21 —

: - —arcsin '/ l+a
SR ) 3




2

i, ¥ =qF arcsin}/ % xie= 2n—-arcsml/-§-

o TFT T¥a -
Toxu= arcsin. o ‘utg—,’ RS FAFES. ¥ n ,-+.—

-V-gpqsini/"_‘:.'}‘_“ Ech a=

L x=n+ aresiny/ 1£8, x = 2n

U =2/T10. % =§ , X= %’5 "Ecaiu - @ >"2; 710 'KOpHeil HerT..

~

2. Haiitu Bee fefictHTeabHbE %, TIPH KOTOPHIX pelleHHe cucren'{uv
i L Txie 2y = p, : o~
N 8 +y=8

- yRoBaAeTBOpSEr YCIOBHIO X = % >0 e
S . Orser —8—VTi <k<0,Vﬂ—8<k<§ '
13. Pemmb.ypaéaex-me:. ‘ R B o

- i .4sinx+'2~'cosvx'=2.+3tgx, o J
r—dm—gamgl

N o

. , rJe k H n— NpOU3BOMbHLIE LEbIe YHCIA:
" 4.:lanbl 1Be KOHUEHTPHUECKHE OKPYKHOCTH paguycoB ru R, r <
- <<R.'Yepes HexoTopyio TOUKY P MeHbILeH OKPYKHOCTH IPOBEAEHA Mpsi-
. Masi, He NPOXOAAIIAs Yepes LEHTP OKPYIKHOCTEH H NePeceKalomas 6. -
‘yo OKPYKHOCTS B TouKax B C. Tlycrs nepnenmuxyasp x . BC ‘B TOY--
" Ke P nepeceKaer MeHBIIYIO OKPYKHOCTS B Touke A. Haiiti cymmy PA%4 -
CARBY A pee, T T

7

. . o , OrBem 2(R%:+ 1)
S R AT IN SF EL A G i g A N N " .
" 5. IaH yron a (a< % OCEBOFO CEYeHHsI TPSIMOrO  KPYroBoro; - .
- KOHyca ¢ Bepummnoii S u oGpasyloueit Aunb! 1. Uepes Touky A, B3ATyio .
_HA OCHOBaHHM. KOHyCa, NpOBeIeHa IJIOCKOCTh. P, KoTOpas- nepnesjd- -
KyJaspHa K obpasyomeii ‘SA, Uepes Bepuuny KOHyca npoBejieHa mJIo-
CKoCTb Q. :3Ta MIOCKOCTH :NePHeH MKy AApHA TIJIOCKOCTH. OCEBOr0 Ce-
" YEHHS KOHYCa, MPOXOASIMIEro yepes SA, M COCTaBJseT ¢ oG pasyroweit

“SA kouyca yron B, (p < g) Tockocts Qpégfchéer KOHYC 10 JABYM

i 10 . C. Mon.éuoa : o ° E ' 4 289
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EURA TR
i

06pasyIoLum. HYCTb nponoax(enna _9THX o6pasyxom.ux nepecexalor
HJIOCKOCTB P B AByX Toukax C, u C,. Haiitu pmuny orpeska C,C,.

OTBeT 91 Vsm(a—ﬁ)sm ,

COS — €O0S
g cosp

.Bapuanm 5 -

1. ]l KaXA0ro MOJIOKHTENbHOTO a (a 7> l) pewnTs ypasHenue:
. (log, sin x)? + log, sin x — a = 0.
Vifda—1
OTBeT ecyu 0<a< 1, 7o x="Fkn 4 (— l)’%rcsma :
a e a>1, 10 :
- —=1—Vijia
X =kn 4 (— )?arcsina 2 ;
B 06enx ¢opMysiax k TPHHHMAET Bce llesible 3HaUeHH .,
2. Pelith HepaBeHCTBO:
1— cosx 1
4cos!x—3 T 3—4cosx

, O<x<<m.

- OrBem arcg:osl_:_-‘!_/-_ﬁi<x<—5g
36! <x<arocos‘-_l_i‘_8.@. .

3. Haiitn Kbsmpmneﬁ'r OpH X" B Pa3JiOKeHHH:
(l + x4 222 + .+ nen)h

OTBeT. ..n(n_—‘-lll_

4. AB n CD — JiBa B3aMMHO. IIepIEHAUKYISAPHBIX ,unamerpa OK-
PYKHOCTH S, Oxpymﬂocn: S HMeet ueHTp D u paguyc DA. Us Tou-

'k D TIPOBEJICHEL ABa JIyHa, NepeceKalollke OKPYKHOCTh S B TOUKAX . 4

“Pu Q, a ayry AB OKDYIKHOCTH $2, NIEXKAILYIO0 BHYTPH OKPYKHOCTH §j,

B TOUKax M u N.Tlycts P’ n Q' — NpOEKIHH ToueK P H Q Ha Jma-' L

MeTp . AB. IoKkasath, 4TO HTYpa, OrpaHHUEHHAS Ayramu. PQ MN
" ¥ orpeskaMd MP u NQ, paBHoBenKa Tpeyronbauky DP'Q’. -

‘5. Tpu coepsl pafHycoB 7, r H R BHelIHHM 06pasoM Kacaiorcst Apyr 31

Apyra, H-Bce KacaloTca HeKoropoil miockoctd. Haiith paguyc x ccpepu, :
Kacalomelicst JaHHbIX chep H 3TOHl MIIOCKOCTH.

OTrseT ecau R >—

N , = IR—7+ V3]
| nRsér, TO X o= Rr(V ﬁ(R'_r)z d
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‘Bapuanm' 6 .- .

1. Hafitu Bce neficTBHTE/IbHbe 3HAUEHHS @, PH KOTOPHIX KOPHH
- ypaBHeHus - ° : : :
- * +xt+a=0

/ Kl
6yayT AEHCTBHTEBHEIMH M 00a KOpHs GyxyT Gobiie a.
' Orser a<< —2.

2, Pemutbh HepaBeHCTBO:
: sinx —2
4sin2x—1

OTsem: 2kn+ar‘csin%<x<§ + 2k,

>2,

%’E + %kn <x<< (2k+ l)m—arcsin %
@k + D <r<(k+hat 2,

2kt — 2 <% < 2,

, Tie k mpHHHMaer Bce LeNbie 3HAYEHHS.
- 3« Pewmutp ypasuenue: - ‘ . :

g— 1% __(_l_)lx+ll+lx—ll

. . 2 . ‘

OrBet x= log,2.

4. Jlansl yrast B u C tpeyronsunka ABC (£ B + £ C). Hafita Ko-
TAaHTeHC' OCTPOrO. yIVIa X, KOTOPHI 06pasyeT MendaHa, BHIXOAAMAS H3

BepumHbl A, co croponoit  BC. ‘
SRR - OTBeT:‘étg‘x=é[cth;—cthl.

© 5. lBe paBHble cheprl KacaloTest APYT Apyra H rpaHeli ABYrpaHHO-
‘ro.yraa. ‘Tperbst chepa MeHbilero pagdyca Takxe Kacaercs rpaueit
- 9TOro, IBYTPaHHOrO yriia # Kacaercst 06enx AaHHbIX cep. JaHo orro-
lleHHe fm pajuyca MeHblel chepbl K paguycy ORHOMN H3 paBHBIX cdep.
Haiiru Beanduwy @ gByrpaHtoro yrsia. B Kakux rpaHHuax Moxer: H3-
MeHsATbCA ~ m? T ST
B . . Omsenlim<l, a=2arsin—t=m _
- 4 - ? : »'v}/'mz._l;f%'

Bapuanm 7 :
. L Jl1s Kamnoro nefiCTBHTENBHOrO YHC/IAa @ PEIIMTb ypaBHeHHe:

T4 x\2 14 x _ i
(V;).ﬂgza =+ 1=0.
0 - o9y

\



T0

» TO

ol

OrBeT ecnmna= — . Ecm a»<"_.‘%,

J

g %(V a—1—a+V 2?2 Va”-_e 11— 5)2.

Ecn o> -—1} — KOpHedl Her. .. .

2. Pewmnth HepaBeHCTBO:
R A PRI

el DT T G fgz x_ l‘, o'_f:::z “‘

OTBeT: kn -- g- <x<kﬂ_f{
Lo ‘ kn+%<x<kn+}g_,j

EHE N S

T ‘Tae k mpHHHMaer Bee Nedble SHaueHH
- 3« JlokasaTb, :uT0 unCJIO , , S B
- - 111 —22...2
e 21 epuuny n nBOCK _
€CTb KBaApaT HeJIOro umcja. -
4. Vs Toukn A, nexamell Ha OKpYXHOCTH pajuyca r, NPOBEEHH!
-ape.xopapl. AB u AC. Dtu ABe XOpAbI JEKAT N0 ONHY CTOPOHY OT JHa-
METpa OKpYKHOCTH, NPOXOAsLEro uepes Touky A. Jlana piuHa =
. Goabwedt Xopan H yron BAC = a. Haitta pamyc x OKPYIKHOCTH,

Kotopasi Kacaeres xopa AB, AC u ayru BC. .
e . Otper: x=tg? %(b ctg g —Var—p— 2r).j

5. lIBa paBHEIX KOHyca HMeIOT OGLLYIO BEpPUIMHY H KacaioTcs 1o of-

meii o6pasyolledi. Yo 0ceBoro cedeHus Konyca pased 2a.. Haiitn

- ABYTDaHHbIA yroa @ Mexxay ABYyMs MJOCKOCTAMH, Kaxnasi H3 KOTOPBIX -
. .. Kacaercs 00OMX KOHYCOB, HO He TIPOXOJHT 4epes HX o0lilyio o6pasyio-
e myo.

sina S K :
_—, <<a<<=, .
V cos 2 < <j4

Ecmu a> %, TO KOHYCHl He HMeIoT obulell KacaTeNbHON MJAOCKOCTH |

Orser tgp =

.- . (kpome Tolt, KoTOpast Kacaercss MX NO OGiueil ob6pasyiomeil).,

Bapuanm 8

1. [lnsi Kaxzoro AeficTBUTENLHOrO UHCAa @ péludTs ypasienHe: £
‘ 2+ (xl+a=0 i




N ‘gt . 4

(naum TOJleO neﬁcrsmenbﬂue xopan)

“a e a>0 mxopaeu Her.

2, Peum‘rb aepaBeHcho.
tgx . s , e

— 2 Y . v
- TR T e

OrBer. kn-arcta2<x<ka— T

e TR e TSR

" 3, CKOnbRHMYH cnocoﬁamx MOXKHO 3b16parb H3 CTa nepsblX HaTypasb-
HEIX 4HCEN TPA TAKUX, CyMMa KOTOPHIX JeaH.Jach G Ha TPH (OPsIROK
cnaraemux He qubmaerca)?

Orser 55922

4 Ha om-xo;i us cropon .yrqia, paBHOro a, 4aHbl IBe TOYKH, paccTos-
HAs KOTOPHIX 110 "Apyroit ¢Topotisl paBHil b u c. Hafitn pagHyc oKpyx-
'HOCTH, TIpOXOJisiilledl 4epes ot mae TOYKH M xacanomeﬁca ‘ApyTOit €¢ro-
POHBIL.

. o ~b + c—2Vbc cosa
) OTBeT e ZSIRG. o
‘5. Yron Memny‘foépasyromeﬁ npaMoro xpyronoro 'KOHYCA 4. ero
BLICOTOR paBen a. Haiita yroi-@-Mexny ABYMS 06pasyoiHMe * 3T0F0 ~
€C/H ‘U3BECTHO, UTO TAOCKOCHI, - Kacatonmeca Koﬂyca no :-mm
oﬁpasyxom.um BSanMHo nepneunuxynspuu FAT

.

4'(

L ,“

OTBeT. sm

N . - =

Bapuaum 9

S B ceor =g "

.;Pemms HepaBeHcho" B T

log; (x + > log2 (2 = x)

N .OtBeT: —l<x<'—;/5 l.+2V’5-<x<$2‘.
2. Pemmb cncremy ypaBHeHHit: -

sin x = sin 2 y, cos'x = siny; C oy
0<x<:rt O<y<n

n L ow
OTBeT' U= o n= E;4x2=‘0’ V2= 5.

3. [lng KamaOro oTpHUATENBHOrO HHCAA M pewHTs ypasHesiue:
: - 4—4m2"+2m-l-2 0. -

el




* R B T 3 LS o , - o
i SRl e St T sl e ey

. OrBem TOJILKO TpH m<<—1 ypasHeHHe HMeer Ol H Kopegf??:'

x = log, 2m+Vam* —3m —3) .

4. B tpeyronbuuke ABC nansi yras A, B, C n pamuyc R omucaH-~ ‘ N
HOH BOKPYT HEro OKpYKHOCTH. BHYTpH 3TOTO TPEYroJbHHKA B3ATH ABE =

TOukH P ¥ Q, Takue, uro L PCA = ZQCB = %, ZPAC = % '
£QBC = 2. |
Haiitu nuomane Tpeyrossiuka PQC.

¥

: si'ﬁf- sin -B—‘sin < sinAsinB
OrBer: 2Rz 3 3 3 .
. in (‘B— -I-i) sin (£+ _(_3_) u g
. S R 37 3)

5. Jlan paBHOGeIpeHHBI TPeyroJbHHK ABC, AB=AC =b,. Sa

a yron BAC = a. 3tor TPEYroJIbHHK ‘BpalliaeTcss BOKPYT OCH, apo- - ;4
" XoismeR uepes BepmmHy A, Tax, uro yron Mexny 3Tod oceio M mao- -

CKOCTLIO TPEYrO/IbHHKa paBeH B, a OCHOBaHHE TPeYroJbHHKA nepmeH-
AHKYJSPHO OCH. BBIMHCANTE 06BeM Tesia, MOMYYEHHOrO NPH BpaILEHHH

TpeyroJibHHKa. .

v .
nb? . 9. O
OTser: ?cosﬂcos—;'—sm2 7%

Bapuanm 10

1, Pewuth ypaBHemmwe: - .
L EED(El=n= -1 -
Orser %, =———1, x =1 x L
"MT YT - Ve BTy

2. 3uas, uto tgau tg p— xop.x-m KBaJipaTHOrO ypaBHeHHUs:

x*+px+ q=0, -
BBIYHC/IUTD:

sin @+ B) + psin (@ + B) cos (@ + B) + g cos® (a + B).
' : OrseT g

3, Pewmnth HepaseHcTBO:

'V3-,-x‘.—Vx+l>. %‘.

"Orser: ——l;<x'<l——]-/83—l'- :

4. B kpyrosoii -ceKTop, orpaludenHbii paguycamun OA w "OB, c -

« I\ .
HEHTPaNbHLIM YrIOM a (a < -2—) BIHCAH KBajpaT Tak, 4TO ABE €ro co: -

294 A . - N .1




iy \ . «

CellHue Bepluntbl Nexar Ha pagayce OA, TPeTbd ‘BepuMHa — Ha pa-
muyce OB, auersepras BepmMHa — Ha ayre AB. Haiirn oraomenne

njomane# Ksaapata H' CeKTopa.
. 2sin%a

a(l 4+ sin 20 4 sin?a)
5. Yron B oceBoMm ceuennn apsMoro Kpyrosoro Kouyca paBeH a.
‘lep& €ro BepUIHHY MOA YriIoM B K ocu Komyca (ﬂ <= ) nposejeHa

OtBeT:

nnockocts. Hafitn yron x MeXJy ABYMs OOpasyiOllUMH KOHyca, 10
KOTOPHLIM fIPOBEICHHAs MJIOCKOCTb NEPEeceKaeT ero MoBepXHOCTb.

Valt ]

Orset: tg 5 =

) ' %

Bapuanm 11
I. Pewrth nepaBeHcrso: e -

-2—>x+ 1.
X

OrBer x< =2 0<x<l.
2. Pewmnts ypaBHeHue: ‘. ) ’
V sin x + cos £ =
Otser x=(2k+ I)a — arcsin V52 ,
rie k npuHEMaer Bce ueJble 3HauenHs.
3. Hawm BCe IefiICTBHTEJbHbIE pelIeHHs cHCTeMbI:
22 2y
— y’
l + x2 o1 -l- y

O-rse'r' BCe pelIeHHS naanoﬁ CHCTEMEBE: Xy = 0 Y= O x, = l
Vo= 1;

—1—2 | —149%, _ —14n —1=g "
"3=T<f)’3=. 5 ¢ W T YaE T
4, BHyTpu paBHOGEAPEHHOTO MPAMOYTOJILHOIO Tpeyroieuuka ABC,
KaTeThl xo'roporo paBanl a (CA = CB = a), B3sta To4Ka P TaKas,
.ut0 £ PAC = —2, Z PBC = 3'4..» Haiitn paccrosnue or touku P

o ueu'rpa BnHCaHHOH Opr)KHOCTH. _ _
: 1 +V38—VE
. V§ .

5.- B- 0CHOBaHHH - IpaBUJILHON qefmpexyronbnoﬁ OUPAMHILL - JIEXKUT
KBajpaT cO CTOpoHO# a. Bricota nupamupei paBHa AMaroHaju 3TOro

OTBeT:



Bapuaum 12

s % Pemim: nepaaeucmo.

1
—

xlgx

g lgx<l , il
OTBeT. O<x<l l<.¥\%krf/l?
d«2. Pewmnrs ypabuenme:. - s I O
(sin x + cos x)* = tgx cos2x .
.OTtBem. x = km — -’i, rae k NpHHHMaeET Bee Ledble snaqemm.

- 3. Has Kamnoro ,ueﬁcrsme:mnoro yHcaa a pemmb ypaBHexme' :

Saeinia

B \ B LhY a—x 1/1+x — 2
i«: ) l+‘x a—x A . Y
O'rBe-r. ecan aaé—l TO JaHHOe ypaaﬂeﬂne HMeeT OLiH Kopéw
Ced ‘ o "~~~x a—(4+VIY .
w I+G4ye2)y '

E(:Jm a=— l “To KOpHe#l HeT.

4. TpH OKDYKHOCTH pacro/iokeHs Ha IUIOCKOCTH : TaK;: 4TO Kaxlas
M3 xmx BHEIIHHM o6pa30M Kacaercsi ABYX APYrHX. Pannycm OKPYKHOC:
Teil oTHocsATCA Kak 1 : 2 3. Bbxtmcnu-n;b yris Tpeyro.nbﬂnxa, Bepmu
Kotoporo” pacnoam)xeﬂu ‘B TOUKaX KacaHus.

‘OTBeT: ’E' arctg 2, arctg 3.

o B q’epea CepenHHy ' IHaroHajiu Ky6a' nepneﬁnﬂxynapuo 'K méft
:- npoaenena MJA0CKOCTb. Onpenenuts miowans ¢duryps, nonyqqgmeuca
B CEYEHHH Kyba 3TOH MJI0CKOCTHIO, ecau pe6po Kyba paBHO. . ' *

= .s FE OTBeT' 3V3ﬂ«a2

§43 MexauuxmmaTemamqecxnﬁ dakyabTer, 1965 r.

(Pemeune H o6o6meHne Hexo'ropblx‘re;q
Merpnqecxnx 3azxatI) o

Bapuaum 1 sadaua 2. 3ame-mM uT0 pemeﬂue 3anatm U o'rBer He‘
MeHSIoTCA ecau TPEANONOKHTb, Y4TO B OCHOBAHHH NHPAMHALL JEKHT
napanenorpamm ABCD, a BepIUHHA-S — NpON3BOJIbHAS TOYKa npo=
CTPaHCTBa. (He Jexailan, KoHeHo, Ha miockoctd ABCD). Urak, npo-
BeJieM n.nocxocrb Yepes ToukH A, B u cepenuny. . E orpe3ka SC. S'ra
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- ‘PHM’ MHOTOr paHHHK; ‘OrpaHHYeH kI OCHOBaH , ABYM.
“neunssmu AFEB, DFEC u nsyms Tpeyroavuukamu AFD u BEC. Ipo-

ueM “ABCD, noyws tpa-

BeneM miiockoctb ADE. Torza: 5TOT MHOTOTDaHHHK pasobbercs Ha nu-

pamuny EABCD, o6bem Kotopoit paBen % oGbeMa JAHHOR, IMPaMHEI,
H/Ijla nupamuny - ADEF. . Tak kak ma, ASEF = ma. A FED © ecrs
-z aomanu tpeyronbiuka SDC, To o6beM mupamumsi ADFE pasen
} OGLBQMa mupamuzet  ASDC wiu nupamugu - SADC,: nHaué, 06'beM

f

T e, 767

~ B e L I ST pry

M

‘i paMi s “ADFE paBen —;- oﬁ'bemanaﬂﬂoﬁ THpaMitgbL. O-rcxona &c.ue-
'.'uﬁ,yer, 4TO 0G6BEM YKa3aHHOTO Bhille Mﬂbrorpaﬁunxé paBeH -é--l— 21 -
=:%,1061>eM,a - BaHHOH nnpamnm‘. 06£eM TMPaMHALL SABEF ‘pa.B.gfl
nos'romy 5;’- oﬁsér&daln‘éyﬁoﬁ ;ﬁnpamnm, " .no‘romy ..ceKy;ﬁaa n.nocxocrb

FER s

IeJHT 06eM faHHOH MHpaMHABl B OTHOLUEHHH 3 : 5. N

Bapuanm 2, sadaua 2. 3amernm, uto mu pellileHHe, HH OTBET .He
U3MEHATCA, €C/JH CUNTATh, UTO TPeyrojbHas npusma. ABC A'B'C’
‘ ripoussBosbHast  (pue. “76).  amum pelllenne safaud, cuutas
AaHHYIO" TPEYFOJbHYIO NMPUSMY . NpOH3BOMbEOH. Ilycte P — cepeniina
otpeska AC. Tlnockocte MB'P nepeceuer pedpo-AA’ B ero cepenune
S. Cekymas MIOCKOCTb OTCEYeT OT MPHIMBI MHOT'OTDaHHHK, KOTODbIH
MOXHO"Pa3GHTb Ha HeThIPEXyTrOMLHYIO nupamuny B'ABQP (B' —
BepIIHHA, @ — TOUKa NepecedeHns npsMbix MP u ‘BC) ¥ TpeyroasHyio
nupamuly PASB’. Tak Kak o6meM: TpeyrosbHol NPU3MBI, MOJIOKEH=
HOH Ha GOKOBYIO rpaHb (ABB’A’), paBeH nosioBuHe NPOHM3BEAEHUS MJio-
WajH OCHOBAHUSA Ha BBICOTY M TAaK KaK IVIOMAAb TpEyroisHika ASB’

97




b

.paBHa % niomanK  napaanenorpamma ABB'A’) a AP =3-;- Ac,
T0 0GbeM nupamuin PASB’ pasen ?13- . % o= i‘lz’ fIe v — obBem
DaHHOH TpHSMHL, . ' ' -
Hanee, nposenem uepes TOuKy A mpamyio AQ, | MQ, u nycThb
Qs — TouKa nepeceuenus s1oil npsMoi ¢ nmpamo#i BC. Torna BQ, = -
= QQ, Tak Kak BA = AM n Q:Q = QC, tak kak AP = PC. Io-

stoMy CQ = %CB, CP = % AA’ u, 3paumr, qna. ACPQ =
-

n1. A CAB, cnemosatenso. . yerbipexyrossuuka AP QB-

paBHa % §, fle §— naomane TtpeyronsHHka ABC. Orcioga cle--

ayer, uto o6veM nupamunsl B°AP QB pasen ?—‘8’.

Wrak, cekymas nmockocts paccekaer HDAaHHYIO NpU3My Ha 4actd, -
OOBEME  KOTOPHIX S

v 50 13v 23v

—_— —_— e Y ——

12 18 36 36

Bapuanum 3, sadawa 2. Mu 6y- i
~ IeM NpeanoaraTb, YTO B OCHOBAHHH .
MHpaMHALl JIEXHT (apaj/ienorpamM
*ABCD, S — npousBosibHas TOYKa,
"He Jiexawass B OJOCKOCTH 3To-
roy napananenorpaMma. Ha pucynke
' 77 - u306paxeHo ' ceueHue nApamy- -
- Jibt- JAHHOR - [IAOCKOCTBIO. Cexymas
IJIOCKOCTb  [IEPECeKaer  OCHOBahHe .
ABCD mo orpesky PF, rPaHHYHEL-
MH TOYKaMH '* KOTOPOro #Basiores
CepenuHel OTpeskoB AB w AD.
Ipanb  BSC — cekymas maoc- .
KOCTb — fepecekaer no orpesky 7Q - -
(T — rouka nepeceuenus SBu MQ, «
Q — cepexuna  SC); frpans ASB— .
no orpesky TP. Ilycre K — Tou-
Pac. 77 Ka nepecevenns MP u CD, a =~
R — rouka nepecevenns KQ u SD;
: ~TOPIA’ CeKyllas mJOCKOCTb mepe-
cexaer rpanb’ DSC no otpesky RQ, a rpans- ASD — 00 OTpesKy FR..
LHa H3 YacTedl, Ha KOTOPYIO CEKYILAs TMIOCKOCTD paccekaer nupamuay, - .
MOXeT .GhITb PasbHTa Ha 4 mMUpaMums: . : N

"SAPF, SPTQ; SPQR, SPRF, -

OtHowenne stux ob6vemos pasmo 13': 23. - S

¥

i
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. I

.

./O6nem nupamuns SAPF PpaBeH % o6beMa ;_‘gaguqﬁ;- TaK 'kal,g::,‘j
ma: APF =L un. /7 aBcD. S s

Tenepnr sameruM, uro ecau nama TpeyronbHasi nupamuna Sofy n
ee pebpa Sa, SP, Sy pasaenuts Toukamu o, B’, v tak, uro :

Sa’ SpT_ sy
—=h’ —_ =W, —_——=, k!
Sa s M Sy

TO OTHOWIeHHe 06beMa mupaMumsl So'B’y’ K 06beMy mupamugL: Sofy
Gyner paBHO Apv. . )

'~ TlpoBenem u€pes To4Ky Q mpsmyio, napannensHyio BT, u nycts
STa npsMas nepeceyer npsiMyio BC B touke (. : -

Torza -
TB =2QQ, = L $B,
s N 2 4 .o
sHauur, ' S R
| Sro_3
SB 4
Hauiee,

i APBC=Y ., Sg 1
. ma. APEC -5 M. 7 ABCD, SC = 3

‘ f’:ﬁhoéréii,qy 06beM nupamust SPFQ pasen %/, o6beMa gaHHOR, Taxk kar

. A Pcp-=% m1. /7 ABCD, g—:;:% e
(ato @dxaégmaed‘ca TOUHO Tak K€, KaK BHIIe GHUIO - JOKA3aHO, UTO -
0 10 .

2L =2 —l, T 00beM MupaMHAkl SPQR paBeH '3/,,, o0beMa jan-

SB 4)’§BTT2

HOH, .. .
... HakoHen, Tak Kak ..

an APFD— 1. SR_3
‘nJL APFD— 5 rm.)EABCD, D - }, :

“T0.06beM nupaMiiisl STRF paBeH %/, 06beMa JaHHOM. =

Hrak, ‘o6reM orceuenHoil yacti pasen mososuHe oGbeMa JaHHO#,

_TaK Kak

1,3 .3 ,3 1

. @+m+ﬁ+w—f
Hckomoe oTHolWenue pasHo 1 : 1. . A 1
Bapuanm 4, sada4a 2. Hu pewente, un orser 3ajayy He H3MEHAT-
€4, ecan cuuTarb, 4t0 ABCD — npousBosbHbIf napaJsjieJorpaMm, a
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*.._Moxer ObiTb pa3Guta Ha nnpamuii SABR
“"SRBP u SRP Q. O61em ‘napamune’ ' SABR -
i ‘paen /g 0ObeMs' naHHOH MHpaMuIb, Tak
kak AR =‘13- O6vem nupamuzst SRB:

. paBeH o0vemy nhipamuns SRBC, yMmuoxel
" woli 12 S22 L oo vk n. AR
i S¢c T o 3TaK Kak mh. ARJ

LI

.. paBHa nOJOBHHE ajowazs - napan
- nenorpamma’-ABCD,, 10 06beM - npaMufi’

Puc. 78
SRBP pasen !/, o6beMa nanHO# nupamuns.‘Hakoner; 6pem nupamMuas -

SRPQ pasen oOhemy'(‘mpamunu SRDC, " ymHoxeHHO# ua %g = % e
S - ': > RSN B ninowmrs
Ha -S—le = % B caMom geme, nposemem . uepes . Touxy.

npsiMyi0, NapaeibHylo npamolt SD, i nyéts okia nNepecekaer npsamyio
CD B touke .P,. Torma ST LR :

1 .

S22+ = e

'=”_ ﬁ.: 2 =.5.. = ) ‘=_2- D
PP= D, B > =7 PP =2sp,

s

i S e g R I i 8Q.
2 . S = .. SD H, a HT, -
" . Q 5 .3H q SD

5

4 .

Ce _3. ..,‘:‘,, PRI Leren AN
5" o

' - Horak kak nn. ARDC pasHa !/ .nnomann napannenorpamma ABCD;
To o6bem nupamuas SRP Q pasen '/, o6beMa NaHHON MHPAMANLHL. Ta-
KHM 0GpasoM, -00beM OfHOH H3 uacTedl, KOTOPYIO AAHHAsi MAOCKOCTH :
"OTCeKaeT OT AaHHOH NHPaMHIb, paBeH S

| l 13
6 4 10 60

obbeMa NaHHOA mUpaMumel.” 3HAuHT, OGBbEM APYrod YacTd paseH /o
8TOro 06beMa, a OTHOLIEHHE STHX 06beMoB pasHO 31 : 29, o

" -Bapuanm 5, sadawa 2. Hu pewenue, HH OTBET He. MEHSIOTCS, ey
cuuTath, 4o npusMa ABCA’B’C’ mnpoussonbhas (Ho rpanu ABC §

ok .




‘ PaCQMO’l‘pHM TY YacTb NpH3MbI,

. QRA’P A RAQ Tax KaK

'S—— B’B a B’T 'C'
(a-ro c.uenye'r - b3 TOI‘O uro’ .
. .7 ..CEpeNHHa. . .. orpw(a .
AICI ) MB' — l TO nJ]O-' ‘.
. a ’A' 2 s AU L

»m.am: Tpeyroasiika SB'T '
" paBHa: 1/,G ‘TJIOAAY- rpaHH ' : S
" . BB/C'C, a, s3naumr, _oOb- . e

‘nne‘sanaqu npu "9TOM npen-
nosnoxenny, Ha, -prcynke 79
usonax{eHo ceuende NaHHON
TIPUSMBI- JAHHOM . NIOCKOCTBIO.

-Koropas, cozepxur peGpo AA’.
Ty 4acTb, MOXKHO pa36mb B

cywuy oé_'pemos cnenyxom,ux

lmpamu,u: TR

‘SA'B'T, SA‘TP .A'RSP,

eM nepBoﬁ unpamum,l A'SB'T ' Puc. 79
' paBeH R :
1 1_1
w23 u

) 061>ema nauﬂoﬁ TpH3MHL. Hanee, nn AA TP = 3 ni. AA’B’C'

3HaYHT, 961>eM B-ropoi’x nupamm(u paBeH % . % . %=&5
RS '

’ 1 .
oGLema nanuou npusMel. Tanee, "— = — § miomags TPeyro/ibHHKa

RM-. 2.

. MA'P paBﬂa 3/s maomwamy TPeyroJbHAKa A'B’ c’, 3Haqn'r, oﬁ'beu

1 3 1
c = = =— ob6beMa: aﬂnoﬁ
2 4 8 e

npusMmsl. Janee, niomags rpeyro.nb}mxa QA’P pasfia niowanmu Tpe-
yroabuuka AA'P u pasna Y/, maoiianu rpann AA'C'C. SHaan,

00beM ueTBepTON MUpaMHIH . paBeH % . i_ . % .9 =_ll_2 o6bena

TpeTbeﬁ napamuael RA'SP paBeH —

JAHHOH NpH3MEL. Hakonen, rak xak




Puc. 80
0 . -
- —Lap_Lyp_1
| ‘ AQ_;:,AP sAB 6AB S
H TOSTOMy mJiolank TpeyronsHuka RAQ pasma 1/12 miaemamn PE-

yroabauka ABC, suaumt, 06beM nupamust A'RAQ paseH . 1/36 06B- - .- 4
eMa npusMel. Mrtak, o6beM paccMarpuBaemoi wacth paBeH '

1,111, 1 49
24+16+8+12+36_,144

06beMa naHHOH mpH3Mbl. TaKHM 06pasoM, oTHOMeHHe uacrelf, Ha Ko-
. TOpbl€ JaHHas IVIOCKOCTh AIHT JAHHYIO MPU3MY, paBHO 49 : 95. g

- - Bapuanm 6, sadasa 2. Hu pemenne 3afiauH, HU pesy;isréi‘"ﬁézng-_‘_ E

MEHSIOTCH, ec/IH BMECTO Ky6a B3aTs TNPOH3BO/ILHLIA Mapansienenunen, -
- HO Ha mpozio/KeHHH peGep AB, AD uAA’ COOTBETCTBEHHO 33 TOURY -
B, D n A" orknapniBaTh otpesku BP, DQu AR, COOTBETCTBEHHO paB-

 Hble %AB, gAD H %AA' (puc. 80). .Tenepn 3aMeTHM, 4TO MvIoC-

koctb DA’B: mepecekaer RHArOHa/L Mapa/lie/ieNHesa B TOUKE & Ta- '
- ko#l, yro Aa: =-;—AC' (Mexny mposnM, @ — i'oqxérf ‘mepecedenus ~
Menuas Tpeyromsunka DA'B). Ecmu RPONOMKHTL pebpa-AB, AD u -
AA’ 3a ToukH B, D n A’ na paccrosnus BBy = AB, DDy = AD
uA'A; = AA, T0 nnockoers DA By Gyner napannensua IJIOCKOCTH -
DA’B, npotizer uepes Bepuinnpl D', B” u C napasienendnena u nepe-

ceder ero guaromanb AC’ B TouKe B-.takofi,: ato AP =§AC’

{(Mex1y npounm, B — Touka nepecevenns Memuan TPeyrofbHIKa
.D'B’C). Orciona cuenyer, uto maockocts PQR nepeceyer AMaroHanp
AC’ napannenenurena B Touke ¥, ABNIOWEeCA ‘cepeaMHOA oTpesKka -




e mrgp—

. Ma JaHHOr'o napannenenuneia. Orcioga

I B
BC'. Tak kak obbeM' mupamums ¢
C’'D’'B’C pasen 1/6' o6veMa - manHoro \ S
napajienenunena, Touka B Jexur Ha '
€€ OCHOBaHHH, a y— CepelHHa OTpesKa
C’B, 10 maockocrs PQR, mapajnens-
Hast miockocth D'B’C, orceyer or
nupamupel C°D’B’C nupaMuny, o6bem
Kotopo#t pasen (1/2)® = 1/8 obwvema
9TOH MUPaMUJBI U, 3HAYHT, 1/48 o6wpe-

clelyer, 4ro miIockocts PQR  pasge-
JIET 00beM NapaJjiiefienuneia B OTHO-
menun 1 : 47. . Puc. 81
Bapuanm 7, 3adaua 2. TIlycts.
OABC . — tpeyrosbhas  mupamuga,
TaKas, uro (puc. ‘'81) LAOB = £BOC = £ COA = 90°, Ioctpoum

AN

IPAMOYTONbHEI napasuienenunes ¢ pedpamu OA, OB, OC. Fro ZIHa-

roHanb OA’ nepecekaer miockoers ABC B Touke P, sBasoumefics Tog-
KOll mepeceueHus MeguaH TpeyronbHuka ABC. C gpyroit CTOPOHHI,
cepemuHa S otpeska OA’ siBisiercs LEHTPOM MOCTPOCHHOTO Mapajie-
Jenunefa H OHa  paBHOYJaJieHa OT BCEX BEPIUMH 3TOro napaJuiesieny-
neaa;. B:gactHoctd, SA = SB = SC = SO. Touku 0, P,:S nexar Ha
OfHOH mpsAMoOd. - T TR

LS

§ 44. Dusnueckunt dakyasrer, 1965 r.

(Pemenue n amanus nekoropmx reomerpa-
R HecCKHUX sagau) - B e
. Bapuanm 5, sadaua 4. PaceMorpuM ga cayuas: ayau DP.u DQ

HAaXOAATCS O OJHY CTOPOHY OT ZuaMerpa DC (puc. 82) u no pasHebie
CTOPOHHI OT Hero (puc. 83). - Tak Kak nJomans KPyroporo cekropa pap-

Ha TOJIOBHHE KBajpara pazuyca, YMHOXEHHOA Ha yroa ceKropa, TO




* IVIOMAgH KPYFOBEIX “CeKTo oB... DMN"u" OP Q" pasiibr e
(£P0Q =24DPQ, 'wo DM =V3""0P)" Nanee, 1B, |
KOTOpOii f{rggopw‘rca ‘B YCJIOBHH 3ajayd, paBHa PasHOCTH mJIOLHAN
(T, L. H N Pt :
Dﬁfoﬁ“‘““QMN‘, Wiy pashoctd niowaneis DPQu OPQ , uau pasuoct
nuiomaneli - Tpeyroabhukos’ DP Q u OPQ, 1aK Kak Qurypst DPQ'u
Df’péiﬁéi&r B'Kauécrse 00LIeil YacTH CerMent ¢ xoproit PQ. B cnyus

- H3006paXkeHHOM Ha pHCyHKe 82, pasHoCTh
DPQ u OPQ.pasma pasmoct mIomane 2’8
OQK (K — toura mepeceuenuss OP u D Q) wnn pasuoctu TJIOIHAZEH .
Tpeyroabuukos . DPO u DQO. Ho 1. A DPO = nx. ADP’O, na.:
"‘ADQO = na.© ADQ’0, pasxocts ‘Towane TPEyroabHHKOB

"1 DQ'0 pasna’ niomazy TpeyrosibHuKa DP'Q'. <"~ ..

.7 #B ‘enyyae, -u300pakeHHOM: Ha' pucynke 83, "meno oberout ‘poliie
PasHOCTb MJIoWazelt TpeyroybHUKOB DPQ #M’°OPQ paBHa . cymme: 1iT0-

Wazei Tpeyrojbuukos DPO u D QO, KOTOPHI€ COOTBETCTBEHHO paBHO-

BeNMKH TpeyronsHukaM DP’O'u D Q'0. Cymma xe mJomanei ot

TIOC/IEAHUX TPEYTrOJbHUKOB paBHa IJIOMIAAH TPeyroJbHHKA DP'Q".

3aMeuaHHe. YTBepxenne 3afauu BepHO H B ToM clyqae, -ec -
OfHa 3 ToueK P mam- Q coBnagaer ¢ toukoii C. S

i

‘Bapuawm 5, sadawa 5+ - -
Pemenune. : 4 ,
HoraxeM cHauama CIIEAYIOIYIO JIeMMy . ' _
Jlemma. Jlas Toro 9robbi gse chepot* (T, w ) (T py
‘Kaca/luCb APyr Apyra BHEIIHUM 06PasoM, HeOGXOZUMO H AOCTATOYHO,
'9TOGbI JJIMHA OTpesKa S;S,, OrPaHHUEHHOr0 TOYKAMH IPHKOCHOBEHHS
'K JaHHHIM CepaM IVIOCKOCTH (p), KOTopast Kacaetcst HX 06eHX, Gbliia-6bl
PaBHa 2/ , : o '
: - - SiSy =2V py,

.

JlokasaTtenbcTBO HEo6 X O
“AuMocrtH. Ilpexnonoxum, 9to cdeps
(Ty ) u (Ty py) Kacawrest BHem-
HEM  obpasoM.  OGosHauuM uepes .S,
. H S, TOYKH MNPUKOCHOBEHHS K HHM wioc
S Koctd  (p), KOTOpasi Kacaercsi ofeHx
Puc. 84 , chep (puc. . 84). Tlyers P — rips:
.~ * [IpuBogHMoe " HuKe pellleHné NMPHHAMNEKAT CTYAeHTKe (H3HIecKoro-da-
Kynabrera MLY HBauwosoit E. B. o B TR C T
<~ ** Gumeosom (G, p) Mul 6yxeM 06o3HauaTh.chepy CUEHTPOM B Touke G H:ipa-
RuycoM p. : - R
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P2

cbeput (7,

MayronbHag, 1

— W) = g

.+ 3 0Ka3aTenbETBO AOCTATOUHOCTH. Ipeanosio-
XKUM, 910 K cpepaM (T, uy) u (T2, p) MOKHO MPQBECTH. ILIOCKOCTE: (P),
’Kacarolyiocst HX 00eHX COOTBETCTBEHHO B TOUKAX S;--H S,, NPHYEM JJIHHA (

-orpeska’ S,S, pasHa * 2)/ puy: _ R

& 3 ~;»::-" . o SISZ =2Vm [N 3

¢ Hoxaxem; utocepst (Ty,uy) 1 (T3, po) Kacatores: Apyr Apyra:BHe-

- HUM. obpasoM.~ - R : R

[loctpoum chepy (o), Kacaomyiocs MIOCKOCTH - (p) B TouKe

Sy u cpepnt (Tp, p,) BHemHMM o6pasoM. Takas chpepa cyimect-

.y

~ Byer, H IPUTOM TOJibKO ofgna*. Ee pamayc x paBeH 2V xp, = S§;S, =

= 2V pipo, OTKYHA X = py, T. €. cepa () coBrajgaer co cgepoii
(Ty, pa). . -
. \ .. I°. Hccrenyem, B xakux rpanumnax
- " MOXET HM3MeHATbcs R, eC/H,r ¢uKCH-
posawo.. -
. O603HauuM TOYKH NPHKOCHOBEHHs
-KOCTbIO ~ (p) - COOTBETCTBEHHO 4epes
A, B u C. Torga T

Puc.:«Sé o ' ,_AB = AC = 2[/ Rr, . E (
- . .BC =9r. L@

- -« * JlokasaTh 3TO MOXHO TaK: PacCMOTPHM HHBEPCHIO C LEHTPOM S, U CTeNeHbIo

. ,jmgepcuu, paBHoit. S;S3. Tlpu sroit HHBepcHH c@ega (T4, py) mepeitier B ce6s,
1

a chepa (0), Kacaomasicst NAOCKOCTH (P) B TOIKe Mepeiifier B m1ockoerb, (p’),
flapannesbHylo niaockoctH (p). Cdepa (6) B chepa (Ty, Wo) GyAyTKacaTbCst TOr<"
‘2 M TOJIBKO TOrAa, KOrAa GYAYT KAcaTbesl MAOCKOCTH (p’) u cdepa (T, pq). Ho

CyIECTBYET H NPHTOM TOJBKO OAHA MJIOCKOCTh (P’), NMapajieTbHafmi HNOCKOCTA . -
. (p): ¥ Kacaomasica chepul (Ty, Ny). 3Haunr, CYIIECTBYET U NPHTOM TOJNBKO OfHA

ctepa (0), kacaomasics edepri (T, ;;2). Ha pacyrke 85 nso6paxeno nocrpoenue
“cededHa chepul (6) nnockoctsio T, 25,Se;" NPOBOXHM KacdTenbnyio (p” , Ta-
aJJIeNILHYI0 NpAMOil (p”), NO KOTOPO# RepeceKaloTCS MJAOCKOCTH T T,S;S;-u
- (p); Touxky npuKocHOBenHsT M’ coeamuseM ¢.S;; nyerb . M -~ touxa, B KOoTopoi#t
5Ta npaMas nepecexkaer chepy (7'g, Bo). Lientp chepw (0)..aexut fa- gepeceye-
“Hul npaMoii TsM ¢ npsamoit, npoxoAsimed uepes TouKy S; NepNeHANKYARPHO' MaQC--
Koctd (p) (puc. 85). . a comnan i




Ecimn A ABC we siBasercs Bblpbr}!'(\-':,
IeHHBIM, TO ' ‘

AB+AC>BC .

H
AB=4c>%.
nm
"2 V@}r,
OTKyZAa
,
k/ R> e ’
« Ecan A ABC - Bripoxzenusit (puc. 87), 10 R
"AB + AC = BC, : Ly
HIIH AB=AC=B?C:', wi 2 VRr=r, . ‘ i
OTKyJa
BRI . . r
St . . R = Z‘«

Takum oépaiaoM, AAs TOro 4toObl 3ajaya Moriia HMeTb_peilleHne, !
#e00x00umo, UTOOBI BHINOJNHSIOCH yCJIOBHeE: ) S
r
R> -,
=310 yCJIOBHe, KaK Gyzer nokasaHo, H HOCTaTOuHO, T. €. ecnu_cq)éplr_;"i
Pamuycos -r;r 1 R Kacaiorcs gpyr ApyTa BHEIIHHM 06pa3oM H, Kpome TO-

F0, Kacalorcs HEKOTOpO# MJIOCKOCTH (p), TO B ciy4ae R > 7 Cymecr-

BYIOT H IPATOM:TOJIBKO ABe (B caydae R =+ r) passinyHbie cheprl, Ka-
caiollinecs: TpexX ZaHHLIX H MJAOCKOCTH ). -

*« Ilycrts nannsie cheprr pajaycoB 7, r,- R KacawoTesi mIOCKOCTH m
COOTBEICTBEHHO B TouKax B, C# 4. BuiGepem na npamoii " AB noncxi-
TeILHOE Hanpas/enne ot A k B. Ha meguarpuce AD orpeska BC(D'— - . +
cepenuna orpeska BC) BHiGepeM MoNOKHTENBHOE HampaBjiesue or 4 -

K D, ecli 5TH TouKH PasJ/IHYHbl, H APOH3BOJLHOE, €CJIH -OHH coBmajaror. .

{puc. 88). SR .

Ha ocnoBanun goxaszausoro swime cywecrsyer chepa (G, p),
Kacawouwasacst JNaHHBIX TPeX cep BHEWHHM 0BPasoM H IJIOCKOCTH o -
TOJBKO TOTZA, KOTfia CYUIECTBYET Ha ILIOCKOCTH {p) TouKka M H CyHIecT-
BYeT HOJNOXKHTEAbHOE YHCAO p, TaKHe, 4to )

AM=2VR“‘);. - o 4 ; ’(Y-i

YR
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/

R BM=CM =2V,

Ecau cymecrByer Touka M, YAOBJNETBOPSIOLLAS STHM COOTHOLIECHH-
AM, TO ‘

AM_ _ VR , BM = CM,
BM Vr . .
T. €., C OZHOH CTOPOHHI, TOUKa M npHHALIEKHT OKpYKHOCTH Anomio-
HH (B cilydae R 5= r) ¢ mpefeqbHbIME To9KaMi A u B, npuueM Touka
C npuHagnexur 3Toi OKPYKHOCTH (®), TaK Kak
. - AC __ 2VRr _ VR R
o v Ty . @

~-

Ecnn Touka B nexur BHYTPH "OKPYIKHOCTH (®), To orpesok BC
JIEXHT BHYTPH 3TOH OKPYIKHOCTH (TouKa C JIEKHT Ha:CaMo#i-OKpY K Hoc-
TH), nosTOMY Memarpuca AD orpeska BC nepeceKaercs ¢ OKPYKHOCTbIO

(@) (puc. 88). Econ xe BHYTPH OKDYXHOCTH (®) JIeXHT TOYKa A, TO )

10608 npsiMasi, NPOXONsiilas Yepe3 TouKy A, B TOM YHcle | MEmUaTpu-
ca AD. orpeska BC, NEPECEKALT OKPYKHOCTb (0) B ZBYX -PasiHUHBIX
TOuKax (puc. 89). - L T i,
. .. Hakonen, eciu R = r, 10 OKPYIKHOCTb (©) BEIPOXKJAETCA B MEAUAT-"
PHCy. bTpeska . AB M mocsiennss, KOHeuHo, TIePeceKaeTcs ¢ MeAxaTpH-
cofi- oTpeska. BC. Hrak, Bcerma CyliecTByeT (MOXeT ObiThb-Jaxe Jpe)
TO4Ka - M, mna Koropoir . e o

AM_ VR pr R
By BM=CeM L

" Torma, momaras - . ,
. BM=CM =2V,
HaliieM p,-a Torga - B o




,AM\'BM

a 9TO O3HAuaer, 4To cdepa Ppamuyca p, Kacaiomasicss n.nocxocm (p)
B'T0YKe M ¥ HMelowas paguy¢ p, Kacaercs BHeIHHM 06pasoM u Tpex
JdaHHBIX cep. Ecau touek M, yuomeTBopmomux coomomer—xmo (a)f B
KBe, TO U HCKOMHIX ctep 'rome -JBe.

~ Wrak, B ciayyae R > — Bcerjia - cyu;ecmeyem chepa Kacalomasrca' .

TJIOCKOCTH (p) H Kacaxou{aaca Tpex: nammx cqxep ‘BHELUHHM . 06paso;

Tlepen TeM Kak BHUHCAHTD Pazuyc HCKOMO#H cdiephr (cdep), .ucea
AyeM N0JI0XKeHHE TOUKHU (TOUEK) IPUKOCHOBEHMUS HCKOMO# cheprn (oq;ep) :
¢ MJIOCKOCTHIO (p). :

]'ch'rb R==r. Torpa ncxomux ccpep nBe. HOCTpOHM Ha ocu: :J“‘A‘B
Toukn P u Q, Takue, uto* : -

_é_f_ _ YR -
: -~ PE /7
A __ VR
@ T
Haiinem AM, u AMz.
U3 pasencrsa (3) cne,uye'r 4T10
PB _Vr
i AP VFR
Vr
—;P- +1= —Vt + l
AP 4P VR +V r
- A T YR
Hanee, npumenss -reopemy Maas**, _ TOJIy4HM:
- . . AB_VR+YVT
L T YR o
OTKyZa ‘ : 4 B ‘ N

AP — _2RV71
VR +V'r

AHanoruuHo u3 paBesctBa (4) HalizeM, uro

* '-Iepes AP, PB, ... mu 06Go3HagaeM Koopzmuam uanpaa.uenﬂux omxo
—_— A B

AP, PB, ..., nexamux ua ocu AB. - :
) ** Oas 51 Tpex JoGhx Touek A, B, C, JIeXKalUX Ha OCH, BHINOJHSETC COOTHO

wenne - AB + BC=AC (Teopema I.[Ia:m)
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' I’Icnonbaoaas reopemy I].Ia:m no.nyquwr
IR Ao=AP+Po.

Ho Tak kak Po = 0Q o
iy e - AQ= AP + 3Py, S
- ) ‘ .P_(:)~:=‘ m —AP R (7”)7 |

Hs paBeHcrs (7)) u (7") cnenyer paﬂencrao . 4
Iycts S — mpoexuus TOUKH ® Ha TpPSMYIO AD ;. TorAa -

MS =3SM; 54 T
. AHajornuHo npenbmymemy noKasbiBaeTcs, qro 0
i Z§ . AM, +.4M2

®

" - Tak kak D — npoeruys TOUKH B Ha OCb AD asS— npoemma TOURH
' ® Ha'3Ty Ke ock, T0 A ABD u AA@S I"OMOTGTK‘!HH (A — uenrp ro-.
More'mu) [Moatomy :

C e

+ AB _ ﬂ \
o A’ e
Ha, TaK KaK B CHJY Bbl6opa nonomme.usnblx Hanpaaneanﬁ Ha ocAx -
ABuADnmeeM AB>0u AD >0,
P =ﬂ _ )
Ao AS !
OTKyJa '

e - AD
S="="". Ao.
AB

us pa;egémf ) n () nafizem :AD:




('raK Kax R >‘ ,, 'ro non pazmxa.now Haxonm-cﬂ Heorpnuarenwoe

uucao). Us paBeHcha @, ncno.nbsya paBescrBa (5) u (6), Hafinem A(o:

2RV r "2RV' T \
Ado=YREVr VR V7T _ RVE
2 R—r
Orciona ‘
2R r
7 - LT i _RVI&=A
oV FRr R—r o

I'ioa‘romy, UCM0/Ib30BAB " PAaBEHCTBO (8), Haiinem:
AM1+AM2 _ RV‘!R’—’z
2

- £l

R—r
“oTKyna . . . R
AN, + A, = RGHRF @

Crenenn* TOUKH A omocu'renbuo oxpy}xﬂoc'm (@) paBHa

| o =AM, - AM,,
B TO Xe BpeMsa .

P —

=4

3

nosfbm’y ’
AM, - AM, = = AP - AQ.
Hs paBeHch (5) u (6) caemyer, uto

- A R’r
. . AP-AQ Fy—
OTKyZa - ) o * .
AM_. AM, = AR (10).;.
R—r I

Ha ocuosamm paBeHcTs (9) M (10) sarmouaem, uto AM, ] AM2~ -
SBJSAIOTC  KOPHAMM ypaBHeHus: n

(R—r)x2—2RV4Rr—r2x+4R’r— (11)

llucxpmmuam ypasaemm (11) 8 cnyuae R %4 r Bcerma mnoowh-
TeJeH: o : <

B CTel‘leHBIO TO'-IKH N _ordocuTensHO. OKpyRHOCTH (F) HashIBaeTCs 4HCIO. G,
Takoe, 410" 6 = NK . NL,rne KulL — TO4KH fiepeceyeHHss OKPYXRHOCTH (F) .
¢ 410604 0col0, NPOXOAAWEH Yepes. TOUKy N. R
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) } d . L .. Lin T S Y ' .'i‘:."f'i 7.. ‘
 A=RUAR —) — 4 R¥F (R — 1) = 3RY >,
‘CllefloBatenIbHO, ypaBHenue (11) Bceria uMeer ZefCTBHTENbHbIE H pa3- - -
JHTHbIC KODHH, T. €. B clIy9ae. R 77 Bcerfa cyliecTByer sge, u TOMIBKO
ABE, PasNHYHbIE TOUKH, ABIAIONMECS LEHTPAMH Cbep, YIOBJIETBOPSIO-
WAX YCIOBHIO 3aKaH; NPH STOM - .

’m= RY 4R’;'jf:|: Rfﬁ. : R (12)

Hccaenyeu, no kakyio CTOPOHY OT ToukH A Ha ocd AD pacrnosioxe-
Hei Toukd My M M,. PaccMorpuM Tpu cayvasi. C .
1. Tlycre R > r; Toraa, xak CleayeT M3 paseHcTs (9) u (10),

’ - AM + AM, >0,
AM, - AM,> 0.

" Ho ecim CyMMa H MpoH3BeleHHEe NBYX UHCE] MOJNOXKHTeJbHB, TO 5TH
JHCIA TaKXKe MOJIOXKHTENBHBI, TOSTOMY: o

AM, >0, AM,>0, .
1. e. TouRH M, u M, nexar na ayae AD,
2. Iycrs % <R <r, toraa
' AM, + AM, <0, AM, - AM, <0,

1. e. Toukd My u M, pacnonoxents Ha npsmoii AD mo pasHbie CTOPOHHI
oT Toukd A. Tak Kak X DO A

|

—RVIRr =7 —Rr V3

AM, =‘ r_R ) <0’ , i ::
A, = =RV VT

M| > 1AM, N
‘T~ €. pacCTOsiHHe OT TOYKH M,, Jexameii Ha NPOAOMIKeHHd Jayda DA
32 TOYKY A, Gosibllie pacCTOsSHMUS OF TOUKH A IO TOYKH M,, nexamei
Ha - Jayue ‘AD. v o e ‘

3. Tlycre R = %; TOT 12
- Tl e - ‘ . S e

: AM} + AMz = 0, AM1 "AM2'<.O,-Ir. .
T. e. Toukd My u M, pacnionoxenr Ha npamoit  AD fio PasHEIe CTOPOHEL
OT TOYKH A Ha paBHBIX paccrosnusx ot Hee (puc. 90). 3amerum, 9t0
B sTOM catydae A ABC BHIDOXKNEHHBIH U 4TO pafdychl HCKOMBIX coep -

PaBHbI MEXNy €060, mpHYeM HX 3HAYEHHE TaKOBO: Pr=p;=3. "

3t




Plccuezwew no)lomeuue me
M, orHacuTensho AABC 7 &
_ 3amerHM, YTO TaK KaK- 'romm My
pacnonoxeﬂu Ha npsuoﬂ AD TO: B CJI

AD — AM,>O
am, >0

2

lfnc:"v"AQ'o ; " Touka M, pacno.nomeHa ‘BH)’TPPI A ABC
. o eclmH Xe . . C i
AD — AM, =0, =

TO TOUKa M, coananaer c Toukoit D; ecam
HJH o

AD:AE<.Q»... w

AM; >0, "~

HaH :
. ’ AM. <0,

TO TO4Ka M, pacnonoxena sae A ABC.
Paccmorrpnm LUeTyio pauHOHaMBHYIO PYHKUHIO OT X:

Ty = (R—r)x’—2R: an — X+ AR sy (13)
- Bynem CYUTaTh, 4TO R, _R. 7= r..Kopuamu.aroit cpynxnmx KaK y)xe Ghm

" KOKasaHo, SBASIOTCS AM, HAM,. .
" HaiigeM suauenne stoii cpnymm npH x = AD
y (AD) = (Rr — r®) (R — r — 2R (4Rr —_ r2) + 4 R?r =

—r2 (f— 25 e H(14

L

l'ch:'rb R > r. Toma .

_ y-(AD) <0,

" nosToMy . . \
AM < AD < 'AMz

(cqmaeM qT0 AM << AM 2) B cuay a'roro, a.TaKxe TOoro, 4ro a c.vly

‘vae R>r, AM, >0n AM, >0, sakmoqaem 410

AD — AM, >0, -
. AM, >0

- . AD— AM2<0
LAMy >0, ¢



ERE

SR :Dro: oanaqae'r +UT0::TOUKA:
- M, nexur Buytpn A ABC;-
;@ TOUKa: M, JeXHT BHe ero -

“'HA " NPOROIKEHHM ayya. AD T
8a Touky D (puc. 91)

~Tyers ;<R<r. B
Torma ‘

Y-

y (AD) <0

CJIéI[OB&TGJIbHO (AM, A< » :
< AMz, AMy <0,

AM,>0, AD>0), - - o .. b
E > AMz. . - . % ' ' BV
- TakuM  o6pasom, mmeem & . B
HepaBeHCTBa: T Puc. 91,

AD — AWM, > o, )
AM2 > O . AL . e e 1‘... FRY

B T A 3.5’;.‘ AM‘ < O i

OTCIO.lla c.nenyer, 470 TOUKA M, ne:xm BHYTpH A ABC, a TOYKa
“M:{==' BHe €10, Ha nponomxermn -3a 'rquy A .nyqa DA (pﬁc 92)3’” ‘
- Ilyetb R = = Tor,ua

y (AD) = 0
-Ho ¢ AM _7474;; — KOPHH quHKuuu Y H eClH cUHTaTbh, KaK H Bl;mxe; uro
AM, < AM,, 10 . o

— T —

. . B ’ A =AM2
HJH ! o .
- AD —AM, = 0,

i~ - My nexur Ha npo,uo.mxennu ayqa 574 3 'rotxxy A (pnc 93).
Myers — < R < — Torna ' : -

L~

i AM, < AD < AM,.

sis

e

T. €. To4ka M; coBnanaer ¢ Toukol D.- Tak kaxk AM <0, 'ro'roqxaj o




C AN
AN

Hveer: a | CERs
" TAM, <0. o

Orciofa sakniouaeM, uTo W ToYKa M,, H TouKa M, nexar ye -
AABC, a umenno BHe otpeska AD — O1Ha Ha NPONOMKEHHH eroisa
104Ky A, npyras — 3a Touky D (puc. 94). : o

- Haiinem panuycn nckoMbix ofep. Kak caenyer us nemmnr (rocratows -

HOCTb), _
AM; =2 V' Ry, SR
HO H3 paBenctBa (12) umeem: -

AWM. — RV AR —r + RY'3
F 2 7 R ,

-

iv
S T . o - 0 X "f.
Pac.92 . .puc. 93
nosToMy ) o R
| Vﬁ?;l.k.'m"”ikrﬁ P
. 2¥.R (R—r) T co
oo R 4Rr—12 +rY' 3 \2 R SR
o= (2 VI s

© - Paccmorpum catyuait, korsa R = r. Tlpn stoM” A ABC ssaseron
paBHOCTOpPOHHUM (pHC. 95): - - E - ST
"* AB ='BC =CA = 2.
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»A«Taxxax S
_2m
BM =2Vrp,
CM =2V 1p,

TO-M: — HeHTp OKpyxKHOCTH,

onucaHHo#l okojsio A ABC,

T. €., MOCKoabKy A ABC

PaBHOCTOPOHHHMH, ©  TOYKa

nepeceueHus ero GHCCEKTPUC

(Mam MeauaH, WJH BBICOT).
HmeeM cucremy:

AM = %AD=—2-r,

V3
AM =2V/7p,’
L OTRYZY p=—- ‘
‘3ameuanne. Monoxum s dopmy.e (15). R = é HMeeM:
P = P=T. Ecan R --—'-, TO -, = pz—— Ec.rmR—r, ‘ 0 p= —;—.? ’

, Taxmvx 06pa30M Aas npenemmux cnyqaes mweeM' .
1) ecin R = r, TO CyIecTBYeT TONBbKO om{a chepa pameca E

. Kacarolasicsi 'rpex “JaHHBIX; TOYKA KacaHAS 3TOH cdaepm ¢ II0CKOCTBIO
(p) saBasiercs LEHTPOM OKPYXHOCTH (ABC); . o

r.
2) eciu R = R cym.ecraylo'r TOJBKO mse chepsr pamuyca
3 —, Kacaioluecs Tpex na}mux TOYKH KaCaHHS STHX. ccpep C MJOCKOCTbHIO

(p) pacnonoxenni Ha Menuarpuce orpeska BC, mo pasHbie CTOPOHH OT -

,

‘Hee H& PaCCTOSHHH ——; N
p v

. cd;epbx panuycoa py=rH pz«- :, Kacaiomuecs

TPeX ZRAHHBLIX; TOYKH KACaHHA STHX cep ¢

HUH ayda AD 3a Touky A; Touka KacaHus
ccpepm panuyca i — cepemma BC a ToYKa

xacamm chepnl pazudyca 7 - TakoBa; YTO'
. /ABCM; paBHOCTOPOHHHIL.

, - 5 T
- 3) ecan R = TO CYIIECTBYIOT TO/BKO ABE

. IIOCKOCTBIQ (p) PACTIONIOKEHHE HA MPOJO/IKe-




”T’}HJ'O)K‘EHJ”E;\ ’e' L B R R

N
B

o

3K3AMEHAUMOHHBIE 3AJAUM 110 MATEMATHKE
7777 3A-1968 TOJL (C OTBETAMM) - -~ - = -

v

‘Mexauuko-matematnuecknit dakyaster,. 1968 r..:

ool Bapdanm 17 .

MR T Y R B e i L R R P .

. ‘Tpanenus ABCD ¢ ocnosanusamn BC = 2 AD = 10" takosi
Hee;MOKHO BMHCATL OKPYXKHOCTL M BOKPYT Hee MOXHO ONHCAaThb OKPYXHOCT
Onpenesmuts, T HaXOZHTCA WEHTP OMHCAHHOI (Boxpyr tpaneunn ABCD) o
PYIKHOCTH, T. €. PacnoJioXeH JH OH BHYTDH, HJH_BHe, HAH Xe Ha OAHOR u3
cropon Tpanmeunn ABCD. Halitn takie OTHOWeHHEe paiHyca ONHCaHHOH .o
PYXKHOCTH K PaAHyCy BNHCAHHON OKpPYXHOCTH. o ol

OTBe T BHE; ‘E;- Vi

2. HaliTi 8ce pemenns ypasHenns: Cels et
o Lt -

e - ... . . Omser x=-—38 x> -]
8. Pemntp HepasencTso: ' '

S o 2kx;
- 4, Hana NpaBunbHas TpeyronbHas nupamusa SABC (S — sepunna).

CTOPOHOH OCHOBaHUS a H GOKOBLIM pebpoM b (b > a). Codepa nexur nan nuo
KoCTbio ocHoBanug ABC, kacaercs 3TOfl nioCKOCTH 8 Touke A H, KpPOMe TOT:

OrTBerT: -—-61‘-[-2k'ni<x.~

Kacaetcs GokoBoro pe6pa SB. Haiitu paauyc sroit chepsi.”

e

5. M3 nyuxra A-B nyskt C B 9 4 yTpa oTnpasnsierca cKopui noesx. B s10
Ke '‘BpeMs U3 NYHKTa B, patnosoxeHHOro Mexay nynktama A u C, BHIXOJ
482 maccaXXHPCKHX [0e3fia, NepBblfl H3 KOTOPLIX CJERYeT B NYHKT A, a BTOpoOfi
8 MYHKT C, MPHYEM CKOPOCTH MacCaXXHPCKHX NOE3N0B PaBHHI. Ckopbiit noest
BCTpeuaeT MEepBHA NMacCaXHPCKuii MOe3]l He MO3XKe YeM uepes 3 4 nocse er
OTNpaBJIeHHsT, MOTOM MNPOXOAUT MYHKT B He panee 14 4 Toro ke IHA u :
Hel, MPHOLIBaeT B MYyHKT C OXHOBPEMEHHO CO BTOPHIM NMACCAXHPCKHM MOE3H0
uepe3s 12 # mocsie BCTpeuH ¢ MepBHIM NacCaXHPCKHM noesfoM. Hafitu BpeM
OpHOHTHA B NIYHKT A NepBOro naccaXupCcKoro noesna . . R

OTtsgm: 164 30 ';amﬂ
tae - :



_ 6. Halitn BCe Te uHCa a, PR KAXAOM H3 xorépgﬁfhéér;{ﬁﬁ ‘ROpeHs Yp

1 uHemms } S I g A
' sin 3x = a sin x + (4—2|a) sin? x L
AABJIAETCS] KODHEM YPaBHEHHA . . \ ‘
0 paig g ssin dxebecos 2x =11+ 2sin g cos2e

PRy

aB=*

: i o
H, HaofopoT, BCAKHHl KOPeHb:BTOPOrO YPIBHEHHA. ;iasaigerca KOpHEM TNepBoro
‘ YpaBHeHHS. . A o
3. -
: Orser: 0<a<l, a=3, a=4, a>5.

Bapuanm 2-

-+ 1. Ilaw napaanenorpamm.ABCD,. y: xortopore. AB.= 1,-BC =2 u yron
ABC tynoii. Uepes kaxAaylo u3 Touek B u D nposeseno no nse NPAMHX, ORHA

U3 KOTOPHX NepHeHAHKYJspHa cropone AB, a npyrasa nepnesXHKyaAspHA CTO:

- ‘pone -BC. B nepeceyenuy 3TUX ueTHIpEeX NPAMEX NONY4YHJCH MapasiesorpaMm,
. ‘lkogg%au_ﬁ napaaneaorpammy ABCD. Hailtn naomaas. napanjienorpamma

st 0 3_??, 5
. 2. Haiitu Bce pemwenns ypasHenus: o

logs(V' x +1V x —1))= log9=(4if?;-3+4! Vx—1). |

- i

) Oteer x=4, 0<x<1.
g 3. PeuminTb HepaBeHCTBO: : o

2.tg 2x < 3 tgx. ,
B 1 7 n
‘O'rse'r:—-4-+ku<x<kn, 7‘1-+kn<x<-2-+kn.-

. 4, Jlana npasu/ibHas yeThpexyroapHas nupamuaa SABCD (S — pepmu-
#a) co CTOpoHOH OCHOBaHHS a H GoxoBbiM pe6poMm a. Chepa ¢ HeHTPOM B TOUKe
O nPOXORMT Yepes TOUKY A H Kacaercs peé)ep SB u'SD B ux cepepnnax. Halitu
_ obveM mupamupu OSCD.
1. I - 5VZ

. : Ortpet ——=ad.
A A; N ) N . C . ".4 .e« 96‘
5. Tyt A # B, pacnojioxenst Ha oxHON- péKe Tak, 9To MJOT, MAHBY- -
muit u3 A B B'¢O CKOPOCTbIO TeueHHA PekH, MPOXORHT NyTh or A'lo B 3a 24 4. .
Becs nyTh o1 ‘A 10 B u o6paTHo MOTOpHAs JIOAK2 MPOXOLUT HE MeHee ueM 3a
10 4. Ecau 6bl cOGCTBEHHAA CKOPOCTH (T. €. CKOPOCTD- B-CTOsYeR BOJE) MOTOP-
Hoft MOLKM yBenngnaack Ha 40%, To TOT Xe NYTH (T. €. NyTb oT A 10 B u 06~
paTHO) 3aHAA Obl Y NOAKH He Gonee 7 4. HafiTh BpeMms, sa KOTOpoe MOTOpHasA C
JIOIKa NMPOXONHT NYTh H3 A B B B cayuae, KOrAa ee cOGCTBEHHAsA CKOPOCTE He

~ - YBeJHYeHa. ) '
; I . ‘s : - Orser: 3244
% - - 6. Haiitu sce re uncsna @, NPH KaXKAOM H3 KOTOPHIX BCAKUHA KOPEeHb ypaB-

. HeHns L A .
. ‘ C2sin7x — (1 — a) sin®x + (20 — 22— 1)sinx=10
ABasercs KOpPHEM ypaBHEHHS e o
" 2sinsx4-cos2¢x=1+a— 24+ acos’ x@ -

b



[y

v

H, Ha060pOT, BCAKHA KODPeHb BTODOTO YpDaBHeHHS SIBJAAETCS KOpHeM TepBoro
YpaBHeHHS. o . . R

OrBer: a=—1 :¢.; i@;

Bapuanm 3 .
1. B BunyksnoM werspexyrombunke ABCD Guccektpuca yraa ABOfu :
pecekaer ctopony AD B Touke M, a nepneHAHKYASpP, ONYIEHHHA U3 Bep A
A na cropony BC, mepecexaer BC B Touke N Tak, uto BN = NC n AM'

R P PRI T §

= 2MD. Haiitn CTOPOHH H MJOMAajAbL YeThipexyronsauka ABCD, ecan ero ’
nepumetp pasen 5+ '3, yron BAD = 90° u yron ABC = 60°. :
} e

’ Orser: AB=BC =29, AD=V-3_,DC'=1,S=_% 3
2. Hafith Bce pemenus ypaBHeHus: - ! ‘
2. 07 + QW3Ite _ o ole—3l+4 1ot '
OTBerT: x=—3-. x=-é—,x>3.
3. Pemnts nHepasencrso: * ]

N | ‘
V24 4cosx > -2-+3cosx.

. ~ 2 . . ~‘
OTBeT: -;‘-+2kn<x<—g+2kn, —2;:‘+2kn<x<—-g-+2ku

4. Jana npasuibHas Tpeyroabuas napamuaa SABC (S — sepuuna)
CTOPOHOR OCHOBAaHHA @ H G60KOBHM peGpom b. Meppas cdh
Ke Oy kacaercs maockocre SAB n SAC B Toukax B u S
LeHTpoM B Touke O, KacaeTcs naockocrelt SAC u SBC B Toukax A u B. Haiitn
‘oGbeM. nupamMuast SO, B0,. | :

TN . ) L 12V 3R =

“ 5. s nyiikra A B nyHKT B BHXOIMT B 8 4 yTpa cKophiit noesa. B sTot :
MOMEeHT H3 BB A BHXORAT NACCaXHPCKHA H KYDPbepCKHi TNo€3na, -npudeM - -
CKOPOCTb MaCCaXHPCKOTO MOe3ja B JBa pasa MeHblIe CKOPOCTH Kypbepckorg
Ckopuil noesy B nynkr ‘B npu6upaer 8 13 ¥ 50 MUH TOFO Xe& JHS, 8 BCTPETaer
KYpbepcKuil moesx He pauee 10 « 30 mun yrpa. HaiiTh BpeMs npHOHTHS
CaXHPCKOTo 10e3Na B HYHKT A, €CJIH H3BECTHO, YTO MEXKLY MOMEHTAMH B( ‘
CKOpOro moesjia ¢ KYPbepCKHM HICKOpPOro moesfa ¢ MmaccamHpPCKHM BDOXORET
He Menee waca. . g

Or Be"r: 164 45#@&

6. Hajitu Bce T€ uHC/Ia @, IPH KaX1OM H3 KOTODHX BCAKHl KOpeHb Ypas~ 3
HeHHs e

a cos 2x -+ |a| cos 4x 4 cos 6x.= 1
fABJsieTCS .KOpHEM YpaBHeHHs

X .
: sin x cos 2x = sin 2x.cos 3x — 3 sin 5x

H, Ha060pPOT, BCAKHA KOPeHb BTOPOTO YDABHEHHd SIBAAETCH KOPHEM ,.'r_gep.ags
ypaBHeHHuS. ) i

Orser: -a=0, a<—1
318




Bopuanwm 4 v . .«
1. Tpaneuua ABCD ¢ OCHOBaHHSAMH BC = 1 'u AD = 3 takoBa, 4ro B
Hee MOXKHO BIHCATh OKDYMKHOCTb M BOKPYT Hee MOXHO OMHCAaTh o?ymxocn.
~ Onpenennts, TAe HaXOAHTCA LEHTP ONHCaHHOH (BOKPYT TpameuuH BCD) oxk-
* PYXKHOCTH, T. €. PacnojoiKeH JH OH BHYTDH, HJIH BHe, HJH e Ha .OfNHOH H3
*-cTopon Tpaneuun ABCD. Haiitn Takxe njomanb OMHCaHHOTO Kpyra.

: -7
OrBerT: BHYTPH; 3 .

2. HafiT BCe pelleHus YpaBHeHHS: R
10'% (x + v — 20) = logx (Bx — 6+ 51x —2).
Orser: 0<x<1, 1<x<2 x=-g-.

« 3. PewinTh HEpaBEHCTBO:

9 2
2-|.-V2 4cos’t o
sinx—cos2x

OrBerT: % —+2kw < x<-ii -} 2k,
' e 5
o ?+2kn<x<6£+2kn.

" 4, Jlana npaBHAbHAs YETHPEXYroabHasd MHPaMuia SABCD (S— BepmuHa)
€O CTOPOHOfi OCHOBaHHS @ H GOKOBHM pe6poM b (b > a). Chepa C UEHTPOM B
mouKe O AeXUT HaA nAocKocTsio ocHoBaHus ABCD, kacaercd 3TOf MJOCKOCTH
B-TOuKe A 1, KpOMe Toro, Kacaerca 60koBoro pe6pa SB. Haiitn 065eM nupami-
Ast OABCD. S o o o

- Y OTse T _______1;3(2b—a)|/2:‘ ‘
. ey 22 —a

- 5. B 7w yrpa u3 nyHkta A B NYHKT B no Teuenmio peKH OTNpaBIAOTCA
KaTep W Gafinapka. Bafinapka npuGLBaeT B NYHKT B B 17 4 sTOrO XK€ AHA. Ka-
TEp.XKe, AOAAS RO MYHKTA B, MrEOBEHHO MOBEPHYJ o0paTHO M HA CBOEM NYTH
u3 B's A BcTperus GafilapKy He.NnosjHee 15 4, a npuGHJ B NYHKT A He panee
23 4 roro ®e aug. Hafitn Bpema ‘TpuGHTHA KaTepa B NYHKT B, eciu H3BECTHO,
yro cofcTBenHas CKOPOCTH (T. €. CKOpOCTh B cTosueli Boje) KaTepa B ABa pasa
Gosbime COGCTBEHHOA CKOpOCTH GafilapKH. Lo o '

. . . OTtBeT 13%
6. HafiTu BCe Te uMCaa @, PH KAXAOM H3 KOTOPHIX BCAKHH KOpeHb ypaB-
Henus : . )

. 9 sin’x = (1 + sinma) sin x + asin® x

/ asanercs KOpHEM ypaBuenus
. -~ @—1) (0 + cos? x) + 2sin® x = 2sin? x+ 2 (a—1)?

) H, HAao6OPOT, BCAKHA KOPeHb BTOPOrO YPaBHEHHSA ABJAETCH KOpHEM nepBoro
' -ypaBHEHHA: : : : : : - -
: . o Otser: a=1, a=2
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1., B peyroasiunxe ABGCius se
" BeAgHH0TPpesKn AM,” BN w CPy(
P'—='na AB) rak, uro T ‘ ‘
- .." enad ' Ax,:l o ’ RIS : N Fooei g 7.»" o 1.

- «zBAM =~—3— Z BAC; ©'CBN =.%‘< CBA, = ACP = é :

s . T . 7 R Sl

“Hafitn aanitsi cTopot BC'u CA; ecam: AB'="1, a nodyunsmuiica B nep
- HuH oTpeskoB AM, BN u CP TpeyronbHHK NpaBHAbHMWA. )

WHH. K I POTHBONO :icguu?crop@
[‘<iTo4Ka’ Ha oTpeske. BC, N-i-

3

2

SEnY e .

H

. t OrBer:

O T S S
AC = .§_ sin 48°, BC-,—-i—asin :
1y Ranee (cu.. ¢Tp.. 181, 182): sin 48° = 'sin (30% 18°)

e =W EYE-) 1YV s

= cos 18°;—}V. 0+eys. . . |
. . 2. Hafitm.ee pemerus ypasmemna: ' .
‘ (K + 4 - B L x = (x4 1) . (35— b 3 g
‘ L o " OrtBer x=—|,
*3."Pewnts nepasencrso: = T T -
V3‘+2tgx-—tgz:f > -+—2g—x AV

] . \' N PP - e

’

: . R | 2N . U
B O .4 p C—
R TBeT —7 .+k“.<xf<,_,4_

- 4. Ilana mpaBunbHas TpeyroapHas nupamupa SABC (S — Bepm‘hi;a) co
. CTOPOHO/ OCHOBAaHHS a M GOKOBHIM pe6pom ay 2. Coepa NPOXOAHT HYepes. T
'Ky A n xacaercsa 60koBHX pebep SB u SC B ux cepexunax. Haiith pag
sroif .cheput,: .. | .. coE L : s

.

#+5.%B-9 4_yTpa .u3 RMyHKTA A BHESKAET' BENOCHMENHCT, “KOTOPHIH
nynkra B: Yepes. 2 «.mocse’ Breana Bejocunenncta 3 A B.B.Bhieaxa
- MOGHIIHCT, "KOTOPHI JOTOHSAET BesocHNenHCTa. He nosxe 12 4 nua. Tlp
‘ABHXEHHE, aBTOMOOHJIHCT NMpPHOLIBaET B NMyHKT B, MrHOBEHHO MOBOpayM
_eller u3 B 8 A. Ha 5TOM NyTH aBTOMOGH/HCT BCTpeuaer BEJIOCHTIeHCTA
. TOM NpHGHBaeT B NYHKT A B 17 4 Toro }e RHA (T. €. AHA BLE3NA BE
. ¢ra). Haiitu Bpema npuburus BeJIOCHNENANCTA B NYHKTe B, eciu H3BeC
: ,.:ge‘my ABYMs BCTPEYaMH BEJIOCHIEAHCTa H aBTOMOGHAHCTAa MPOWINO-]

i\

6. HaflTn BCe'Te UHCAA @, MPH KaXIOM H3'KOTOPHIX. BCAKHH KOP
HEHAS - - . R e e S SRR P
EUT L g cos? ¥ —-cos 3x ='acos x — la--= 4| (1 + cos 2x)

i

PRSI

©s

. fiBASeTCH KOpHeM ypaBHenus o L o
o A "2'cos x'cos 2x = 1 - cos 2x + cos 3k )




-

M, Hao60pOT, BCAKHH KOPEHb BTOPOro -ypaBHEHHS sBJAsIeTCS KOpHEM MepBOro
' ypaBHEHHS. N
' OTBer: a=4, a>5.
Bapuanum 6

1. B BumykjoM uermpexyroasuuke ABCD Guccektpuca yraa BAD ne-
pecekaer-ctopoHy BC B Touke ‘M, a 6uccexrpuca yraa ABC nepecekaer cTopo-
uy AD B'Touke N Tax, uto BM = MC, 2AN = ND u AM 1 BN. Haiitu
GTOPOHHI H MJONajb ueThipexyroabHuka ABCD, ecau ero mepumerp pasen 14,
a yroa BAD = 60°. _

4 Orser: AB=CD=2, BC=4, AD=6, S=5¥3.

2. HafiTH Bce pellleHHs YPaBHEHUS:

loga(6+ V% —| ¥ ¥=20) = 5 +logs | V¥ —[ V7 —2II.

OtBer: x=—, x> 4.

16’
+ 8. Pewiutp HepaBeHCTBO: .
| —4sin%c
—_——
cos 2x - cos x

OrBeT: —§+2kn <x<-;:l + 2km,
2
§+2kn<x < 4 2%ka,

4
n-l—2kn<x<§n+2ku.

4. Jlana npaBusibHas yeTbipexyronabHas nupamuga SABCD (S — sepinuna)
co cTopoHOfl ocHOBaHHA a H 60KoBHIM pebpom b. Ilepsas cdepa ¢ ueHTPOM B TOU-
Ke O, xacaercs njockoctet SAD n SBC B Toukax A u B, a Bropas cdepa ¢
HeHTpoM B Touke O, Kacaercs naockocteii. SAB n SCD B Toukax B u C. Haiitu
o6beM nupaMuan ABO,0,. ”

24V 42 =27

5. YTpoMm H3 nYHKTa A B_IIYHKT B OTNpaB/sfeTcs NO TEUEHHIO PEKH MOTOP-
Hasi goaka. OnHoBpeMeHHO H3 B B A BHIXOAHT KaTep, COGCTBEHHasi CKOPOCTh
(. e. ckopocTh B CTrosiueii Boje) Kotoporo B 1,4 pasa Gosblie COGCTBEHHOH CKO-
pocTd MOTOpHO# JoAKH. H3BecTuo, uTO JOAKa M KaTep BCTpeuaiotca B 12 4
IHs, NOTOM JIOfKAa NpHGEBaeT B NYHKT B He noaxe 15 4 nHs, a Katep npubGHBa-
er B NyHKT A He paHblle 15 4 aua. HaiiTn BpeMs oTnpaBaeHHs JIOAKH U3 NYHK-
ta A:B NYHKT B, eCiiH H3BeCTHO, UTO Ha MYTh H3 B-B A JNlofKa 3aTpayHBaeT He
Gouiee 9 4, a KaTep Ha nyTh U3 A B B 3arpauuBaer He MeHee 4,5 4.

Oteer 9 4 yTpa.
6. Ha#itu Bce Te uucaa a, npH KaXJO0M H3 KOTOPHIX BCAKHH KopeHb ypaB-

HEHHS
(2a 4+ 1) cos® x 4 (16a® — 4a + 1) cos x — 2 cos? x = 0
ABJSETCS KOPHEM ypaBHEHHS
costx = (1 4+ a) cos? x + 8a% — 2a

H, Hao60pOT, BCAKHH KOpeHb BTOPOTO YpaBHEHUS AB/AETCA KOPHEeM MepBOro
ypasHeHHS.

OTBerT:

OTtBer: a=0, a=—.

11 Mogesos 1. C. - 321




§ 45. MexaHuKo-MaTemMaTHueCKHil thakyabTer
(MHIKeHepHBIN noTok), 1868 r.

Bapuanm 1

1. CyMMa Tpex HeNHX MOJOKHTEJBHEIX YHCA] Gosbie, geM MX MpOusBe
Zenne, a cymMma ABYX H3 9THX YHces paBHa 33. HaiiTu Bce Takue uuca. ;

. OrBer 32
2. Pewntb cuctemy ypasnenui:
@+ 1)+ =9,

Vityl=x+y. ‘
Otser x, =0, y, =2log,3

O1BeT:

4. HafiTu Bce 35auenus a, npu KOTODBIX MHHUMYM PYyHKUHU

‘ f(x)=2]x-—-l|+;x+3|—2|x—a2—-a|
Goabilie eHHHIH.

OTtBerT:

—1V3 _ =14V
. <ax< T

Bapuaum 2

1. CymMma kBajpaToB dYeThipeX UEJHX MOJOXKHTEAbHBHIX YHCEN Goabe;:
UeM NoJOBHHA KBALpATa X MPOH3BENACHHH, a CYMMa MepBLIX CTeneHell STHX
uyucesa paBHa 42. HailiTu Bce Takue umcJa.

Orset 89, 1, 1,
2. Pewuth cucTeMy ypaBHeHuii: E

(x — y)t = 13x — 4,
Vi+ty+Vax—y=V72

5 13
OrBeT: xl:fé’ =g
5 -

IERETR L T

3.‘ B TpeyroabHoi nupamuge OABC Goxosrie rpann OAC u OAB nepi:g;ig
AHKYJAAPHB OCHOBanui0. Yepes Bepiirny O nox yrioM 45° K OCHOBaHHIO npo-
BeJleHO CeueHHe, nepecekamomee pe6po AB B Touke D u £e6po AC B Touke:E,
npuueM DE napaanenvno BC. Flnomapb ceuenns ODE pasua 1, naomaihb
rpann OBC pasna 6, pe6po BC pasHo 4. HafiTu 06beM mupaMuzb.
4V'2
: 3
322 e

OTtBeT:




4. Haiitn Bce A3uaqeua'a‘ a, HpH KOTOPHX MHHHMYM dyHKUHK
- f(x)‘=x”+(a+l)2+2|x+a_1|
MeHbIIE Tpex. _ : S .
OrtBeT: —l<ac<l.

Bapuaum 3
L. TIpoussenenue geThipex Weablx MOMOKHTENbHAIX 4HCeJ MeHble, 4eM Hx
€yMMa, a cymMMa Tpex M3 STHX yHCes paBHa 28. Haiitn Bce Takue uucna.

Otser: 26, 1, I, 1.
" 2. Pemurs CHCTEMY ypaBHeHHIi:

X%+ 2xsiny + 3cos y = 0,

arcsin [~ i = z
rc sin 2+sny)—y—3.

Ortser x=—-]%(l +¥'5),

1
== arc cos —.
y = arc co 4

3. B.qerupexyro.nbuoﬁ nupamuae OABCD naockocTH GOKOBBIX rpaneit
OAB, 0BC, OCD, OAD o6 43YIOT C NJIOCKOCTbIO OCHOBAHHS YIJHI, paBHbie
cooTsercTsenno 60°, 90°, 45°, 90°. Ocnosaune ABCD — paBHOGOYHas Tparme-

uns, pe6po AB pasHo 2, naomanp OCHOBaHHsA paBua 2. Haifitn nosepxuocrs
fAUpPaMHJHL. : C

OtBeT 62—/ 6+ 4.
4. Haiitu Bce 3uavenus a, IpH KOTOPHIX MHHHMYM QYHKIAH

f(x)=3|x‘—a|+|x=+x-2|

MeHblUe ABYX.

OTBerT: ;%<a<—l, 0<a<§.—

Bapuanum 4

1. Hponsseuenne'qerblpex HEJBIX NOJOXKHTENAbHEIX YHCeJl MeHblle, yeM

KBaJpaTHHIH KOPEHb H3 CYMMBI HX KBaJpaToB, a CYMMa STHX 4HCeJ paBHa 45.
Hafitu Bce Takne yucpa. - L

\

) Otser 42,1, 1,1
2. Pemutp cucremy ypaBHennuit:

x%igly (tg2y —2) =1 — 2x,
arctg (xtgy) = 2y.

Otset: x1=—;—, y1=0;

11*



3. Uepes Bepwuny O Tpeyroapuofi nupamuns: OABC nposeaeno ceqeﬂiié, ' :
nepecekatoumee pe6pa AB u AC B Toukax D u E. Ipaun OAB u OAC MNepnen- . \
AHKYIADHEI OCHOBAHHIO, 00beM MHpaMuiH pasen 16, pebpo 0A pasHo 4, pebpo
BC pasHo 4, nnomans cevenus passa 5. Haitu DE. . SR

\ OtBeTt: 2(ecau DE || BC)n

4. Haiitu Bce 3HaueHHs @, NpH KOTOPHIX MHHHEMYM QYHKUHH :

() =ax+ |22 —4x + 3| P

GoJpuie 1.

Oteer l<a< 4—[—2]/%

§ 47. ®usuuecknii dakyasrer, 1968 r.

Bapuanm 1

1. PemnTs HepaBeHCTBO:
log,x?®

log, 8 4-1 .
%8x + og£8 < logyx? —4

2 4

Oteer 0<x<2 x> 4.

2. IOnf Kaxknoro neficTBHTE/NbHOTO YHCHA a HalTH BCe AeHCTBUTENBLHHE -
pellE€HHsT YpaBHEHHA: :

sin x -+ cos (a + x) + cos (a.— x) = 2. %:-‘; ’ -

Orser npu 2= ——::— <a< %-l- okm,

5 7
-é‘+2kn<a< £+2kn

) 2cosa
X = —arc sin

2
—_—— — )" are sin —=—=—= 4 nn.
V1+4 cos“a—l—( ) V 144 cos%a
3. Kynuiam HeCKOJbKO ONHHAKOBBHIX KHHF M ONHHAKOBEIX anb6omoB::3a @
KHUTH samjatuad 10 py6. 56 xon., 3a anbGoMbl — 56 xonm. Kuur KYNHJIH Ha-

6 wryx Gosbie, yeM aab6oMoB. CKONLKO KYHHJH KHHT, €CJH LeHa OfHO# KHHU- -
r# G6oabme yeMm Ha | py6. NPeBOCXOAHT UEHY OLHOTO aibGoMa? :

OrgerT: 8.

4. B npAMOYronbHOM TpeyrosbHUKE OTHOMIEHHe. NPOH3BENEHHS. AJIUH GHC-
CEeXTPHC BHYTPEHHHUX OCTPHIX YIJIOB K KBaAPaTy AJHHE THIIOTEHY3H paBHO -5-‘
HafiTh ocTprie yrael TpeyroabHHuKa.

1 1 1 1y o
OrBeT A=;:—;|:arccos(z+f/—.§.),B=%:Farccos(1+7—§-). :

5. B mpaBmisHO# TpeyrombHO# mupamuie BhicOTa paBHa & H CTOpPOHA.
OCHOBaHHA paBHa a. OJlHa H3 BEDIIHH OCHOBAHHS ABNAETCA HEHTPOM CQEpHl -~
KacaomeHcs NPOTHBONOJOXKHOA rpaHH MHpaMuabl. Hafith nJjomajge Tex 4a- -
creii 60KOBLIX FpaHeli MHPaMHAH!, KOTOPHE PAaCHOJIONKEHE! BHYTPH cdepsl. '

- 9a2h? aV'’3

Orger arc cos R
a ()
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Bapuanm 2
1. Pemurb HepaseHcTBO: -

3
1 —cos?x — z- sin 2¢

log, ~oTx < L

: 1
Orsert: kn<x<kn+arctg'2-,
1 » 3
kn -|-I < x<k:n-|—ar,ctg-2—,

3
kn 4 arc tgg <x<ku+arctg%.

2. Ins Kaxnoro RefiCTBHTENLHOTO YHCNa @ HaHTH BCe NeflCTBUTENbHbBIE
pelleHns YypaBHeHUS: N :

PN, a —_—
a{/l+:q+;-‘;/l+x={/x. )
—
Otsermpr0<a<l x= 1/‘:4_,
1—yat
npH @ < 0 u npH a > 1 pemenuit Her,

3. Maropona-A B9 ¢ yTpa BHeXaJ BEAOCHNENHCT H JBArANCH C NOCTOAHHOM

ckopoctbio 12 km/4. Cnycrsa 2 4 Besen 3a waM us A BhleXan MOTOIHKJIHCT, KOTO-

.. PH#l Npu HavanbHOM cKopoctH 22 km/« xBUrascs PaBHO3aMeAJIeHHO, TaK YTO

82 -u4ac ero CKOpoCTh YMeHblIajach Ha 2 km/4. ABTOMOGHaHCT, enyu it HM

HaBCTpeuy B ropod A ¢ nocTosHHOA ckopocThio 50 km/4, chauana BCTPETHJA

MOTOLMK/INCTA, & IOTOM BEJIOCHNEAHCTA. YCIeeT 1M aBTOMOGHMANCT K 19 4 3Toro
AHst npuOuITH B ropox A? -

\ OTBeT ycneer.

4. B rpeyrombunke ABC cropona AC paBHa b, cropona AB pasua ¢, a
.. GHCCEKTPHCAa BHYTpeHHero yria A nepecekaercs co croposoit BC B touke D,
TaKkoft, wro DA = DB. Haiitu AnuHY cToponn BC.

Oteer a=Vb(bFo.

‘ 3 N -~

S 5. M3 Konua aunamerpa wapa nposexena XOpAa Tak, Y4TO MOBEPXHOCTb, 06-
pasyeMas BpalleHHEM ee BOKDYT 3TOro.JuameTpa, AeauT o6beM mapa Ha ABe
¢ DaBHOBeNHKHE 4acTH. Onpefenuts yroa Mexxy Xopaol u RHAMETPOM.

1
OTBeT: arccosT—

. VT
Bapuaum 3

1. Pewnts nepapenctso: !

logg sin x > logys; (3sin x — 2).

2
OrBem 2kn+arcsin§-<x<2kn+g.

2
2kn+—;-t- <x<(2k+4 l)n-—arcsin—3-.
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2. Jlns KaXmoro AefiCTBHTENbHOTO 9ucia a Hafitu Bee AeACTBUTENbHEE,
pelleHHs YpaBHeHHA: Gy

Va@ =9F1=1-—2%, "
OrBet mpuO0<a<l x = log,a,
npu @ <0 u npu a > 1 pewreHuft Her
3. Tlokynare/b KYNHJ HECKONbKO ONHHAKOBHIX TeTpajefi W ONHHAKOBHIX
KHAT, OpHYeM KHUT Ha 4 wTYKH GoJibe, ueMm TeTpageft. 3a pce TETPajH OH 3a-
nJatun 72 Kom., a sa Bce KHHTH — 6 py6. 60 xon. Ecau 6ui TeTpaib CTOHJ

CTOJILKO, CKOABKO CTOUT KHHra, a KHHra — CTOJIbKO, CKOJILKO CTOHT TeTpallE,'

TO NOKYMaTeNb HCTPATHJA Obl Ha Nokynky Menbwe YeM 4 py6. 44 kon. Ckoabko
_KynieHo rterpapneir? .

. Orser 2
4. B npamoyronsuoit Tpanenun ABCD yrast A u D npamsle, cropona AB
napanneabua cropose CD; gauHbl cTopon pasuui: AB = 1, CD =-4, AD =75,
Ha cropone AD sasnta Touka M rak, uto yron CMD BIBOe 6onbiie yrna BMA
B xaxom otnowennn toyka M meaur cropoity AD? '

OTtBem am_2
- MD 3
5. B nmpamMoft kpyrosolt Konyc Bnucan wap. Oruowenne 06beMOB KoHyca

W wapa paeHo asym. HaiiTu oTHomenne mnosnnofi MOBEPXHOCTH KOHYCA3 K moO-
BEPXHOCTH wiapa. ’

OtBer: 2
Bapuanm 4
1. Pewnts HepasencTso:
Viogdex —81 +2

logy gx — i

1 1
OTBeT.2—15<x<é‘9‘, x> 2

2. Jlna KaXporo LeACTBHTENbHOLO uUHCAa a HaliTH Bee leficTBUTe IbHBIE
pelleHHsl YpaBHEHHA:

sinx+ y/2sin (@ — ) = 1.

OrBer npu 2kn+f-<a<2kn+

V 2sina - . 1 8§
= —arcsin ——————— -} (— )" arcsin = - namn.
V'3—2)/ 2cosa V'3_2) 2cosa

3. Mexny nyukramu A u B pacnonoxen nyukr C, npuuem AC = 17 kn,
BC = 3 #m. Ua nynkra A B nynkT B BLexaja Mawwuna, KOTOpas, He Mpoexas
H 2 kn, ocTanoBHNack. Uepes HEKOTOPOe BPEMs OHA ABHHYJNACH AAJbIIeE B NYHKT
B, u B 9T0T Ke MOMeHT H3 NyHKTa C B NYHKT B OTHDABUAHCH ¢ NOCTOS HHBIMH
CKOPOCTAMH NELIEXON H BEIOCHMENHCT, KaXKAKMA H3 KOTODLIX, XocTHTras B, cp
3y ke MoBopaunBaer Hasad. C KeM H3 HHX paHblle NOpaBHAETCS MallHHA, €CJH:
CKOpOCTb MalluHH B 4 pasa GoJiblle CKOPOCTH BEJOCHMEANCTa U B 8 pas Goabme
CKOpOCTH Nelexoaa? :

Orae'r: MalHHa BHaYaJje BCTPeTHT BeJOCHMISNICTA.
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S BN 4. B ocrpoyroabnmit Tpeyroasuuk ABC Bnncan NONYKPYr “TaK, 4TO ero. -
{ AHaMeTD JIeXKHT Ha cTopoHe AB, a nyra Kacaercs cropon AC u BC. Hafitu pa-
- AHYC OKPYXKHOCTH, Kacalomefics AYFH STOTO MOAYKpYra M cropor AC u BC
- Tpeyronbnuka, eciu AC= b, BC=a, L ACB = a. "
. 1—sin%
absina 2

a+b l+sin%

OrBet:

5. Cepa kacaetcss GoKOBHIX pebep npaBuabHOM APSIMOA LHECTHYTONbHOM
TPH3MLL, OCHOBAHHE KOTODOH sexut BHe cdepsl. HaliTH ornowmenue nsomans
'6OKOBOi NOBEPXHOCTH NPH3MEI, 3aKJIOUYEHHON BHYTPH cdeprl, K mJoIaiH Ho-
BEPXHOCTH cdephl, HaXOoAAUeHCA BHE IPHU3MBL
24 V73

4

OTtBerT:

Bapuanum 5
" 1. Pemuts nepaseucrso:
cos [ (x* — 10x)] — V'3sin [n (x2 — 109)] > 1.

OrBer: 5—-VBFok<x<5— V%.3 + 2,

rae k nﬁnnnmae'r, BCe meJible 3HAYeHHA, TaKHe, 4T0 k > — 12.
. 2. Jlasa kaxnoro ReficTBHTENLHOrO YHC/Aa @ HafiTH Bee AefiCTBUTeAbHLIE
: peluenHa YpaBHEHHS: -
‘ x+ Vri=a

1
Orser mpu a> 0 x=a+-—2——]/a+4l:~
: \ ‘npu @ < 0 pewennit Her. A

. 3. lllkoabHHK MepeKJeHBaeT BCe CBOH MapKH B HOBui anb6om. Ecnnm on

- HakJeuT no 20 MapoK HAa OXHH JHCT, TO €My He XBaTHT anab6oMa, a ecJH no
23 MapKH Ha JiuCT, TO, 0O KpafiHel Mepe, ORZH JIUCT OCTaHeTCA NYCTHIM. Ecan
UWIKOJIbHUKY MOJAPHUTL TaKOH Xe anb6oM, Ha KaXKIOM JHCTE KOTOpOro HakJjee-

HO N0 21 MapKe, TO BCero y Hero cTamer 500-Mapox. CKOJIbKO JHCTOB B a/ib60-
Me? : :

OteeT 12

4. IIpaMoyroasubie Tpeyroavunku ACB u ADB nexar mo ofHy CTOpoOHY
OT uX o6med runovenyst AB. Yron CAB pagen a, yron ABD pasen B, mpu-

: L)’
geMua uf 6oabme-z-. Ha AD Badara Touka M, a na CB rouka N TaK, 4T0 OT-

pesok MN napannenén AB. Halite oTHomenme njomanei TPEyronbHHKOB
AMC n BND. '

cos®a’
OrBeT: —
- cos?f
5. Hpasnnsl&ﬁ TETPASAp MoMemeH BHYTPh MAapa pajuyca r TaK, 4T0 TPH
€ro BEpLIHHE! JeXaT Ha MOBEPXHOCTH Wapa, a MeHTP mapa HaXoAHTCHA BHYTPH -
TETpas/pa HAa PacCTOAHHH d OT ero yeTBepToOfl Bepuwinuel. Hafitu cTopony rer-

pasapa.
. Orser: dl/.i.-}- rz——zs*.

3



Bapuanm 6
1. Pemnte nepasencrso:

2 —
- loglsinxl " —8 +23) > log; |sinx| °
OrBeT: 3<x<n,ﬂ<x<3-2j't,\’

3
-21"<x<5.

2. laa KaxkIOro AeficTBHTEABLHOro uHCJa @ HaHTH Bee JefCTBHTEeIbHBIe ~
pelleHHs ypaBHeHHA:
: ctg2x-+actgx
| cos x| g2xtacte =1.

1 -
OrtseT npu a>—— x=kntarctgV1+2= .

=kn + 1 arc cos 2.\
- 2 a+1)
npH a < iy pemenuil Her.,

3. Jlee TpyOul, NefiCTBY: BMECTe B TeueHHe OLHOTO Yaca, HANONHSIOT BO-,

Zoh 3/4 Gaccefina. Ecam cHauana nepsas Tpy6a HAaMONHHT OJIHY 4YeTBepTYIo i

9acTb GacCefiHa, a sateM BTOpas NPH BHKJIOUEHHOM MEPBOH AOBENET 06beM >

BOXH 210 3/4 Gacceiina, T0 Ha.3TO nonagoSurcs 2,5 4. Ecau nepsyio Tpy6y BK.O-
UHTH Ha uac, a BTOPYIO — Ha MOJYaca, TO OHH HANOJHAT Gaccedin Gojee qe&
Ha NOJIOBHHY. 32 KaKoe BpeMd HanojHseT 6accefin Kaxnas Tpyba? N

OTser: mepsasi 3a 2 4, Bropasisa 4 ..

4. Oxoso MPAMOYroJLHOTO TPEYroNbHHKA OMHCAHA OKPYXKHOCTh. Jlpyras
OKDYXHOCTb TOFO XK€ pajHyca KacaeTcs KaTeTOB STOTO TPeyroJbHAKA TaK, YTo™
OJHO/l M3 TOUEK KACaHHS fABJISAETCS BepUIHHA TPeyroanHMKa. Hafitu oTHOIe- .
Hue MJOMAajH TPEYLONbHHKA K NJIOMaAM oGmeli 4acTH ABYX NaHHHX KPYros. .

Orser:

.l

5n—3

5. Uersipe paBHHX Wapa pajHyca r BHEWIHHM o6pasoM KacaioTcsi ApYr
Apyra Tak, 4T0 KaXAHR Kacaercd Tpex ocTaibHHX. Halith pagmyc coepsl
Kacaiomefics BCeX UYeTHpeX WapoB W CofepiKamell HX BHYTPH Ce6s.

/o
- Orser: r (l + V%)

§ 48, Xumuueckuii daxyabrer, 1968 r,

Bapuanm 1
1. Pemntp ypaBnenue:

cos 3x + 3 cos x -} 3 sin 2x = 0.
: : 7
’ OTBeT: x=ku+-2—.

SR

X =kn— (—l)k%»

‘33




&

2. Pewnts HepapeHcTBoO:

) Vi—yT=x—yY2—=x 0.

OTBer:

<x< 1

3. Buyrpu cdepm pacmonoxens ueThipe mapa paanyca r. Kawxawiéi us
STHX WIAPOB KaCaeTCA TPeX APYrHX M MOBEPXHOCTH cdeprr. Onpenenuts paguye

cGepnt —_
Orser: r (l + I%)

4. Ilpa BesocHnenucra u TeeX0A ONHOBPEMEHHO OTIPABHJHCH H3 M YHKTa
A™B nyukt B. Bosee uem HU€pes 4ac mocsie BHE3Aa y NepPBOro BeJOCHNELHCTA
COMAJICA BJIOCHNEN, H OH NMPOXONKAJ TyTh MEWKOM, IBHrasch B 4,5 pasa
Mejsennee, uyeM Ha Bejocuneze. Ero o6rousior: BTOpPO# BeJOCHIEAHCT — Yepes
5/8 4 nocse monoMrHu, a neiexon — yepes 10,8 « mocae nosomkn. K MOMEHTY
TOJIOMKH BTOPOH BeJIOCHIIELHCT Mpoexan B jBa pasa GoJblilee pacCTosIHHe, uem
T0, KOTOpOE Npolles Memexo) K MOMEHTY, Ha 5/36 « Gonee mosanemy, uem Mo-
MEHT nojoMKu. Uepes CKOMLKO Hacos nocjie HauaJa ABHXKEHHSA CJOMAJCH BeJio- )

cunen? .
OTBeT uepes 4 4,

* Bapuanm 2

1. Pemnts ypaBnenne:
2 cos 2x + sin 3x — 2 = Q. )
.OTBeT x=«mn,

X =k H(—1) £°

2. Pemuts HEpaBEeHCTBO!
Vet 3+ 2— VP —xF1<l1.

OrBem x < —2,

1 <x <-—l3:!
6 .

\
3. Tpu wapa panuyca r jexar ua HUIKHEM OCHOBAHHMH NDABHJIbHO i Tpe-
YroJbHOR MPHUSMEI, NPHYEM KAXKIHA U3 HHX Kacaercst JBYX APYrHX [WapoB H

- ABYX GOKOBHIX rpaneff mpuamu. Ha stux Ilapax JIeXHT 4eTBePTHIA map, KOTo-

Orser: %(6+ Vit Vot 1,21/'3")-

4.8Tpu KoHbKOGexkNa, CKODOCTH KOTODPLIX B HEKOTOPOM MOpPALKE o6pasyion
TEOMETPHYECKYIO MPOrPeccHio, OXHOBPeMeHHO CTapTyloT no kpyry. Yepes ne-
'KOTOpO€ BpeMs BTODOH KOHbKOGEXKel o6roHser nepsoro, npoGexas ua 400 u
Gonbme ero. Tpernii KoHbKOGexew npoberaer To paccrosinue, KOTopoe mpoGe-
XaJl MepBH-K MOMEHTY ero o6rona BTOPHIM, 83 BpeMs, Ha 2/3 mun Goabluee,

ueM nepsbiii. HaitTu cxopocrs IepBOro KoHbKOGex1a.
- OTBer 36 xm/y.
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Bapuanin 3 . ..

1. Pemnts ypasuenne: sin 3x — 3 sin x — 3 sin 2¢ = 0.
OTseT x=km, x=2n + 2—3

2. Pemutsb Hepasenctso: V2 — V3 fx < Vx+4.

34+V5
2 )
3. Ha ocroBauuu npsimoro KPYroBoro Komyca JieXar TpPH Wapa paguyca re

Ha unx nexur werseprwit map Toro e pannyca. Kaxawlii u3 5THX yeThipex . .

lapos KacaeTcst 60KOBO/ NOBEPXHOCTH KOHYCA H Tpex APYrux wmapos. Haiita
BHICOTY KOHYCa.

Oteer — <x<lo

Otserm: r(l +V_3'—]-—§-V—6‘)?v

. 4. MNepsas u Bropas Gpuragn OLHOBPEMEHHO HAYa/H BHMONHATH HEKOTO-
pyio paGory. Bonee uem uepes uyac mocse navana paGoTul nepByio GpHraxy
CMéHuuni1a TpeTbs, KOTOpas BMeCTe CO BTOPOii paGorana jo 3aBepuIeHHus BCefi
pabotsl. Ha suinonnenne paGorsl ymao 5, 5 4. [epsas Gpuraga 3a sce Bpewms,
noka OHa paGoTaiia, CIenana CTOAbKO, CKONbKO TPETbs eqaeT 8a yac. Ecam’
6ul nepsas Gpuraxa npopa6orana na 6 4 Goubure, yeM 3To GBLIO HA caMoM zene,:
Ona cresasa bl CTOMBKO 3Ke, CKOIBKO GLIJIO CAesaHO 8TOpO#t Gpuranoit. Ecau
6bi TpH Gpuranu Bce Bpems paGoTadu BmecTe, pabora Gulna Gbl BhNOAHEHE B
noJTOpa pasa GuicTpee, YeM B AGHCTBHTENbHOCTH. CKONLKO BpeMeHH pa6oTana
uepBas Gpuraxa? : ‘

OTtseT: 24 30 Muu'.j

Bapuaum 4
1. Peurnts ypasuenne:

6 cos? x -+ cos 3x = cos-x.

Orser: x=kn+-;'

2. Pemrutb HepaBeHCTBO:
VI =3x—V5+x> 1.

9+ V6l
8

3. Tpu wapa panuyca r nexar Ha HHKHEM OCHOBAHHH NpPAMOro Kpyrosoro
HUAHHAPA, NpHYEM KaXNbA H3 HUX KacaeTcsl ABYX JPYTHX H 60KoBofi nosepx- -
HOCTH UHJHHADPA. "eTBepTHIl Wap JIeXHT Ha STHX TPeX Wapax, Kacasch 6o-.

KOBOJi MOBEDXHOCTH WUHJHHAPA H €r0 BEPXHEr0 OCHOBAHHS. Onpenenuts BH-
COTY UHAHHApA.

OrBemT: —5<x < —

Orsem %r G+v3+ V9+6V§)l

. 4. B Gaccefin nposesentr Tpn Tpy6er. IMepsas u BTODast TPYGH BMecTe Ha-'
HOJHAIOT ero Ha 5 4 20 mun GbicTpee, yeM nepBas H TPeThs TPYGu BMecTe. Ecam -
6 BTOpas TpyGa HamMBana, a TPETbA BHLIHBAJAA Boay u3 Gaccefina, To OH Ha- "




DoJHHACS Gl Ha 21/16 4 GbicTpee, uem Gaccelin BaBoe 6oMbuero 06bema TepBofi
1 BTOpoil TpyGamu BMecre. ([Ipeanonaraercs, uro CKOPOCTb, C KOTOPO# Tperna
TPY6a HanuBaer BOXY B GacceiiHHl, CKOPOCTb, C KOTOPO/ OHA BEUIHBAeT BOLY,
paBHH.) 3a Kaxkoil CPOK NnepBasi H BTOpasA TPYOLI BMECTe HAMOJHAT Gacceiin,
€CJIH NepBas H TPeTbs TPYGL BMECTe HATMOJHAIOT ero Gojiee Ueym 3a 8 47

OrBer 32 3 4, -

§ 49. Teonornuecknii paxyabrer (oTHeseHue reopmanku), 1968 r.

Bapuanm 1
1. HaiiTn BCe pewenns ypasHewus:

V1% sin2x — ¥ 2cos 3x = 0,

3r
3aKJIIOYEHHbIe MEKAY T H —2- . .
21 1z

(0] : —, .
TBET T y

2. B tpeyroabunke ABC nposenenl 6uccektpuca AD yraa BAC u Guc-
cextpuca CF yrna ACB (touka D ZeXuT Ha cTOpOHe BC, a touka F — nua cro-
poxe AB). Hailtu otnowenue miomaneit TpeyronbHukoB ABC u AFD, ecan
H3BecTHO, uT0 AB = 21, AC = 281 CB = 20.

. ) " Orser 4.
3. Ynpocrus log |, 9, pemuth HepaBecTBo: '
- 3V 3 o
2lo x4+ 5> ~1 9+ 1o 2.
4 i (45> " 0g 1~ + log ViTE
4 V3

OtBeT: —4<x<—3, x>—1.

4. Ha npoxnbix copeBnoBanHAX Ha Auctanumio 10 000 x cmauana BHILEJ
- €O CTapTa MepBhHf JLIKHHK, a Yepe3 HEKOTOPOe BPeMs MOCAe Hero — BTOpOIi,
.TIpHYeM CKOPOCTh BTOPOTO JIEIKHHKA Gbiia Ha 1 m/cex Goabme CKOPOCTH mep-
BOro. B moMeHT, Koraa BTOpO# ABLIKHHK AorHad 0epBOro, nepBHIl YBeAHUHJ
.CBOIO CKOPOCTb Ha 2 #M/ceK, a CKOPOCTb BTOPOTO JBIKHHKA OCTajach 6e3 HaMe-
-HeHHA. B pesysbraTe BTOpO# JHIKHHK GHHHWLHPOBaN yepes 7 mun 8 cex mocie
nepsoro. Ecau 6ul AAMEA JHCTaHUMH 6hlna Ha 500 # Gojblle, TO BTOPOH JIBIK-
HHK DHHAWHPOBAN Obl Ha 7 Mun 33 cex mosxe nepsoro. Haiitu, ckoabko Bpe-
MEHH HPOLINO MeXAY BbIXOJAOM CO CTapTa MEpPBOTO H BTOPOTO JHIXHHKOB.

OrBeT: 2 Mun.
Bapuanm 2

1. Haifitu Bce pemenns ypasuenns:
V (I + cos x)? + sin®x + 2 sin x=0,

3 5n
8aKJIlOYEHHLe MEXAY 3 " 3'

5%
OTseT: 3



>

2. Hana Tpameuns ABCD c ocrosanuswu AD = 3)/39 u BC = V3.

Kpowme roro, aamo, uto yron BAD = 30° u yron ADC = 60°. Yepes Touky P

TIPOXOLHUT MpfMad, AensdMlas TPaNeNHio Ha JBe PaBHOBeanKHe GHrypsl. Hadra ..

AJIHHY BCEro orpeska SToffi MpsAMOH, HaXoXsMerocs BHYTPH Tpaneuus.
© OrtsBer: 13,
15l0g, .~V 3 i .
2V72
3. Ympocrus 2 » PedIHTb HEpaBeHCTBO: - )

15103 2V—2V—3 log rx—s
x> 2 -3

.

| B o
OtBe —— <x<1, x>0,
%/-3

4. Buectumocth Gaka A na 900 2 MeHbme BMecTHMOCTH 6aka B. Tlepsmnii

i

HacoC NOAKJIOUAT K MycToMy 6aKy A, H OH HauMHAeT HANOJAHATH 6aK Bomofi. -

Korna 6ak nanoaumrtcs HamoJIOBHRY, BKJIOYAIOT BTOPOH HAacoCy; KOTOPHI-BH-

KaunBaer BOAY H3 6aka. B pesynbrate 6ak A oKasmBaeTrcs MOIHBIM uepes

40 mun nocae BxaOUCHHS TepBOro Hacoca. 3aTeM TO e CaMOe NpPONeNHBAIOT c.
6akoM B (K nycromy 6aky B noAKai04aioT nepBrIfl HacoC u, NOCJe TOro0 KaK OH

HAMOJHAT 6aK B HaNONOBHHY, BKIIOYAIOT BTOpO# Hacoc), H 6ak B okasmiBaeTcs

HaNMOJHEHHEIM uepes 52 mun MOCJe TOro, KaK K HeMY MOAKJIOUHIH MepBH Ha-

coc. HailTh BMecTHMOCTL GaKa A M IPOH3BOAHTENLHOCTh KaXKAOTO U3 HACOCOB, .
€CJIH H3BECTHO, Y4TO OLAHH BTOPOH HACOC BLIKAUHBAET BCIO BOAY HS MOJHOTO 6aKa -

A 3a 30 mun.

BhlIBaeT 40 Aégnuu.
Bapuanm 3

1. HafiTi Bce pemeHus ypaBHeHus:

cos 2x + Vl__;'_“&= 0,

3xn
SaKJIOUEHHHIE MEKAY -—2-— H 2m.
195 -
’ Orser: —. -
'12 ."

2. B Tpeyroabuuke ABC mpoBenens 6uccekrprca BD yraa ABC u 6uc- .
cekrpuca AF yria BAC (touka D nexcur ua cropone AC, a Touka F — na cTo- "
pone BC). Hafitu ornHomenune nnon}‘aneﬁ TpeyronbHukoB ABC u CDF, €CciiH

H3pecrHo, 4to AB = 6, BC = 4 u AC = 3.
15 _
OrBer: 2

1

2 .
3. VYmpocrus log ov5 g»  PEWHT HepaseHcTBO:

9 2 1
logs(7 — %) < i-e'log o3 Z—{- log,_ .9

: 20
OTBem: —2<x<6, —<x<7. c

N

3
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OrBer: obvem mepsoroGaka 3000 4, BToporo 3900 4; .
nepsuiff  Hacoc BamBaer 100 u/mun, BTOpOIR

e
-

\

i




L 4: Ws:nopra A:8:nopr:C ornpasnacs ‘NapoXoil; KOTOPHIL: AOVIKERIO NyTH
npoiiTt MHMO MasiKa B, mpHuem paccrosinne ot A fo B paBno 140 ku, -a pac-
‘cTosinHe oT B 5o C pasro 100 k. Yepes 3 4 nocae BbIX0Ja N1APOXOAa BAOTOHKY
34 HEM Bpimesa H3 nopra A GHCTPOXOAHEIR KaTep, KOTOﬁHﬁ; JOTHAB Mapoxo,
repelan mpHKasaHHe YBEAHUHTL CKOPOCTb Ha 5 xm/4. IIpukasanme 6bio He-
,_? MEMEHHO BLIMONHEHO, H B’ Pe3y/bTaTe NapOXoA Npoules MHMO Maska B ma
: ron4acarpanbule H NPUGHL B HOpT~C Ha MOJATOPA yaca paHee; ueM OH 6if 5TO
CAGnAN; ecan’Obl He® yBeqHUHJ cKopocTH: HaliTu mepBonagaibHyio- CKOpPOCTh
Napoxoja“u*CKOPOCTh -KaTepa.

O teT 20 xmfa, 60 Kkm/u.

Bapuanm 4

\ 1. HafiTh Bce pemeHus ypasHenus:

. T :
sinx + sin g V(I ~cos x)2 + sin%x = g,

5n n
BaKJIOUEHHHE MeXAY 5 H 2"
4 - .
) \
) 13n
OTBeT -

2. Nana rpaneuus PQRN c ocHoBanusamMu PN = 8 u QR = 4, CTOpoHOi
§ PQ = Y28 u yrnom RNP = 60°. Yepes Touky R npoxoauT npamas, gens-
was Tpamenuio Ha:jiBe paBHOBeaHKHe Qurypu. Halitu aanny scero..otpeska
9TOH NpsAMoil, HaXOAAMerocs BHYTPH TPaneuuu.

. Ot eT:6.
| log, 5 ’
~ 3 ¥Yuopoctus 7 V7 » PELIHTL HepaBeHCTBO:
i / tog 2.5 'lOgL5 ’ .
V7 £,
x4 7 < 5.

. 1. 4
OrBeT: 0Lx < r l<x<<]{f§'-

4: U3 nynkra:A B nyHkr B. BHUIeN*MelIeXoR: Yepes-HexoTopoe BpeMa:H3.
NMyRKTa:A'BIYHKT B BbleXaJl BeJOCHOENHeT, CKOPOCTb KOTOPOTO B 4eTHpe Bpasa
Gousbllle CKOPOCTH Mewwexofa. B nynkT B BesocHmennct M memexon NpHOBLIH
opHOBpeMeHHO. 3a 3 4 j0 mgnpmumn B NYHKT B H3 Hero BueXaj aBTo6yc B
nyHxr A'co CKopocThio, Ha 20 KM/4 Goabuied, ueM CKOPOCTb BeJIOCHIIENHCTA.
Onpeaenutb CKOPOCT NMeMEXOAd; €CIH H3BECTHO, YTO aBTOGYyC BCTPETHJ INelle-
xona Ha 40 mun paHbllle, yeM BeJOCHMEAHCTA.

Orser: 5 KM/4s



§ 50. Feonornuecknii ‘bakyasrer (86mee OTAeNIEHHE), 1968 r.,

Bapuanm 1

I. Ilsa nacoca nepekauanu 64 KyGomerpa -Bonsl. OnH mauanm paborar
'ONIHOBPEMEHHO H C OAHHAKOBOH MpPOH3BOAHTENbHOCTLIO. Hocne Toro kak mep
BbIfl H3 HHX mepexauan 9 KYGOMETPOB BOXHI, €ro oCTaHOBMJH Ha | 4 20 nin

) Orser 2u%d
6-1 ) A
» PEWNTL HepaBeHCTEO:

2',:-’,‘¢_2210g4 6-1 < 10 . 5x-1

1
2. Ynpoctus 9”184

OTseT x< log3.
3. Hafitu Bce pewenus ypasuenus:

V1itsin2x—Vy 2¢0s3x =0,

3n
8aKJIIOYEHHBIE MEXKAY T u -2—

4. B tpeyronbuuke ABC nposenenm Guccextpucsl AD yraa BAC u.CF:
yraa ACB (touka D nexur na cropone BC, a Touka F — pa cropore A B).:
Haiitn ornowenne naomaneit TpeyronrHukos ABC u AFD, ecan ussecTHo, uto
AB =21, AC= 28 u CB = 20. T

e

OrBer:, 4. '
Bapuanm 2

1. Ilse Mawunb moxMeTasH Y4acToK Iocce MexXAY NyHKtaMu A u B

Oun sblexaln OXHOBpeMeHHO (nepBast us nyukra A4, a BTOpas M3 NyHKTa B)
" M ABHTAJIMCb HABCTPeuy APYT APYTY KaxAas CO CBOeil ROCTOSIHHOIL CKOpOCTHIO.
Korna sTopas Mawnua npoexana 14 xu, oua BCTperHaa nepsyio. Ecau 61 nep-
Bajg MallHKHa pa6oTana OAHA, TO MmocJe 4 4 paGoTH eff Gbi ellle 0CTaBaJIoCh IO,
Metath 23 «m wocce. Kakosa CKOPOCTh NepBOH MaIHHBL, ecau H3BECTHO,
9TO BTOpAs MAalIWHA 32 4 4 NOZMETa/a HA OAMH KHJOMETP MeHblIe, ueM nepsa

sa 3 4? ;

OrBem: 3 KMf4..

2. Ynpocrus log . 4, pewrnts HEPaBEHCTBO: 5
2V

logs x — log?;x < 2—3 log 4.

OrBert 0O<x<

»

O
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. 3n
3aKJNIOUEHHBIC MEKAY —2- H 27,

Ean

3. HailTu Bce pemenns ypasHenns:

V¥V (1 + cos x)® F sin® x + 2sin x = 0,

3n 5n
3aK/I0UCHHBIE MEMCAY PRATR

. Sm’
Or D =
BerT 3

4. Jaua tpaneuns ABCD c ocuosanuamu AD = 3)'39 u BC = V39
Kpome toro, aamo, uto yron BAD = 30° u yron ADC =60° Uepes TOUKYy D
NPOXOAHT NpsiMasi, AeasUlas TPANeUHio Ha 1Be PaBHOBeAHKHe GHUryph. Haiitn

" AJUHY BCero oTpe3Ka 3TOH NpsAMOH, HaXOAAULErOCSH BHYTPH TPanelHH. -

OTtseT I3.

Bapuanm 3

1. IIBa nemexona OAHOBPEMEHHO BHIJIH HAaBCTPeuy APYT APYrY M3 NYHK-
T0B A H B, paccTosiHHe MeXAy KoTopbiMu paBuo 34 xs. B 4 ku ot nyukra A
nepsHil NewexoX (BeieAWHH U3 NYHKTa A) clenan ocTaHOBKY Ha 1 4 30 mun. -
TMocne ocTaHOBKH OK YBENHUHJI CKOPOCTb HAa 2 KM B 4ac H BCTPETHJ BTOPOrO
nemexona B 18 kx or nyHkTa B. Ecau Gul nepBuii nemexon He Aejiaj OCTaHOB-
KH H weJ BCe BPeMs C NepBOHAYANbHON CKOPOCTHIO, TO MelIeX04H BCTPETHAKCH
6 Ha moanyTH. OnpeiesHTh CKOPOCTh BTOPOrO MEMIEXOAa. ’

OrBer: 4 KM/;l.

1
logg 5
2. Yopoctue 25 , DelnTb HepaBeHCTBO:

1

1 3-x loga 5
(—;—)"<2 +o5 087

OrBer x> —1log,9
" 3. Hafity BCe pelleHHs ypaBHEHHS: -

COSéx'Zl' l——szln&t=o’

OTBeT: E’l

12

4. B rpeyroabuuke ABC npoBeleHH 6uccekrpucys BD yrna ABC u AF
yraa BAC (touka D nexut na cropose AC, a Touka F — Ha ctropone BC).
Haifitu ornowrenne nuowmageli Tpeyrossuukos ABC u CDF, ecam H3BeCTHO,
aro AB =6, BC=4u AC = 3.

OTBeT: -12—5‘
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' Was Tpamenuio Ha ABe paBHOBeiMKHE Qurypst. Haftu AJMHHY BCero orpeska

5
‘8aKJII0UeHHbIe MelKlIY"2‘ H—,

Bapumim-#

1. ABToMOGHIE BHexan n3 ropoaa A B ropon:B:-u uepes 2 4 octaHoBHICH, .
Ha 45 mun. [loc/ie 5TOr0 OH NPOAOMKAN ABHKEHHE K ropoly B, yBennuns mep-' .
BOHAYaILHYIO CKOPOCTb Ha 20 ks[4, H NPHOLA B ropox B. Ecaum 6 an’romo-/f
6uiib eXan 6e3 OCTAHOBKH C NepPROHAYALHOM CKOpOCTbIO, TO Ha MyThb H3 A B = . .7
B on sarpatun 6u cTOoMBKO XKe BpemenH. Hafitu nmepBoHauanbuyio cKopocTh . -
aBTOMOGH/IS1, €CJIH PacCTOSTHHE MEXAY ropoaamu A u B pasuo 300 xm. E

OTBe™ 60 kMfu. -
2. ¥Ynpoctus log V3 16, pemmTb ‘HepaseHCTBO:
. s ‘
log 2, x 4 3log ,‘x>; log4 yi 16
Otser O<x <75 x>2.

3. Haiitu sce pemenus ypaBHeHMS: T
. \

.sinx + sin %‘V,(l —cos x)? + sin®¢ =0,

n
2

13n
OTsBerT: 7 "

4. llana rpaneuns PQRN: ¢ ocuoannsamn PN = 8'n QR = 4, cTopoHod
PQ = V28 u yraom RNP = 60°. Yepes Touky R mpoxopur mpaMas, Aens-

STOR MpsiMo#l, Haxojsmerocs BHYTPH TpalleluH.
OrBer: 6.

§ 51, leorpadnyecknii‘pakyanrer, 1968 T, ‘ ‘i;

Bapuanum 1 -

1. Hafitn Bce pemenns YpaBHEeHHSA:

s

4cos’ %- + 3V 2sin x =8 cos %.
OrBer x=(2k41) J'(,

X =2k 4 (— 1)t %

2. Hafitn Bce pemenns cueTeMu:
logy (x* + 2) 4 logg (y? + 9) = 2,
2log4(x+y)—logz&-y)=0. ,
OfrBer x=35, y.=0.




. i . i
i8. “OCHOBAaHHEM MUPAMHAH :CIYIKHT :paBHOGeXPeHHEI NPAMOYTOAbHLIf ,
‘TPEYTONBHHK, {KATET KOTOPOTO ‘paBeH 8 cu. Kaxnoe H3-60KOBLIX .peGep nHpaMu- .
Abl' paBHO 9 ci. HafiTh ;06beM IHPAMHLHL.

OrBer %:c.us.

4. Pemntb HepapeHcTBo:

—_— — 2
y _‘/;24_"2"_"<1.

OTBem —6<x<‘0, 3<x<4.
Bapuanm 2

1. Haiith Bce pewenns ypasHenus:

7 x X
— ¢c0s — = cos® — -} sin
g g =S T+

x
2’ .
‘OTBe T x=2(2 +1)m,

;

x=4kn+(—l)’fgg.

i
2. Haittu Bce:pemenys-cHCTeMbL:

logy (x* + 1) — logz (y — 2) = 0,
logy (x2 — 2y2 4 10y — 7) = 2.
OrBem n=V 3, y, =4
Xy = —V.T.B., Yoi= 4,

3. BuicoTa mpaMoil npismer 1 #, ee ocHOBaHHEM CAYKHUT poMb cO CTOpoHOM
2 # ¥ octpuM yraoM 30°. Uepes CTOPOHY OCHOBaHUS TpoBeJieHa ceKYULas NpHs-
MY NJOCKOCTb, HAKJIOHEHHas K NJOCKOCTH OCHOBaHHA Mox yraom 60°% “Hafitu
nJjomanb ceueHHsd. ’

: 4
OrBeT ——ud
V3
4. Peuntb HepaBeHCTBO: :

Vx+5 <l
d—x

OtrBer —5<x<—1,:2>1

Bapuanm '3
1. HaiiTu Bce pemenust ypaBHenus:
" 3'sin 4x = 4 sin? 2x.
OrBeT x= k—;, X-=R 4 ’—;-.\
2. HafiTh Bce pemenns cHcTeMb:
logs 2x —y +72) = 2,
log, (x + y) — log o (y+1)=—1
Orsem x=5 y=3.
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3. OcHoBaHHe MUpaMuiB — NPAaBHNLHHMA TPEYroAbHEK CO c'rop'buéﬁ 6:cm
Onno u3 GokoBhx peGep NEPIEHAHKYNIAPHO TJIOCKOCTH OCHOBAHHSA H PaBH
4 cm. Hailtn paguyc mwapa, onHcanHOro BOKPYT MHPaMHIL. .

4. Pemuth HepaBeHCTBO:

yvee—e
i 2 "% . .
OreerT —2VI3<x< —4
2<x<2YI13.
Bapuanm 4

1. Haiitu Bce pemennus ybasx-xemm:
2 y/ 3 sin 2x (3 + cos 4x) = 7 sin 4x.

kn %
) O'rse1j:‘x=-2—, x=khn + —
2. HaliTn Bce pewenus cHCTEMBI:

. log, (x* — 3y* — 7y + 11) =log, 9,
logs (x + 2y) + logs (x — 2y) = log,4.
OtrseT x=)102 y,=5

. x2=3V—2_, y2=2
3 3. B npasunpHo#i ueTHpexyroabnoii nupamune SABCD 4yepes CepeiuHH: -
cTopon ocHosanus AB u AD nposenesa mIoCKOCTb, Mapajseannast 60KOBOMY -
pe6py SA. Halitu naomaan ceveHns, 3Haa _CTOPOHY OCHOBaHHA a W GoKoBoe

pebpo
OTtserT _Sab_
eT 3 3 -
4. PelinTb HepaBeHCTBO: )
—X
— 1.
Vib=x <

bTBeTZ —1<x<15

§ 52. Fuoworo-nousenubyi cakyanter, 1868 T,

Bapuanm 1 -
1. Pemutb HepaBeHCTBO:
7—3x
og’,_zm—log_l-(x+2)> —log_l_4. .
Ve 2 g
Otserm —2<,x<§.5
- 2. Haifitn Bce pemenns ypasHenus: o
1
@sin ¢ — ) —— =2.
4
cos' 2




.

3.-Pemnuts mepamenctso: - s E A R
: 24+ 2|x+3—10<0. - - I -

- Otsem 1—V1T<t<V B5—1

_ 4. Bax Bogokauku manoansercs Boxofl ¢ TNOMOIbIO HECKONBKHX HACOCOB,
CHavana BKaIOMHAH TPH HAacoca OJNHHAKOBO# NpPOM3BOAHTENLHOCTH, a uepes
2,5 4 nocse Hauana HX PaGOTHI MOAKJIOUHIH €lle Ba Hacoca APYrofl, HO Tak- _
e ONUHAKOBOM NMPOH3BONHTENBHOCTH. B pesyasrate 4epes yac nocjie NOAKJIO-
HEHHA HACOCOB BOJALI B Gake 1O MOJHOrO 06beMa He xBaTano 15 M3, a eme ye-
~. Pes uac 6ak G6er1 mosoH. ONAH H3 ABYX MONKIIOUEHHLX N03Xe HacocoB MOT Obi - -

HanosHuTh 6ak 3a 40 4. Halith o6beM Gaka. ’

OTBer 60 u.

_ 5. B kpyr snucan paesHoGeapenunit Tpeyrosbuuk ABC, B KOTOpOM
AB = BC u yron BAC = a. Hs sepwunel C nposesnena NpsAMas, COCTaBJAIO-

a
‘mas ¢ AC yroa, paeumii 3’ 1 TPOXoasmas BHYTPH TPeYroJbHHKA, KOTOpas -

Nepecexaer OKPYKHOCTL B Touke E. dra npamas nepecekaercs ¢ GucceKTpucoil
yraa BAC B Touke F. Bepmuua A Tpeyroanunka COCMHEHA OTPe3KOM NpsaMoil
¢ Troukoit E. HaiiTn oTHowenue naomazeii TpeyroabHukoB AFC n AEC.

.«
sin 2 sin 2a

Otserm .
sin-—sin‘,—a
4 4

) Bapuanm 2
. Pemnrs nepasencrso:

log (2— x) — log, (x — 1) > l°gV2"3'

—

OtBer l<cx<c—.

2. HaiiTn Bce pellenus ypasHenus: .
Cos 4x 4 2 cos? x = 1.

OrBer =-—+%.f-

3. Pemuts HepaBeHCTBRO:
P 3%+ 22 —2 > 0.

(o) < 2 > L
TBET X<—— x> —,
. 3’ 2

4. Vs ropona A B ropox B Buesxaer BEJIOCHMENHCT, a yepe3 3 4 nocJe ero
BEIE31a H3 ropofa B BrieaxaeT HaBcTpeuy emy MOTOLHKJIHCT, CKOPOCTb KOTOPO-
ro B'TpH pasa GoJbiIe CKOPOCTH BeaOCHOeRHCTa. Benocumenucr u morounuk-
JIMCT BCTPEYaloTCA nocpenute Mexay A n B. Ecau 6bi MOTOUHKJ/IHCT BLIEXaJl He
uepes 3, a uepes 2 4 mocJe BeJOCHNELHCTA, TO BCTpeya npousomsia 6ut Ha 15 ku
6nnxe k A. Haiitn paccrosnne mexay A u B.

Orser 180 «m

- 5. B Kpyr snucan pasHoGenpenubifi TPeYrosibHHK, B Kotopom AB = BC
H =ABC = B. MNapaanearno AC TpoBefleHa CpefHSIsT AHHUS TPeYroJbHHKA,
TpOJOJKEHHAR A0 NMepeCeueHUs C OKPYIKHOCTbIO B Toukax D u E. Bepmuna B
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7’

TPEYTONbHHKA COCNHHEHA OTPE3KAMH MPAMBIX ¢ Toukamu D u. E..
leHye nyomageii Tpeyroabuukos ABC u DBE.

V‘ 3 —cosB

— . B *
4 2sin 5

N } OrBem

Bapuanm 3. N
1. Pemurs HepaBeHCTBO:

log s + 1) -»log',,s_(x — 1) > logsd.
2. Haiitu Bce pewenns ypapuenua:

sin 2x . sin'6x = %-.

3. Pewnts HepaBeHCTBO:
2 — 18+ 2+ x>0.

OrBemx<—2—)'2 x>1 +V B—

4. U3.aByxX roposos A u B Brexann ONHOBPEMEHHO HABCTPedy APYr APYry
ABa BeJIOCHNENHCTA, MPHYEM A0 HX BCTPEYH BEJOCHIELHCT, BHEXaBUIH{ H3 A,
TPOEXall paccTosiHHe B MOATOPa pasa Goublle, yeM BEJNOCHNELHCT, BhEXABIIHi
u3 B. Benocunepucr, suexasmuil ns A, NpHOHA B B uepea | 4 20 mun nocie

BCTpeYH, a zxpyroﬁ BEJIOCHIIEANCT uepes3 2 4 nocne BCTpeYH ellle HaXOAHJCS . -

B 10 kx ot A. Halith paccrosnsie Mexay: A w B: .
OrBer 40 ku.

5. B xpyr Bnucan pasxoGeapennsiil TPEYTroNbHHK, B KotopoM AB = BC '~

u yron ABC = B. HUs Bepunnn A nposesena Guccexrpuca yraa BAC, nepe-
cexaiomas cTopony BC B Touke D H OKPYKHOCTL B Touke £ Bepmruna B co-

eauHena oTpeskoM npsmof ¢:rouol E. Haiitimornowenne niomages tpeyronp-

HHkoB ABE u BDE.

l—sinE

2

OrTBe T T3
l+sin-é-

i Bapuanm 4
1. Pemnts HepasencTtso:

logy [(= = 3) (s + 21+ log, (x—9) < —log, 3
';/-_'F \

OrBetr 3<x<7
2. Haiitn Bce pewenns ypaprenus: ’

1
— 29x) —— =9,
(3 —25in?2x) S x 2
kv m @ n
OrBen =3 +-—4, x=~kn + 3

Hafitn orro-,

Oreer I<x<3

P

o




3. Pemmnth HepaseHcTBO:
[#2—=3]4+2x+ 1> 0. _
. Orsem x<—1—V3 x>1-—V5.
4. Us roposa A B ropoa B BLIXONHT Hemexos, a uepes yac mocJje Hero —
BTOpofi. Ecii bl CKOPOCTH MeleXOA0B OCTABajiCh BCe BpeMsi HeH3MeHHHIMH,
TO OHH NPHOLIIH Gbl B TOPoA B oxnoBpeMenHo. OxHAKO, mpoOfiLa 7/10 paccros-
HHS OT A Jlo B, nepshifi NemeXoN YBEJTHUHI CBOIO CKOPOCTh TAK, UTO OHA CTA1a
DaBHOK 3/2 mepBoHayanbuoil. B pesyabrare B MOMEHT ero OpHOHITHA B TOPOX
B ‘BTOpOf nemexon naxogHacs Ha paccrosignn 2,5 xm ot B (CKOpOCTh BTOpOro
flelwexona He MeHsiace). HafiTh cKopocTs -BTOporo memexona, ecin H3BECTHO,
4TO paccrosinne or A 1o B passo 20 xm.
Orsert 5 xmfu.

5. B kpyr Bnucan pasHoGexpenHbif TpeyroabHHK, B kKotropoM AB = B(C
H yron BAC = a. U3 Bepmuns ‘A npoBefena 6uccekrpuca yraa BAC Ko me-
PeceueHHs C OKPYKHOCTbIO B Touke E, a Takke GuccekTpuca yraa EAC, nepe-
CeKaiomasi oKpYXHoCTh B Touke D. Bepmuna B coegnnena ¢ toukamu D u E
zrpeaxamn npameix. HafiTu oTHomenne naowanedi tpeyrosbnukor ABE n

sing-sina—a
OrBert 2 2‘.
. 3a | Ta
sm-‘i-sm-‘l—

N\

.
§ 53. Jxonovmuueckuii (hakyabTer (oTAENSHHE SKOHOMHYECKOH
KuGepHerukn), 1968 r,

Bapuaum 1

1. Pemnte ypaBuenue:

log e

S sin - T\
(x=+3)(V 3sin ; +-cos p ) =0.

Or P x=—
BerT 5

2. B rpaneunio ABCD Bnucana oKpyxuocts. Hafith Pa3HOCTb OTPE3KOB
anaronanu AC, nexamux BHe OKDYKHOCTH, €CJH BhICOT2 Tpaneuuy h, a yriu:
OPH OCHOBaHUH G H 0.
a—3§

cos .
h .
OrBem: -5-——‘1-—?, ecn @ + 8 £ m. Ecnm xe @ 48 =x (rpanenus
- sin— cos — :
2 2
BHIPEKJALTCA B POMG), TO HCKOMasi PasHOCTH DaBHA HYJMIO.

3. HeckonbKo ofHHaKOBHX KYGoB, NPHJIOKEHHBIX APYT K APYTY rpaHaMH,
o6pasywrkKy6 K. MasecTro, yto Ha NOBEPXHOCTb €ro BHXOAAT IPaHU 1 MajleHb-
KHX KYOoB. OmpeienuTs OTHOWIEHHE 06beMa Ky6a K k 06beMy MajeHBKOrO
Ky6a. Ilpn Kakux n 3ajaua paspemuma? :

~ n ——
(0] . - i = 3
TBerT 6]/6’ n=26k?

e k— mooe Hatypansroe umcIo.
4. Jlokasats, uro Ig Ig (2100001) 9500,

(nl=1.2.3....n).
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Bapuaum 2

1. Pewnts Hepasencrso: C
2 ’
IOgV—é siny-cosx #*+2+1)>0

7 2n - :
OTBerT —€<x<0, 2kn<x<2ku+;, rie k — mo6oe mesnoe ymuc
2. B octpoyroabuoM tpeyrosibuuke ABC H3BeCTHbBI: cropona BC, pasnas

a, yrasl B =B, C=vy. Halitu paccrosinne Mexay HEeHTPpaMH BNHCAHHOH M.
ONHCaHHOH OKpYXHocTeil.

.o —8sin B sin¥cos BTV .
OTBeT: TG Vl 8sin 251n_2.cos—2_.“

3. 3amox mosken mepecnats sakasuuxy 1100 xerasnefl. Heraan ans nepe-
CHUIKH YNAKOBEIBAIOTCS B AMHKH. MIMewoTcs smukH Tpex THOOB. OnMH AWHK

Taneli, ONMH AUHK TPeTbero THna BMemaer 25 geraneii. CTORMOCTL nepechliKu
OLHOrO AHKA MepBoro tuna 20 py6., CTOMMOCTb MePecHIKH OXHOTO AMHKA
Braporo THOa 10 py6., CTOMMOGTb MepechiAKH OLHOTO SUHKA TPEThero THNA
7'py6. Kakue smukn Roaxken HCIO/Ib30BaTh 3aBOL, 4TOGH CTOMMOCTH mepe:
ChuIKH Obina HanMenbwed? Helorpyska smuxoB me Jonyckaercs.

B - OTBe,: 25 ampkos BTOporo THNa H 4 AmHKA TPETbEro THNA.

4. PewnTb sepaBeHCTBO:

cosx—y?—Yy_—x2 1> 0.
Orser x=0,y=1
Bapuanm 3

1. Pemurs HepaBeHcTBO:

log‘,?(smx_‘_Cos o (V6sinx+¥V7Z cosx) > L

'OTBeT: —g'+2kn<x<—%-i-2kn, 2ku<x<%+2ku.'

2. OKpYXHOCTb C UEHTPOM O; KacaeTcst OKPYKHOCTH ¢ uentpom O, U3HYT
pu. Xopaa AB okpyxHocTn O, Kacaercs OkpyxHOCTH O; M o6pasyer yroa o’
¢ ofuteit K OKPYMHOCTAM KacaTeabHofi. HaiiTh AMHHY xopawl AB, ecau papuyc
OKpyXHOCTH O) paseH 7, a paruyc okpyxnoctn O, pase R.

Otser: 2V 2 cos %VRz(l—cosa)+2chosa—f2(l+cosa)}

3. Us necHoro xossiicTBa B TOPOA HYKHO BHBe3TH 1590 HepesbeB. g ne
PEBO3KH JlepeBbEB HMEIOTCA MONYTOPATOHKH, TPeXTOHKH, NsTHToHKH. Ha noay
TopaToHKe MOXKHO IepeBe3TH 3a OAMH Pa3 26 XepeBbeB, Ha TPeXTOHKe — 45
AepeBbeB, HA MATHTOHKe — 75 nepeBbeB. CTOMMOCTh oHOro mpobera Ajng no
JAYTOPATOHKH paBHa 9 py6., And TPeXTOHKH — 15 py6., NASA NATHTOHKH —
24 py6. Kak jecHoe Xo3fiiCTBO AOMKHO pacilpefenuTsp nepeBoO3KH, 4TOGH 06-
Imass HX CTOHMOCTH OhJa HaumeHbwed? Helorpyska mamuH He Aonmyckaerca.

OrBeT 2 TpeXTOHKH H 20 NATHTOHOK.
4. Pelints HepaBeHCTBO:
=iyl =VEFy—1>1.
Orser: x=1l; y=0
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. Bapuanm 4
L. Pewnrs. HepaBencrso: -

x2 5x
- ’ lOgsixu:+ V3 cosx (_2-—3—‘_3) > 0.
OrBer: g—<x<2, —%<x<l, 2kn—€<x<-g-+2kn, the k—

moboe uesoe 4HCJIO, He paBHOe HYyJIio

2. B uersipexyronbunk ABCD MoxHO Bnncath OKPYXKHOCTb H BOKPYT He-
PO MOXHO onucaTh OKPYXKHOCTb. Halitu cTopony. AB, ecnu usBecTHn £ A =
=a, LB =P u paguyc R onucauuoi OKPYXHOCTH. :

a
. N .. 4R cos — cos gsin
Otset AB=

a+p
2
V 1 +sinasinp
. 3. llpeanonaraerca ucnoansosats 2000 py6 Ha nyTesBkM B foMa OTAKIXA.
ITyTesku ecTb na 15 nueii, na 27 xnefi, na 45 Auefi. CTOMMOCTb HX COOTBETCTBEH-

HO 21 py6., 40 py6., 60 py6. CkOABKO U KaKHX MYTEBOK HYXHO KYMHTb, 4TOGH
oGuree YHCJIO AHeH OTABIX2 GLINO HAHGOABLUWHM?

OrteeTt 2 nyreskn no 40 pys. u, 32 nyteexd no 60 p)ilﬁ“”“

4. Pewarp HepaseHcTBoO: . )
y—isecx|—VT—y—x>0. S
OTBer: x=0, y=1,
Bapuanm 5
1. Pewnrs HEPaBeHCTBO:

.

10ggin v — cos x @in x —5 cos x) > 1.
OrBer 2kx 4 arctgh Sx< g + 2kn, ‘2kn+§ < X< 7+ %m.

2. B rpanenun ABCD yrau npn ocHOBamiW @ H B, BecoTa Tpameuun A
HUXHee oCHOBaHHEe paBHO a; O, 0,, 0, 04 — UEHTPH OKPYKHOCTE!, ONHCAH-
HHIX BOKDYT TpeyroabHukos ABC, BCD, CDA u DAB. Hafitu niomans 9eThi-
pexyroasnuka 0,0,030,. -

h sin?(p —a h sin(a—]—ﬁ)]
o gy = TR |
TRET 3 sina sin?f [a 2 sinasinf

- 3. Ha 100 py6. peweno kymurs eN0UHBIX urpyumek. EjoYHble HIPYIUKH -

‘mpoAaiotcs HaGopamu. Ha6op, cocroamuii us 20 HFpYyWeK, cTouT 4 pyo.; Ha-
Gop, cocrosimHii u3 35 Hrpymex, CcTouT 6 py6. nu Habop, cocroaumuii U3 50 ur-
pyurek, cToHT 9 py6. CKoibko KaKuX HaGOPOB HYKHO KYINHTb, 4ro6ul OHLIO

KYIeHO HaHGOJbIuee KOJHYECTBO Hrpyllex?
) Orser: 1 nabop 3a 4 py6. u 16 HaGopo 1o 6 pj(G.
4. Peuwrnts HepaBeHCTBO:
Wy Vi—y—T >l ,
OrBer: x=1, y=0.
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§ 54, SxoHoMHueckuii hakyabTeT (oTAeNeHHe moMMTHYeCKoH @ -
9KOHOMHHM), 1968 . o

1. Onna Mamnuna npoexana 276 xu, BTOpas mpoexana 228 km. Ileppag ~ > =
MAlUIHHA HAXOAHIACH B NYTH Ha | 4 Goablre, yem BTOpas. Haiitu ckopoctn ma-
IWHH (CKOPOCTH CyHTalOTCH NOCTOSAHHLIMH), €CNIH CKOPOCTh BTODPOR MalIHHB
Ha 7 Km/4 Goapme, yeMm CKOPOCThL MepBoii. ) <
OrBeT: 69 xmfe u 76 Kmfu,

2. U3 Toukn A, aexamefi na npojomxKeHnn fuaMerpa KL okpyxuoctn 0,

B CTOPOHY ToukH L mposeflena K sToii OKPYMXHOCTH KacaTeabHas AB (B —
TOUKa KacaHHsa), o6pasynomasn ¢ Anamerpom KL yroax a. o
Hafttn nnomapgs, SaKMOYEHHYIO MeXIY CTOPOHAMH yraa H Ayroft -LB, .
€CJIH PanHyc OKPYKHOCTH paBeH R. | S
1 n . L

. —R2 —_— R =),
OrBerT: 2R ctga 2R (2 a),c i

3. Pemnts ypasHenme:
sin x 4 sin 2x + sin 3x = 0.
2n

kx e
Orger: x=?, x=2kn:|:-3—. S
4. Peumruth HepameHcTBO:

log x < log, x.
2 ry
OrBer: x>1.
Bapuanm 2

1. 3a 5 4 wmoronnkancr Tpoesxaer Goublle, YeM BeaOCHNeRHCT 3a 4 4,
Ha 259 km. 3a 10 « enocumegucr npoesxkaer Gosibile, yeM MOTOLHKJHCT 3a

2 4, Ha 56 xm. Onpenenurs CKOpPOCTb BeJsIOCHIIEAHCTa (06e CKOPOCTH CYHTAIOTCS °
TOCTOSIHHEIMH). . )

OtBeT 19 km/a.

2. B npsaMoyroabuom Tpeyronsnuke ABC yron A pasen a, cropona AB
paBHa a. 13 Bepwnubr npamoro yraa B onymena Bricora BE. B TPeyroJjbHH-
ke BEA nposenena mexuana ED. Hafitu nnomazns tpeyronsuuka AED. :

aﬁ
OTBeTt: -S—sin 2a.
3. Pemuth ypapHenme:
€os 7x -+ cos x = 4 cos 4x.

kn =x
OrBenr: x=4 -+ 3

4. Pewnts HepaBencrso: . (
9% —10.3*49 < 0.
OTBer 0<x <2

Bapuanm 8

1. 50 TeneBnsopos Ha’7590 py6. mopoxe, uem 120 PafHONPHEMHHKOB,

26 Teneusopos u 18 papnonpueMHuKoB ctodr 10 620 py6. Ckoabko cromt l;';
TejleBu3op? wih

Orser 351 pys.




{

/o
# - 2. B npaMoyroasHoM Tpeyroasunke ABC ZB npsmoit, LZA=a, AB= c e
1 Ha npononxennn runorenysu AC.(B cTopony Toukn C) B3sTa Touka D Tag,
910 AD = r. Haiity niomans Tpeyroabuuka BCD. . ’

J - OTBeT: %tga(rcosa—c),\
3 o . -

3. Pemnts ypasHeHme:
cos (?23 —_ 7x) -+ sinx =6 cos (:;_n — 3x).
OTBet: x= k?n
) 4. Peurute HepaBeHcTBO: _
- xt — 12x? + 36 < 0.
# . : Orser: x=4 V6.

Bapuanm 4

1. 52- 6puxera niomGupa Becst Ha 10 x2 Goabme, uem 50 crakamuukos
y - GpykToBOTO MOpOXKeHOro. 4 6puKera niom6upa Becar ua 0,5 ke MeHblle, yeM
25 crakanunxoB. CKOJIbKO BECHT GpHKeT maoMGupa?

OrBer: 250 2.

2. B npamoyroabnoM Tpeyronsuuke ABC us BEpIIHHL MPAMOro yraa B
onyuiena sricora- BE u ocHoBanne BrcoTH E coefHHeHO ¢ Toukoi D, mexamedt
Ha BC. Hafitu naomazns Tpeyronbuuka DCE, ecau LA = a, AC= b, DC =

=T,

1 .
| . ' OTBerT: ;rbsmzacosa.
3. Pemurs ypaBueHue:

- sin 5x - sin 7x = 5 sin 6x.

kx
(o) . = —,
TBeT. X 6°.

4. Pemurtp HepaBeHCTBO:

—9YF+ Vi+ 1850 |
Orser: 0<x<8l, x3>12%.

Bapuanm §

1. Paccroanue mexny nyukramu A 1 B paBuo 56,2 xu. Us nyHkta A B B
* Bhilles yejioBek. Uepes 2 4-naBcTpeuy emy u3 nyHKTa B BImen Apyroi ueno-
. Bek. Yepes 3 4 nocie BLHIXOZa BTOPOTO UesOBeKa pacCTOsARHE MeXAY HHMH
Gb1i10 24,3 kK, a eme yepes 3 4 OHH BeTpeTHAHCH. ONpefenuTs CKOPOCTH NYTHH-
KOB, CYHTas HX NOCTOAHHHMH. .

.

Orper v, =3,8 xafu, Ua = 4,3 kmfu.

2. B npaMoyrosabHoM Tpeyroabuuke ABC u3 BepMHHH MNpAMOro yraa B
onymena Beicota BE. Hs Toukn C Boccramnen mepnennnkyasp k AC, Ha Ko-
TOPOM OTJIOXeH 0Tpe3oK CD, paeHmii 7. Hafitn naomane tpeyroavnuka CED,
ecan L A=a, AB=c¢.

1 sina.
OrBerT: —e¢r .
2 cosa
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8. Pemnutp ypaBuenue: ,
) sin ¥ — sin 9x = 3 cos 5x.
R mw

OrBer: x=— 4 —,
TBET: x 5 -I'-10_~-4

4. Pemure HepaBeHCTBO: b :
4x_|.. 2x+l_6 < 0.

Otser: x<log, (V7 —1).

§ 55. dunonornyeckuit pakyasTer (oTheneHHe CTPYKTYpHOH
U NPUKJIANHOH JUHrBHCTHKM), 1968 r. ;

Bapuanm 1 ;
1. CoBx03 pacnonaraer TpakTopamu dersipex Mapok A, B, B u I". Bpura-
", Aa H3 YeTHIpEX TPAKTOPOB (ABa TPaKTOpa MapKu B u mo onsomy mapox B u ')
TIPONSBONUT BCHAWIKY NOJA 32 ABa Ansl. Bpurana us asyx Tpaxropos Mapku A
H OXHOTO 'rbgamopa Mapku B TpatHT Ha 31y paGoTy Tpm LHs, a TpH TpakTopa
Mapok A, b n B — uernipe fHs. 32 CKOIbKO BpeMeHH BRNONHHT paGoTy Gpura-
Aa, COCTaBJEHHAN U3 YETHPEX TPAKTOPOB PASMHYHEIX MapOK?

12
OrBer: ? JIHA.

2. Pemutb HepaBeHCTBO (BCe yrubi ﬁsmepmorca B paguaHax):
€08 (2— 4%) + cos (2 + 4x) > V2cos’2x+tg7{_‘. -

LI
Otser: x= n +?
3. Pemutp ypasuenue:

-—_3_“ -__]ogax-;—_l__
x (logs x2)* =(,/x) logs Vx *
V% S
OTBerT: X,9=3 y X34=3

4. U3 aByx caeayomux 3agay BEIGepHTE OLHY W peiliuTe ee.

4a) Haiitu Bce Te snadenust napamerpa d, APH KOTOPLIX 06a KOpHsA KBaj-
pPaTHOrO YpaBHEHHS

X2 —6dx+ 2 —2d+ 942 =0
JleiCTBHTeNbHB H Goublle, uyeM 3.

. o Orser: d>‘-l§1-.

46) CKONMBKHMH PA3NHYHEIMH CIIOCOGAMH MOHO HapHCOBAaTb HA IaxMar- °
HOMt JocKe, MMeloutell, KaK O6uuHO, 8 X 8 Kierok, IPSMOYrOJNbLHHK, CTOPOHB
KOTOPOT'0 HAYT MO IPAHULUAM KJETOK?

Otser: 1296.

: L]
6.



- Bai)uanm 2

1. Typuctckuit Kay6 paspaGotan MapupyTel HECKOJIbKHX NOXOAOB:
. I. Oeyxauesnnit Gafixapounmii noxog.

I1. OByxnueBHuii BesocHnenHulil MoXoJ.

- II1. BocbMunHeBHLII KOMGHHHPOBaHHME MOXOL (ueTHipe nns Ha Gaiinap-
Ke, 4eThipe AHA MeIKOM).
- IV. Tlatunnesunit moxon (onMH XeHb Ha NJOTY, ORMH AeHb HA Galigapxe,
TPHU -JHSl NelIKoM). . -

V. WecTuanesnnifi noxon (tpu aHa Ha NJOTY H Tpu AHs nemkoM). Tpernit
MapupyT Asunnee BTOporo Ha 40 xm, BTOPOH AnHHHEe mMepBOro Ha 80 -km, a’
AjaHHa uyerseproro Mapmpyta — 90 «u. [lpexnonaraercs, uro NPH KaxXaoMm
A3HHOM cnocole MepeXBHXKEHHA 3a KaXAHil JeHb NPOXOXHTCA OLHO H TO XKe-
paccroanne. HaliTn mpoTsaxenHocTs nAToro Mapumpyra, : :

. OrBeT: 90 &m.

2. PewruTe HepaBeHCTBO (BCE yrabl H3MepAI0TCA B paguaHax);

ctg (5 +3x) (ctg 5 + ctg 3x) > Vclg 3x — 1.
. ’ OrtBet: x _kn m
o . . . * _ 3 + 6 =
8. Peumtb ypasueHue: -

2 .
logo(x?) — log,(2%)— 2 log 4
wo B TR g Pkt g

.
OtpeT x=1, x=2 x=2 4
4. Us 1Byx caenyiomux sanau swibepute oguy u peludTe ee. }
4a) Haiitu Bce Te sHauenust napamerpa a, ApH# KOTOpLIX 06a KOpHA KBajg-

paTHOro ypasHeuus .
¥*—ax+ 2=0 B

RefiCTEUTENbHBl H HAXOAATCA mexny O u 3 (uckmoyas Kpaiiuue sHauenns),

Otser 2V 2<a< 13—1

) .406) B andasuTe cTpauL HacYMTHBAETCHA wiecTs 6yks: 4, 0, ¥, H, M, K.
Ton «cnosoM aauHOH 7» 6yxem moHuMaTh M106oil Habop u3 cemu 6yks. Kakux

cyioB GoJiblile: CONEPKAMMUX XOTH Ohl OLHY 6ykBY A uau He coiepXaulHX HU’
ofHOU OYKBH A? »

OTBeT C1OB, COAEPKAIMX XOTH GH OLHY 6yx§y A, Gonbuwie ueM cioB, He cogep-
KalUX HH OAHOH GYKbnl A. .
Bapuanm 3

1. PesepByap cHaGxaercs Bozofi no natu Tpy6am. [lepBas Tpy6Ga mamoa-
HACT pesepByap 3a 40 mun; BTOpas, TPeTba M ueTBepTas, paboras OJIHOBPEMeH-
HO, — 3a 10 mun; BTOpass, TpeTbs M maTasw — s3a 20 Mux H, HakOHel, nsAras
H uetBepTad —3a 30 Mmur. 33 CKOJILKO BPEMEHH HANOJHAT pesepsyap Bce naTh
TPY6 npH oAHOBpeMeHHON paGore?

6
OTsem = MuA.
2. Pewnts Hepasencrso (Bce VIl H3MEpSIOTC B PajHAHAX):

y y cosy
02 2_._ — 2 l__ .

L.
Oreer: y=kn+-;.

47



3. Pewrntp ypaBHeHue: .
2
1 _
—l—[ogxﬂ 103 (x4-7) .
7.5 (log:x) =5+ @x+7 vz

OrTBeT x==_%/—l?.

4. U3 nByx crenymomux sagau BbIGepHTe OAHY U pelnTe ee. .
4a) Hafitn Bce Te snavenus flapaMeTpa ¢, NpH KOTOPHIX 06a KOpHS KBaj-
partHoro ypaBHerHS :

2t dex+ 1 =2+ 4¢2=10
NefiCTBUTENbHN H MeHbUIe, YeM — 1.

OTBeT }:>l.

~ 46) CKONBKHMH CROCOGaMH MOMKHO PACCTABHTL HA MAXMaTHO} AOCKe, ..
HMelowedl, kak o6uyHO, 8 X 8 KJIETOK, BOCEMb DAaSHOLBETHHX (UWIEK Tak,
9T00Bl HAa KakKAO# FOPH3OHTANH K BepTHKANN CTOANA POBHO OfHA DuKa?

_ Oteer (81)2=1 625702 400. -

Bapuanm 4

1. B na6oparopun umeercs PacTBOp MOBapeHHOA COJH 4eThipex pasJud-
HHIX KOHLeHTpanufi. Ecau cMmemars mepmif, Brogoﬁ H TpeTu#i pacTBopn B
BeCOBOM oOTHOmeHHH 3:2:1, To moayumrca 15%-mmi pacrsop. Bropoii,
TPETHA H UeTBEPTH PACTEOPH, B3ATHE B PaBHOM NPONOPUKH, AAOT MPH CMe- :
wennn 24%-unfi pacTeop, u, HakoHen, PacTBOP, COCTaBJIEHHBIi H3 DaBHHX .
BECOBHIX yacTefl MepBOro W TpeThero pacTBopoB, HMeeT KOHUeHTpauuio 10%..
Kaxas xonuenrpanns noayuurcs MpH CMeUeHHH BTOPOFO H YETBEPTOTO PaCT-
BOpOB B mpomopuuu 2 : 1?

OrBet 29%.
2. Pewuts HepasencTeo (sce YTJIel H3MepAIOTCA B pajiHaHax):

cos? (3 + x) +sin? (3 — x) < ctg i_n — V'sin 2.

kn -
OTBeT: x=?.‘

8. Pemutn ypasuenue:

logg(xt)-2 Iog2x+l

x 42 eyFVE

=2x.

Orser: x=1, x=)7, x=

4. Us nsyx caeaywoiuux sagay BhIGepuTe OAHY H pemuTe ee. ‘
4a) Hafitn Bce Te 3Hauenns Napamerpa b, npu KOTOPHX 06a KOpHA KBad- .
paTHOTO ypaBHeHHS

P —20x—1=0

BeHCTBHTE/IBHb H He MPEBOCXOAAT MO MOAYMIO 2.
e

- 3
OTBe |b]<z.
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46) Hmeerca naruyroanuux: ABCDE. Cropoust AE wDE’ Pasfenens -Ha.
8-paBHuIX uacreit kaxAan. CKONbKO CYMIECTBYET BLIIYKIILIX MECTHYrONLHHKOB;
Y KOTOPHIX OXHA M3 BePIIHH JEeXKHT B-TouKe B, BTOpasi — B TouKe C, JBe Jexar
" Ha DE"H COBNAfaoT ¢ TOYKAMH Ae/eHHS U JBe nocienHue gexar Ha- AE u raks
XKe COBNajaloT C TOYKAMH JeseHHs?

OrBeT: (C%)? = 441,

§ 56. dakyabTer ncuxonoruu, 1968 r.

’

Bapuanm 1

1. Buiuncants Brpakenue:

1 -+ tg2a - tgta 1 4 ctgo 4- ctgta
1 + ctg?a -+ ctgla 1 4-tg2a 4- tgla * ,

1
3Has, 410 COS 4a = —2—

OtBer: 14,

2. V 1oBenHpa uMenoch ABa CnHTKa, COliepKallue B PAaBHHX KOJAHYECTBAX
80JI0TO H cepeGpo: mepBuiil Becus 30 e, BTopoit — 20 2. IOBenup orpesan or
OAHOT0 M3 CNMTKOB KYCOK H CIIABHJ €r0 ¢ APYrHM CIHTKoM. B pesyjbrare
NOJMYYHJIOCH ABA HOBEIX CJIHTKA: OXHH Becus 40 2 cozepxkai .- 36.2: 30s0Ta,
Ckoabko 30s0T2 copepkanocs I€PBOHAYANLHO B KaXJOM H3 CauTKOB? Ilpen-
NoN1araeTcst, 4T0' MPOUEHTHOE COOTHOIUEHHE 30/10Ta H cepebpa B m06oM Kycke
OJHOrO ‘H TOTO Xe CJHTKZ COBMAfaeT C NpPOLEHTHHIM COlepXXaHHEM B LeJOM
CIHTKE.

h OrBeT 18 2u 24 2,

3. Touka M — cepenuna cropoust AB paBuOCTOpOHHEro TPeyroJbHHKa

ABC. Haiiti-na croponax BC u AC takue Toukm N H P, uToGEL mepuMeTp Tpe-

yroabHuka-M PN 6bini nanMepbiwuM. Briuncants AJIst 3TOTO CAYYasi:OTHOIHEHHAL:
naoman# rpeyroneuuka MPN k niowanu Tpeyroabuuka: ABC.

"OtBer: N.—cepenuna. BC, P — cepenuna AC; uckomoe oTHOmeHHe: paBHO- 1/4..

4. The Ha KoMmnekcHofi: mOCKOCTH: PacuonoxeHnl u4Hena: z = @:-}bi,.

ORHOBPEMEHHO YIOBJIETBOPSIOUIHE HEPABEHCTBY' 2 —2—2{ < YT u xers
Gbl .OXROMY H3 CJIEAYIOLHX PAaBEHCTB:

)a=1, 3) a=3, N
. Db=1, Hb=3
Ortser: 1) 14i, 14-3i; 2) 1 +i, 345 3) 344, 343 4) 1+43i, 343i..
Bapuanm 2 :

1. Pemute ypasuenne:
log 63—z (— COS X — cos 3x) = log 62 (— €O 2%).

11 11

Ors u x Sn
- TBET: Y= —, ¥==—.
3’ 3
2. Typucr na aus noGupancs us A B B na BeJIOCHNe/le H- HA. MOMYTHHX"
Mawunax. B mepeuit neHb on saTpatus ma zopory 10 4, a Bo BTOpORt - 8 4,
H3 KOTOPHX 7 4 exa/l Ha BeJOCHNeAe, a. | 4 Ha monyTHoH MawmuHe. 3Has, 4TO
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CKOpOCTb MalHH B 4 pasa GoJiblie CKOPOCTH B/enocunena H 9TO 32 nepBhie 9
NyTH TYPUCT MNpeofiofiel paccTosnne B 3 pasa Gonbuwie, uyeM 8a nocxaeayonue 9 ¢
HafiTH, CKOJILKO YaCOB H3 BCEro BpeMEHH, 3aTPayeHHOTO Ha JOPOTY, TYpHCT
fipoexan Ha BesocHnege.

OTBeT: 154 2~04)'utm.’

3. B mnpaBuabHOlN uweTHIpeXyroubHol nupamune SABCD Bce 6GoKOBHIE
TPaHH — DABHOCTOPOHHHE TPEYTONBHHKH CO CTOPOHOIl, paBHo#t 1 x#. Ha cro-.
pouax BC u AD ocnosauus B3sTe ToukH M u N Tak, uto BM = MC un AN —
= ND. Ha nponoaxenun pe6pa AS sa TOUKY A B3siTa Touka P Tax, uto AP =
= 1/, n. Yepes Toukn P, M u N nposesena maockocts. Hafirn nJjomwanb no-
NYUYHBIIETOCS CEYeHHs.

OTBen: M‘_ M2,
61 -
4. Tlpu Kakux JefCTBHTENbIBX 3HAYCHHAX @ XOTH Oul OHO KoMiaekcuoe
9HCNO 2 = X - yi, yHOBIeTBOPSIOUlEe PABEHCTBY

lz4+ V2 = a® — 3a + 2,

YROBAETBOPSET OZHOBPEMEHHO H HEepaBeHCTBY:
' lz+ i VT < a® N
’ Otset a<0,a>—. "

2
Bapuanm 3
1. Pewutb ypasnenue: -
loggx_x’_I " (8in 3x. —sin x) = lbggx_x,_ 14 €08 2 x.
' ’ 5z 13n
i - OTBeT: =35 x=?.

2. C Tpex moseft B Teuenne Tpex AHedl ckawmusanu Tpasy. C nepsoro noas
8 MEPBLI JleHb CKOCHMH BClO TpaBy 3a 16 4. Bo BTOPO# XeHb CO BTOPOro nojs
CKocHaH BCio TpaBy 3a 11 4, a B TpeTu#l aeHb ¢ TpeTbero mous CKOCHJIY BCIO
TPaBYy 3a 5 4, mpuueM 4 4 Kocuau BPY4HYIo, a | 4 pa6oTajia TOMBKO CEHOKOCHI-
Ka. 3a BTOPOfl H TpeTHil NeHb BMeCTE CKOCHJH B 4 pasa Gosblne TpaBHl, YeM 3a
nepebifi. CKOILKO BCEro 9acoB pa6oTana CeHOKOCH/IKA, eciu 3a 1 4 OHa cKa-
wHBaeT 8 5 pas GoJibiue TPaBL, YeM IPH KochGe Bpyuuylo? [Ipexnonaraercs, uro °
- KOCHJIKa He pa6oTana TOrfa, Koria KOCHJAH BPYYHYIO, H He GblIo TiepephIBa -
B8 paGore.
OtBer: 124,
3. OcHoBanueM HpsAMOll MPH3aMHI ABCA,B,\C; cayxur paBHOGepEHHLIN
NPAMOYTOJibHEIH Tg yroabuuk ABC ¢ karteramn AB = BC = 1 on. Yepesa
cepeanus peGep AB-u BC u Touky P, nexamyio na npononKeHun pebpa B, B,
52 TOYKY D mpoBepeHa njockocts. HafiTh naomans monysennoro ceyeHHs, ec-

aH BP = —;-a.u 4 BB =1 9n.

Orser '%*—(Vﬂ 1) ont

. 4. IlpH KaKHX NefiCTBHTENLHLX 3HAUEHHAX @ JoGoe KOMILIEKCHOe YHCJI0
z= x-+ yi, yRoBnersopsiomee PUBEHCTRY .

IZ —i ]/Q-‘ = (a + 1)?,
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YAOBJIETBOPAET ONHOBPEMEHHO K HepasencTay:
s ) Iz —=v2| > a* — 427~ ey
) OtBeT: 1-v3 <a<-4.

2
Bapuanm 4
1. Pewnrts ypasHeHue:
log_x’_ ox (sin3x +sinx) = log_x’ g, SN 2 x.
10 1
OTBeT: x=— t—?

. 2. Ileps=iit paGounii caenan 50 xeraneii; 40 ns HHX OH MOJNOXHJ B NepBblif
Amuk, a 10 — Bo BTOpof, rjie yxe naxogunoch 30 JeTanell, HSTOTOBNEHHbIX
BTOpHM paGounM. Ms stux 30 neraneil 10 oxasanuch cTaHAapTHHIMH, a3 20 —
HeCTaHAAPTHEIMH. CKOJBKO CTAHAAPTHHX JeTafedl clenaj MepBhiil paSounil,
€CJTH CTaHZapTHaA JeTanb B 3 pasa JOpoxXe HECTAHAAPTHOH H CyMMapHasi CToH-

MOCTb Bcex JieTaliefi BO BTOPOM SIMHKe B 2 pasa BHIE CYMMAPHOH CTOHMOCTH
BCex HeTajeli B IepBOM siIHKe?

» Oteer: 10

3. [Tyers M n N — cepenunn pebep AA; u CC, xy6a ABéDAlB,CID,,

a Ha npoposkeHHd peSpa DD 3a Touxy D Bssta Touka P, takas, uto DP =
C= 3 Om. Yepes M, N n P nposenena nuockocrs. HafiTa nuomaxs noayaus-

nrerocsi ceueHus, ecqau pebpo Ky6a pasHo | dm.
OrTBeT: 3_18/3. om2,

4. [Ipu KakuX NeACTBUTENbHHX SHAUEHHAX @ XOTA GH OLHO KOMNJEKCHO®
" uuea0 2 = x -+ yi, yAoBieTBOpsIOUlee PaBEHCTBY

. |z —ail=a-+ 4,
y.ubane'rsopaer OJHOBPEMCHHO U HEPABEHCTBY:
: i lz—2i<1? )

OtBer a<—4, —% <a<<—2
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